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Applications of soft sets to g-ideals and a-ideals in £>Ci-algebras 
Jeong Soon Han 1 and Sun Shin Ahn 2 * 

1 Department of Applied Mathematics, Hanyang Uiversity, Ahsan, 426-791, Korea 
2 Department of Mathematics Education, Dongguk University, Seoul 100-715, Korea 

Abstract. The notion of intersectional soft q- ideals and a-ideals of a SCI- algebra are introduced, and some 
related properties are investigated. We show that given a subalgebra A of a -BCi-algebra X, an intersectional 
A-soft set &a over U is an intersectional A-soft a-ideal over U if and only if it is both an intersectional A-soft 
p-ideal over U and an intersectional A-soft g-ideal over U . 

1. Introduction 

In 1966, Imai and Iseki ([3]) and Iseki ([5]) introduced two classes of abstract algebras: BCK- 
algebras and BCI-algebras. In [19], the notion of p-ideals of £>C/-algebras was introduced and 
several properties of them were investigated. Y. S. Hwang and S. S. Ahn ([2]) defined the notion 
of fuzzy p-ideals of .BCI-algebras with degrees in the interval (0, 1]. 

Various problems in system identification involve characteristics which are essentially non- 
probabilistic in nature ([IE]). In response to this situation Zadeh ([H]) introduced fuzzy set theory 
as an alternative to probability theory. Uncertainty is an attribute of information. In order to 
suggest a more general framework, the approach to uncertainty is outlined by Zadeh (|_18j). To 
solve complicated problem in economics, engineering, and environment, we can't successfully use 
classical methods because of various uncertainties typical for those problems. There are three 
theories: theory of probability, theory of fuzzy sets, and the interval mathematics which we 
can consider as mathematical tools for dealing with uncertainties. But all these theories have 
their own difficulties. Uncertainties can't be handled using traditional mathematical tools but 
may be dealt with using a wide range of existing theories such as probability theory, theory of 
(intuitionistic) fuzzy sets, theory of vague sets, theory of interval mathematics, and theory of 
rough sets. However, all of these theories have their own difficulties which are pointed out in |14j . 
Maji et al. ([12]) and Molodtsov ([14]) suggested that one reason for these difficulties may be 
due to the inadequacy of the parametrization tool of the theory. To overcome these difficulties, 
Molodtsov Ql4|) introduced the concept of soft set as a new mathematical tool for dealing with 
uncertainties that is free from the difficulties that have troubled the usual theoretical approaches. 
Molodtsov pointed out several directions for the applications of soft sets. At present, works on 
the soft set theory are progressing rapidly. Maji et al. ([12]) described the application of soft set 



°2010 Mathematics Subject Classification: 06F35; 03G25; 06D72. 

"Keywords: Intersectional soft BC /-algebra; Intersectional soft BCI-ideal; Intersectional soft p/q/a-ideal. 
* The corresponding author. 

°E-mail: han@hanyang . ac . kr (J. S. Han); sunshine@dongguk.edu (S. S. Ahn) 
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theory to a decision making problem. Y. S. Hwang and S. S. Ahn ([3]) introduced the notion of 
int-soft p-ideals of a .BCI-algebra, and investigated their properties. 

In this paper, we introduced the notions of intersectional soft (/-ideals and a-ideals of a BCI- 
algebra and investigate some related properties. We show that given a subalgebra A of a BCI- 
algebra A, an intersectional A-soft set over U is an intersectional A-soft a-ideal over U if and 
only if it is both an intersectional A-soft p-ideal over U and an intersectional A-soft g-ideal over 
U. 

2. Preliminaries 

In this section, we recall some basic definitions and results on BCK/BCI-algebras and soft 
set theory. 

A BCK/BC I- algebra is an important class of logical algebras introduced by K. Iseki and was 
extensively investigated by several researchers. 

An algebra (A; *, 0) of type (2, 0) is called a BCI -algebra if it satisfies the following conditions: 

(I) (Vx, y, z G A)((x * y) * (x * z)) * (z * y) = 0), 
(II) (Vx,y G A)((x*(x*y))*y = 0), 
(II) (Vx G A)(x*x = 0), 

(IV) (Vx, yGA)(x*y = 0,y*x = 0=^x = y). 

If a BC I- algebra X satisfies the following identity: 

(V) (Vx eX)(0*x = 0), 

then X is called a BCK-algebra. 

Any SC/-algebra X has the following properties: 

(al) (Vx G X) (x*0 = x). 

(a2) (Vx, y, z e A) ((x * y) * z = (x * * y). 

(a3) (Vx, y G A) (0 * (x * y) = (0 * x) * (0 * y)). 

(a4) (Vx, y G A) (x * (x * (x * y)) = x * y). 

(a5) (Vx, y, z G A) (x<y ^> x*2<y*2, 2;*y<2;*x). 

(a6) (Vx, y,z & A) ((x * * (y * z) < x * y). 

where x < y if and only if x * y = 0. A non-empty subset S of a BC K / BC I-algebra X is called 
a subalgebra of X if x * y G S for all x, y G S. A non-empty subset A of a .BCA/i^Ci-algebra A 
is called a BCK/BC I -ideal of A if it satisfies: 

(bl) E A, 

(b2) (Vx G A)(Vy G A)(x * y G A =>■ x G A). 

A non-empty subset A of a £>C/- algebra A is called a p-ideal ([19]) of A if it satisfies (bl) and 

(b3) (Vx,y,z G A)((x * z) * (y * z) G A,y G A =>• x G A). 

A non-empty subset A of a .BCi- algebra A is called a q-ideal ([11]) of A if it satisfies (bl) and 
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(b4) (Vx,y,z G X)(x* (y * z) G A,y G A x * z G A). 
A non-empty subset A of a .BCJ-algebra X is called a a-ideal ([11]) of X if it satisfies (bl) and 

(b4) (Vx,y,z G X)((x * z) * (0 * y) G A, z G A =4> y * x G A). 
Note that any p/q/ a-ideal is an ideal, but the converse is not true in general (see [11, 19]). 

We refer the reader to the books [1,13] for further information regarding BCK/BCI- algebras. 
Let U and E denote an initial universe set and a set of parameters, respectively. Molodtsov ([14]) 
defined the soft set in the following way: 

Definition 2.1. A pair (J^, E) is called a soft set over U if & is a mapping given by 

& : E -> &(U). 

Definition 2.2. Given a non-empty subset A of E, a soft set (J^, i?) over U satisfying the 
following condition: 

&(x) = for all x <£ A 

is called an A- soft set over U and is denoted by J^a, that is, an A-soft set 3 ' A over U is a function 
& A ■ E ->■ ^([/) such that = for all :r <^ A 

Note that an E'-soft set over U is a soft set over U. 

3. Intersectional soft g-ideal 

Definition 3.1. ([8]) Let E = X be BCK / BCI -algebra. Given a subset A of £, let & A be an 
A-soft set over U . Then J^4 is called an intersectional A- soft BCI-algebra over U if it satisfies 
the following condition: 

(3.1) (\/x,y e A)(x * y e A ^ ^ A (x) n ^ A (y) t^A(x*y)). 

An intersectional A-soft BC K / BC I-algebra over U with A = E is called an intersectional soft 
BCK/BCI -algebra over [/, and it is denoted by & x - 

Definition 3.2. ([15]) Let E = X be BCKj BCI-algebra. Given a subset A of £, let & A be an 
A-soft set over U. Then is called an intersectional A-soft BCI -ideal over U if it satisfies the 
following condition: 

(3.2) (VxGi)(^(x)C^(0)). 

(3.3) (Vx,yeA)(x*yeA=>& A (x*y)n& A (y)C& A (x)). 

An intersectional A-soft BCK/BC /-algebra over [/ with A = E is called an intersectional soft 
BCI -ideal over [/, and it is denoted by &x- 

Definition 3.3. ([3]) Let E = X be a BCK / BCI-algebra. Given a subset A of E, let be an 
A-soft set over U . Then & A is called an intersectional A-soft p-ideal over U if it satisfies (3.2) 
and the following condition: 

(3.4) (Vx,y,z G A)((x * z) * (y * z) G A =>- * z) * (y * 2)) n ^(y) C ^a(x))- 
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An intersectional A-soft BC K / BC 7-algebra over U with A = E is called an inters ectional soft 
p-ideal over U, and it is denoted by 

Definition 3.4. Let E = X be a BCK/ BCI-algebra. Given a subset A of E, let &a be an 
A-soft set over [/. Then &a is called an intersectional A- soft q-ideal over [/ if it satisfies (3.2) 
and the following condition: 

(3.5) (Vx,y,z e A)(x * (y * z) e A =>■ #a(^ * (y * z)) H ^(y) C J^a(z * z)). 
An intersectional A-soft BC K / BC I-algehra over [/ with A = E is called an intersectional soft 
q-ideal over [/, and it is denoted by &x- 

Theorem 3.5. Let E = X be a BCI-algebra. Given a subalgebra A of E, every intersectional 
A-soft q-ideal over U is both an intersectional A-soft BCI-algebra over U and an intersectional 
A-soft BCI-ideal over U. 

Proof. Let &a be an intersectional A-soft g-ideal over U . For any x, z e A, putting y := z in 
(3.5), we have 

&a(x * z) D^ A (x *(z* z)) n ^a(z) 
=^U(a: * 0) n & A (z) 

=&a{x) n &(z). 

Hence (3.1) holds. Thus &a is an intersectional A-soft .BCi-algebra over X . 
For any x,y G A, putting z := in (3.5), we have 

&a(x) D^a(x *{y*o))n & A {y) 

=^ A (x*y)f]^ A (y). 

Hence (3.3) holds. Thus ^ A is an intersectional A-soft £?Ci-ideal over X. This completes the 
proof. □ 

The converse of Theorem 3.5 is not true in general as seen in the following example. 

Example 3.6. Consider the .BCI-algebra (Z; *, 0) as the initial universe set U, where a*b = a — b 
for all a, b E Z. Let E = X = {0, a, b, c} be a 5C/-algebra ([9]) with the following Cayley table: 

a b c 



a b c 

a c b 

b c a 

c b a 



(1) Define a soft set (& X ,X) over U by 

&x ■■ X ->• ^([/), x ^ 



z 


if x 


= 0, 


2Z 


if x 


= a 


3Z 


if x 


= b 


8Z 


if x 


= c 
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Then &x is an intersectional soft BCI-ideal over C/ ([15]). But it is not an intersectional soft 
g-ideal over U since 

& x {a * c) = & x (b) = 3Z ^ ^ x {a * (a * c)) n & x {p) = 8Z n 2Z = 8Z. 

(2) Define a soft set (Sfx,^) over [/ by 

Then £f x is an intersectional soft g-ideal over U. 

Example 3.7. Consider the £?Ci-algebra (Z; *, 0) as the initial universe set U, where a*b = a — b 
for all a, b E Z. Let E = X = {0, a, b, c} be a -Bd-algebra ([9]) with the following Cayley table: 

a b c 



c b a 

a c b 

b a c 

c 6 a 



Define a soft set (^x,^) over [/ by 

( 2Z if x e {a, o, c} 

Then is both an intersectional soft £?C7-algebra over U and an intersectional soft .BCI-ideal 
over U . But it is not an intersectional soft g-ideal over U since 

J? x (c*a) = & x (b) = 2Z ^ ^ x (c* (0*a)) n^x(0) = ^x(O) = Z. 

Lemma 3.8. ([8]) Let E = X he a BCK/BC 1 -algebra. Given a suhalgehra A of E, every 
intersectional A-soft BCK/BC I -ideal & A over U satisfies the following condition: 

(1) (Vrr, y G A)(x <y^ & A {y) C ^ A (x)). 

(2) (Vi,!/ )Z eI)(«t,<z4^(i/)n^(z)C^(4 

Theorem 3.9. Let E = X he a BCI-algebra. Given a suhalgehra of X, let & A he an intersec- 
tional A-soft BCI-ideal over U. Then the following are equivalent: 

(1) & A is an intersectional A-soft q-ideal over U. 

(2) (yx,yeX)(& A (x*y)D& A (x*(p*y)). 

(3) (Vx,yeX)(& A ((x*y)*z) D & A (x * (y * z)). 

Proof. (1)=^(2) Putting y := and z := y in (3.5), we have 

& A (x * y) D^ A (x * (0 * y)) n J^(0) 
=^a(x* (0*y)). 

Hence (2) holds. 
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(2) =>(3) Since for any x, y, z e X 

{{x * y) * (0 * z)) * (x * (y * z)) —{{x * y) * (x * (y * z))) * (0 * z) 

<((y * z) *y) * (0 * z) 
=(0*z) * (0*z) = 0, 

we have ((x * y) * (0 * z)) * (x * (y * z))) = 0, it follows from Lemma 3.8(1) that &a{x * (y * z)) C 
&a((x *y)*(0* z)) C ^a((^ * y) * 2). Thus (3) holds. 

(3) ^(1) Using (3.3), (a2), and (3), we get 

& A {x * z) D^ A ((x *z)*y)n & A {y) 
=3? A ((x*y)*z)n3? A (y) 
2&A(x*(y*z))r)& A (y). 

Thus &a is an intersectional A- soft g-ideal over U . □ 

Theorem 3.10. Let E = X be a BCI-algebra. Given a subalgebra A of X, let &a be an 
intersectional A-soft BCI-ideal over U such that &a{x * y) ^ &a{x) for all x, y e X . Then it is 
an intersectional A-soft q-ideal over U. 

Proof. Using (3.3) and assumption, we have 

^a(x * z) ^^a((x * z) * (y * z)) fl &a{v * z) 
=^a{{x * (y * z)) * z) n ^A{y * z) 
d^a(x *(y* z)) n & A (y * z) 
D^ A {x * (y * z)) n & A (y) 
for all x,y,z E X. Hence &a is an intersectional A-soft g-ideal over U. □ 
The converse of Theorem 3.10 is not true in general as seen in the following example. 

Example 3.11. Consider the L?Ci-algebra (Z; *, 0) as the initial universe set U, where a*b = a—b 
for all a, b e Z. Let E = X = {0, a, b} be a L?C7-algebra ([9]) with the following Cayley table: 



* 





a 


b 











b 


a 


a 





b 


b 


b 


b 






Define a soft set (^x,X) over U by 



Z ifxG{0,a} 
5Z if x = b 



Then &x is an intersectional soft g-ideal over U, but it does not satisfy &a(x*v) ^ ^ a{x) since 
^ A (0 * 6) = J^ A (&) = 5Z ^ ^(0) = Z. 
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Definition 3.12. A BCi-algebra X is said to be associative if (x * y) * z = x * (y * z) for any 
x,y,z G X. A BCI-algebra X is said to be quasi-associative if (x * y) * z < x * (y * z) for any 
x,y,z G X. 

Every associative .BCi-algebra is quasi-associative, but the converse is not true in general. 

Proposition 3.13. Let E = X be a quasi-associative BCI-algebra. Given a subalgebra A of E, 
every intersectional A-soft BC I -ideal over U is an intersectional A-soft q-ideal over U. 

Proof. Let ^a be an intersectional A-soft .BCI-ideal over U. Since X is a quasi-associative 
.BCi-algebra, we have (x * y) * z < x * (y * z) for any x,y,z G X. It follows from Lemma 3.8(1) 
that J?a((x * y) * z) D ^a[x * (y * z)). By Theorem 3.9, &a is an intersectional A-soft g-ideal 
over U. □ 

Proposition 3.13 is not true if X is not a quasi-associative £>C7-algebra as seen in the following 
example. 

Example 3.14. Consider a .BCi-algebra X and an intersectional A-soft set &a as in Example 
3.7. Since (a * b) * c ^ a * (b * c), X is not a quasi-associative .BCi-algebra. Then 3? a is an 
intersectional A-soft 5C/-ideal over U but not an intersectional A-soft g-ideal over U . 

Corollary 3.15. Let E = X be an associative BCI-algebra. Given a subalgebra A of E, every 
intersectional A-soft BC I -ideal over X is an intersectional A-soft q-ideal over U. 

Proof. Straightforward. □ 



Definition 4.1. Let E = X be .BCI-algebra. Given a subset A of E, let &a be an A-soft set 
over U . Then &a is called an intersectional A-soft a-ideal over U if it satisfies (3.2) and 
(3.6) (\fx,y,z G A)((x*z) * (0 * y) G A =^> & A ((x * z) * (0 * y)) n & A (z) C^ A (y*x)). 

An intersectional A-soft BC K / BC ^ /-algebra over U with A = E is called an intersectional soft 
a-ideal over U, and it is denoted by &x- 

Example 4.2. Consider the 5CJ-algebra (Z; *, 0) as the initial universe set U, where a*b = a — b 
for all a, b G Z. Let E = X = {0, a, b, c} be a .BCi-algebra as in Example 3.7. Define a soft set 
{&x,X) over U by 



Then & x is an intersectional soft a-ideal over U . 

Theorem 4.3. Let E = X be a BCI-algebra. Given a subalgebra A of E, every intersectional 
A-soft a-ideal over U is both an intersectional A-soft BCI-ideal over U and an intersectional 



4. Intersectional soft a-ideal 




A-soft BCI-algebra over U . 
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Proof. Let &a be an intersectional A-soft a-ideal over U. For any x,y G A, putting y = z = in 
(3.6), we have 

^a(0 * x) D^ A {(x * 0) * (0 * 0)) n ^a(0) 

=&a(x) n ^4(0) (4.1) 

Taking x = z = in (3.6), for any y e A, we obtain 

&A(y) = &A(y * o) d& a ((o * o) * (o * y)) n ^u(o) 

=J^(o * (0 * y)) n ^(0) (4.2) 

=J^(0*(0*y)). 
Putting y = in (3.6), for any x, y G A we get 

^a(0 * x) 2^a((z * z) * (0 * 0)) n & A (z) 

=^a(x*z) n& A (z). ^ 

Using (4.2) and (4.1), we obtain & A (x) D ^ A (0 * (0 * x)) D ^ A (0 * x). By (4.3), we have 
^a(x) 2 &a{x * z) n ^a(z) and so (3.3) holds. Thus ^4 is an intersectional A-soft 5CJ-ideal 
over U. 

Using (3.3), we have 

(Vx,y,z G A){& A {x*y) D & A ({x * y) * 2) D & A {z)). (4.4) 

Putting 2; := x in (4.4) and use (4.1), for any x,y G A we have 

J^(:r * y) D^ A ((x * y) * x) D ^(x) 

=^ A (0*y)n^(x) 

D^(y)n^(x). 

Thus ^4 is an intersectional A-soft 5C/-algebra over [/. □ 

The converse of Theorem 4.3 is not true in general as seen in the following example. 

Example 4.4. Consider the .BCI-algebra (Z; *, 0) as the initial universe set U, where a*b = a — b 
for all a, b G Z. Let E = X = {0, a, 6} be a .BCi-algebra as in Example 3.11. Define a soft set 
(&x,X) over U by 



Z if x = 
7Z if x G {a, 6} 

Then & x is both an intersectional A-soft .BCi-algebra and an intersectional A-soft _BC7-ideal 
over U. But it is not an intersectional A-soft a-ideal over U since cP A {a * 0) ^ ^a((0 * 0) * (0 * 

a))n& A (p). 17 

HAN AHN 10-21 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Applications of soft sets to g-ideals and a-ideals in BCi-algebras 

Lemma 4.5. ([15]) Let E = X be a BCK/ BC 1 -algebra. Given a subalgebra A of E, every 
intersectional A-soft BCK/ BC I -algebra & A over U satisfies: 

(Viel)(^)c^(0)). 

Next we give the characterizations of intersectional A-soft a-ideal over U. 

Theorem 4.6. Let E = X be a BCI-algebra. Given a subalgebra A of E, let & A be an 
intersectional A-soft BCI-ideal over U. Then the following are equivalent: 

(1) &a is an intersectional A-soft a-ideal over U. 

(2) (Wx,y,z G A){& A {y * (x * z)) D & A ((x*z) * (0*y))). 

(3) (Vx,yeA){& A {y*x)D& A (x*{0*y)). 

Proof. (1)=>(2) Let s := (x * z) * (0 * y) for any x,y,z G X. Then ((x * z) * s) * (0 * y) = 
((x * z) * (0 * y)) * s = 0. Using (3.6), for any x, y, z G A we have 

& A (y * (x * z)) D^ A (((x * z) * s) * (0 * y)) fl & A {s) 

=& A (0) n & A {s) 

=^ A ((x * z) * (0 * y)). 

Hence (2) holds. 

(2) ^(3) Let z := in (2). We obtain (3). 

(3) =>(1) Let x,y,z G X. Using (a6) and (II), we have (x*(0*y))*((x*z) * (0*y)) < x*(x*z) < z 
and so (x * (0 * y)) * ((x * z) * (0 * y)) < z. It follows from Lemma 3.8(2) that ^ A ((x * (0 * y)) D 
^ A ((x * z) * (0 * y)) fl ^ A (z). Using (3), we obtain 

&a(v * x) D & A (x * (0 * y)) D 3? A ((x * z) * (0 * y)) n & A (z). 

Hence (3.6) holds. Thus & A is an intersectional A-soft a-ideal over U. □ 

Now, we discuss the relations among an intersectional A-soft a-ideals, an intersectional A- 
soft p-ideals and an intersectional A-soft g-ideals over U and give another characterization of an 
intersectional A-soft a-ideals over U. 

Theorem 4. 7. ([3]) Let E = X be a BCI-algebra. Given a subalgebra A of X, an intersectional 
A-soft BCI-ideal over U is an intersectional A-soft p-ideal over U if and only if it satisfies the 
following 

(V(x G A)(^ A (x) D & A (0 * (0 * x)). 



Theorem 4.8. Let E = X be a BCI-algebra. Given a subalgebra A of E, every intersectional 

Fi 
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Proof. Let ^a be an intersectional A-soft a-ideal over U . Then it is an intersectional A-soft 
-BCI-ideal over U by Theorem 4.3. Setting x = z = in Theorem 4.6(2), we have 

& A {y * (0 * 0)) D ^a((0 * 0) * (0 * y)), 

i.e., &a{v) 2 ^a(0 * (0 * y)). By Theorem 4.7, ^4 is an intersectional A-soft p-ideal over U. □ 

The converse of Theorem 4.8 is not true in general as the following example. 

Example 4.9. Consider the 5C/-algebra (Z; *, 0) as the initial universe set U, where a*b = a — b 
for all a, b G Z. Let E = X = {0, a, b} be a 5C/-algebra ([9]) with the following Cayley table: 



* 





a 


b 








b 


a 


a 


a 





b 


b 


b 


a 






Define a soft set over U by 

Then #x is an intersectional soft p-ideal over [/, but it is not an intersectional A-soft a-ideal 
over U since & A (b * a) £ ^ A ((a * 0) * (0 * 6)) n ^a(0). 

Theorem 4.10. Let E = X he a BC I -algebra. Given a subalgebra A of E, every intersectional 
A-soft a-ideal over U is an intersectional A-soft q-ideal over U. 

Proof. Let ^a be an intersectional A-soft a-ideal over U . Then it is an intersectional A-soft 
-BCJ-ideal over U by Theorem 4.3. In order to prove that &a is an intersectional A-soft g-ideal 
from Theorem 3.9(2), it suffice to show that ^a{x * y) 2 <^a(x * (0 * y)) for all x,y G X. Since 
for any x,y G X 

(0 * (0 * (y * (0 * x))))*(x * (0 * y)) 

= [(0 * (0 * y)) * (0 * (0 * (0 * a;)))] * (x * (0 * y)) 
= ((0 * (0 * y)) * (0 * x)) * (x * (0 * y)) 
<(x * (0 * y)) * (x * (0 * y)) = 0, 

we have (0* (0* (y* (0*x)))) * (x* (0*y)) =0 and so 0* (0* (y* (0*x))) < x* (0*y). It follows 
from Theorem 4.8, Theorem 4.7 and Lemma 3.8(1) that 

J^(y * (0 * x)) D & A (0 * (0 * (y * (0 * x)))) D J^(x * (0 * y)). 

Using Theorem 4.6(3), we have &a{% * y) ~2 ^a{v * (0 * x)). Hence ^4_(x * y) ^ ^a(^ * (0 * y)). 
By Theorem 3.9(2), J^4 is an intersectional A-soft g-ideal over U . □ 

The converse of Theorem 4.9 is not true in general as seen in the following example. 
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Example 4.11. Consider the .BCi-algebra (Z; *, 0) as the initial universe set U, where a*b = a—b 
for all a, b G Z. Let E = X = {0, a, 6} be a .BC7- algebra as in Example 3.11. Define a soft set 
(&x,X) over U by 



Then &x is an intersectional A-soft g-ideal over U. But it is not an intersectional A-sott a-ideal 
over U since & A (a * 0) ^ J^((0 * 0) * (0 * a)) n ^a(0). 

Lemma 4.12. Let E = X be a BC I -algebra. Given a subalgebra A of E, let &a be an 
intersectional A-soft BC I -algebra and an intersectional A-soft BC I -ideal over U. Then J^a(0 * 
x) 2 &a{x) for all x G X. 

Proof. Put x : = in (3.1). Then for all y G X, we have J^(0 * y) D ^U(O) fl J^(y) = ^(z/)- 
This completes the proof. □ 

Theorem 4.13. Let E = X be a BC I -algebra. Given a subalgebra A of E, let &a be an 
intersectional A-soft set over U . Then ^ A is an intersectional A-soft a-ideal over U if and only 
if it is both an intersectional A-soft p-ideal and an intersectional A-soft q-ideal over U . 

Proof. Assume that & 'a is both an intersectional A-soft p-ideal and an intersectional A-soft q- 
ideal over U. Then ^ A is both an intersectional A-soft .BCi-algebra and an intersectional A-soft 
-BCi-ideal over U by Theorem 3.5. In order to prove that J^a is an intersectional A-soft a-ideal 
over U from Theorem 4.6(3), it suffices to show that &a(v * x ) ^ ^a{x * (0 * y)) for all x,y G A. 
Since for all x, y, z G X 



we obtain 0*(y*x) < x*y. It follows from Lemma 3.8(1) that &a{x*v) Q ^A(0*(y*x)). Lemma 
4.12 and Theorem 4.7, we have 3? A (x*y) C ^ A (0* (y*x)) C & A (0* (0* (y*x))) C ^ A (y*x). By 
Theorem 3.9(2), J? A (x*(0*y)) C ^4(2; *y) C #" A (?/*:r). By Theorem 4.6, ^4 is an intersectional 
A-soft a-ideal over U . 

Conversely, if ^ A is an intersectional A-soft a-ideal over U, then it is both an intersectional 
A-soft p-ideal and on intersectional A-soft g-ideal over U by Theorem 4.8 and Theorem 4.10. □ 
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Abstract Let I be a compact interval and (I, D) be the set of all nonempty 
connected closed subsets of I with the Hausdoff metric D. Suppose that / is a 
continuous map from / to I. In this paper, we show that if / has n-orbits and 
n > m (in the Sharkovskii ordering), then it also has m-orbits. 

Keywords: Multi-valued map, Sharkovskii's theorem, orbit. 
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1. Introduction 

In 1964, A. N. Sharkovskii in [1] ( also see [2] ) introduced a new ordering of all positive 
integers, 

3>5>7>--->2-3>2-5>2-7>--->2 fc -3>2 fe -5>2 fc -7>--->2 3 >2 2 >2>l 

and obtained the following celebrated theorem. 

Theorem A Let / be a continuous self-map on the compact interval I. If / has n-periodic 
points and n > m, then it also has m-periodic points. 

By a period, we mean the least period, i.e. a point x £ / is said to be a n-periodic point of / 
if f n {x) = x and f 3 {x) ^ x for < j < n. 

T. Y. Li and J. A. Yorke in [3] proved that if / has 3-periodic points, then / has n-periodic 
points for every positive integer n, and / is chaotic. It is well known (see [4] or [5]) that / is 
also chaotic if it has a periodic point of a period which is not a power of 2. 

Our purpose in this paper will be to discuss the dynamics of continuous multi-valued maps 
on the compact intervals. Throughout we assume that N denotes the set of natural numbers. 
For any n € N, set N n = {1, 2, • • • , n}. Let 7 be a compact interval of the set of real numbers 

"Project Supported by NNSF of China (11261005,51267001) and NSF of Guangxi (2011GXNSFA018135, 
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and I denote the set of all nonempty connected closed subsets of I. The Hausdoff metric D on 
I is defined by 

D( J, L) = maxjsup d(v, L), sup d(w, J)}, for any J, L G I, 

where d(x,Y) = mi{d(x,y) : y G Y} for any x G 7 and 7 6 I (see [6]). Let C (/, I) denote 
the set of all continuous maps from I to I ( i.e. If / 6 C°(I,I), then for any x G I, /(x) is 
either a single point or a nondegenerale closed interval of I, and for any e > 0, there exists 
<5 = 5(x,e) > such that D(f(x),f(y)) < e when d(x,y) < 5). For any / G C°(J, I) and any 
J C /, we write /(J) = Usej/O*)- 

Definition 1 Let / G C°(i", I). A sequence = (xi, #2, ■ • ■ , x n ) of points in I is said to be a 
n-orbit of / if x^+i G /(xj) for every j G N n , where x n+ i = xi and is not a shorter m-orbit 
traversed p-times with mp = n. If the points Xj (for any j G N n ) in O are mutually different 
(i.e. Xi Xj for any i,j G N n with i / i), then O is said to be a primary orbit. 

Recently, there has been a lot of works on the dynamics of multi- valued maps (see [7-10]). In 
this paper, we study the orbits of continuous multi-valued maps on the compact intervals, our 
main result is the following theorem. 

Theorem 1 Let / G C°(I,T). If / has n-orbits and n> m, then / also has m-orbits. 

2. Some basic properties 

In this section we discuss some basic properties of continuous multi-valued maps on the 
compact intervals. 

Proposition 1 Let / G C°(I,T). Suppose that points xi,x%, - ■ ■ G I and point A n G /(x n ) 
for any n G N. If lim n ,oo x n = x and lim n ^ A n = A, then A G /(x). 

Proof For every A n , there exists B n G fix) such that d(A n , B n ) = d(A n , /(x)) since /(x) is 
closed. By taking subsequence we let B n — ► B G f(x). Note that 

d(A n ,B n ) < D(f(x n ),f(x)). 

We have 

d(A,B)= lim d(A n ,B n )< lim d(/(x n ), /(x)) = 0, 

n >oo n >oo 

which implies A = B G f(x). The proof is completed. 

Proposition 2 Let / G C°(J, I) and J be a closed interval of I. Then there exist a, b G J 
such that inf /(J) G /(a) and sup f{J) G /(&). 

Proof Let A = inf /(J) and = sup f(J). Then there exist a n ,b n G J and A n G /(a n ) 
and .B n G f(b n ) such that ^4 ra — ► A and -B ra — > B. By taking subsequence we let a n — ► a 
and 6 n — > b. Then a, 6 G J. By Proposition 1 we have A G /(a) and G f(b). The proof is 
completed. 

Proposition 3 Let / G C°(I, I) and a,b G 7 with a / 6. Assume that A G /(a) and 5 G f(b) 
with ^ < £. Then 
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(1) For any e > 0, there exists 5 > 0, such that d(a, x) < 6 implies that there exists X G f(x) 
satisfying d(A, X) < e. 

(2) For any C G (A,B), there exists c G (a, 6) if a < 6 ( or c G (6, a) if & < a) such that 
CG/(c). 

Proof (1) Since / is continuous, for any e > 0, there exists 5 > such that D(f(a),f(x)) < e 
if <i(a, x) < J. Let X G /(x) satisfying d(^4,X) = d(A,f(x)) since /(x) is closed. Then 
d(A, X) = d(A, f(x)) < D(f(a)J(x)) < e. 

(2) We may consider only the case a < b. Let e = min{<i(yl, C)/2, d(C, B)/2}. By Proposition 
3 (1) there exist u, v G (a, 6) with u < v , and {/ G /(n) and V G f(v) such that £7 < A + e < 
C <B-e<V. 

We claim that C G /(c) for some c G [u, v]. Indeed, if C G" /(a?) for any a; G [it, u], then let 
a\ = u < v = b\. If max/((ai + &i)/2) < C, then write ai < 02 = (ai + &i)/2 < 62 = &i- If 
min /((ai + 6i)/2) > C, then write ai = 02 < (ai + &i)/2 = 62 < b\. Continuing in this fashion, 
we can obtain two sequences of points a n , b n (n G N) such that 

(i) ai < a 2 < ■ ■ ■ < a n < ■ ■ ■ < b n < ■ ■ ■ < b 2 < h with b n - a n = (b - a)/2 n ~ 1 — > 0. 

(ii) max/(a n ) < C < min f(b n ) for every n G N. 

Let a„ — > c. Then c G [u, v] and b n — > c. By taking subsequence we let max/(o„) — ► P 
and min/(6 n ) — > Q. Then P < C < Q. On the other hand, by Proposition 1 we have 
P, Q G /(c), which implies C G /(c). A contradiction. The proof is completed. 

From Proposition 2 and 3 we obtain 

Corollary 1 Let / G C°(I,T) and J be a closed interval of I. Then /(J) is also a closed 
interval of I. 

Proposition 4 Let / G C°(I, I). Suppose that a, b G I with a < b, and A G /(a) and 
B G /(&). If {A - a){B -b) < 0, then there exists p G (a, b) such that p G /(p). 

Proof We may consider only the case A < a < b < B. Let e = mm{d(A,a)/2,d(B,b)/2}. 
By Proposition 3 (1) there exist n, v G (a, 6) with m < v, and £7 G /(n) and V G /(w) such that 
U<A + e<a<u<v<b<B-e<V. 

We claim that p G /(p) for some p G [n, t>]. Indeed, if x G" /(x) for any x G [u, u], then let 
a\ = u < v = b\. If max/((ai + 6i)/2) < (ai + 6i)/2, then write a\ < a 2 = (ai + &i)/2 < b 2 = b\. 
If min/((ai + &i)/2) > {a\ + 6i)/2, then write a\ = a 2 < (a\ + 6i)/2 = b 2 < b\. Continuing in 
this fashion, we can obtain two sequences of points a n , b n {n G N) such that 

(i) a\ < a 2 < • • • < a n < • • • < b n < • • • < b 2 < b\ with b n — a n = {b — a) /2 n ~ 1 — > 0. 

(ii) max/(a n ) < a n and b n < min/(6 n ) for every n G N. 

Let a n — ► p. Then p G [u, v] and b n — > p. By taking subsequence we let max/(a n ) — > P 
and min f{b n ) — > Q. Then P < p < Q. On the other hand, by Proposition 1 we have 
P, Q G f(p), which implies p G f(p)- A contradiction. The proof is completed. 

Let / G C°(I,T). For any n > 2 and x G I, set f n (x) = (J y g/™-i(x) f{v)i which is said to be 
the ra-fold composition of / with itself. 

Proposition 5 Let / G C°(I,I). Then f n G C°(I,I) for any n > 2. 

Proof Since I is closed, it follows that / is uniformly continuous. Then for any e > 0, there 
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exists 5 = 5(e) > such that D(f(x), f(y)) < £ if d(x, y) < 5. 

We claim that if J and L are two closed intervals of I satisfying D( J, L) < 5, then D(f(J), f(L)) 
< e. Indeed, for any A G /(«/), let xa G J such that A G /(xa)- Let yA G L such that 
d(2?A,yA) = d(zA,£) < 5, which implies D(f(x A ),f(yA)) < e. Thus d(A, /(y^)) < £ and 
d(A, f(L)) <e. In a similar fashion, we can show that d(B, f(J)) < £ for any B G /(£)• From 
which it follows D(f(J), f(L)) < e. 

Let < Si < 62 < • • • < <5 n < <5 n+ i = e such that D(f(x),f(y)) < 5i + \ if d(x,y) < Si for 
any i G N n . By the above claim we have D(f l (x), p(y)) < <5j+i if d(x,y) < S±, which implies 
/ n G C°(I,I). The proof is completed. 

3. Proof of main theorem 

Let / G C°(I, I) and L, J be two closed intervals of /, we write J — > L if /(J) D L. In this 
section, we shall show the main theorem. To do this we need the following lemmas. 

Lemma 1 Let / G C°(I, I) and L, J be two closed intervals of /. If J — ► L, then one of the 
following holds: 

(1) There exists some u G J such that /(u) D L. 

(2) There exists a closed subinterval J\ C J such that /(Ji) = -L. 

Proof If (1) does not hold, then L <f_ fix) for any x G J. Let L = [-4,5]. Then there exist 
a, 6 G J with a 7^ b such that vl G f(a) and -B G /(&)• 

If a < b, then let u = sup{x G [a, b] : A £ f(x)} and v = inf{x G [u, b] : B G /(#)}• By 
Proposition 1 we have A G f(u) and i? G f(v) with u < v. Thus it follows that /([it, f]) = L 
(indeed, if there exists C < A (or C > B) such that C G f([u, v]), then by Proposition 3 we can 
take w G (u,v) such that A G /(if) (or B G f(w)), this is a contradiction with the definition of 
u (or v)). 

If b < a, then let u = inf{x G [6, a] : 4 G /(x)} and v = sup{x G [b, u] : B G /(x)}. By 
Proposition 1 we have A G /(it) and B G /(u) with w < u. Thus it follows from Proposition 3 
that f([v,u]) = L. The proof is completed. 

Lemma 2 Let / G C°(I,T). Assume that Ij (i G N n ) are closed intervals such that I\ — > 
I2 — > ■ ■ ■ — ► I n — > In+i = h- Then there exists x« G h for any i G N n such that Xi+i G /(x«), 
where x n+ i = xi. 

Proof Set E n+ \ = i" n +i. If A n = {u £ I n : f(u) D -En+i} / 0, then choose a «„ £ i„ and 
set -E n = Otherwise, by Lemma 1 there exists a closed subinterval J„ C I n such that 

/(J n ) = E n+1 , and set E n = J n . Note i" n _i — > E n . If A n _i = {u G i" n _i : /(it) D 5 n } / 0, 
then choose a n n _i G A n _i and set E n ^\ = {n n _i}. Otherwise, by Lemma 1 there exists a 
closed subinterval J n -i C I n -i such that /(J n -i) = E n , and set 5 n _i = J n -\. Continuing in 
this fashion, for every i G N n , we obtain E{ C 1% such that if Ai = {u G ij : /(it) D ^i+i} 7^ 0, 
then choose a «j £ A, and set £7j = {itj}; if = 0, by Lemma 1 there exists a closed subinterval 
Ji C Ii such that f(J%) = Ei + ±, and set E{ = Jj. 

If = {ui} for some i G N„, then let r = max{i G N n : E^ = {itj}}. Thus -E, = {it,} for 
every % G N r . Set x„+i = u\. For every r + 1 < i < n, by Proposition 3 we can take xi G Ei = Ji 
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such that Xi + \ G f(xi). Set Xj = Ui for every i G N r . 

If / {m} for every i G N„, then f(Ei) = E i+1 (i G N„). Thus / n (£i) = h and Ei <Z I\. 
By Proposition 4 and 5 we see that there exists x\ G E\ such that xi G f n (x\). Thus for every 
i G N n there exists Xj G / l_1 (xi) C C h such that Xj+i G /(xj), where x n+ \ = X\. The proof 
is completed. 

Definition 2 / G C°(7, 1) is said to be turbulent if there exist a,b,c G / with a < 6 < c such 
that /(M])n/(M) D [o,c]. 

Lemma 3 If / G C°(I, I) is turbulent, then / has m-orbits for any m G N. 

Proof Let / be turbulent. Then there exist a, b, c G / with a < b < c such that f([a, b]) n 
/([ft, c]) D [a, c]. It is obvious that / has 1-orbits since /(/) C L Now we suppose that m > 2. 

Since b G (a, c), it follows from Proposition 3 that we can take point u G (a, c) and v G (6, c) 
such that b G /(u) n f(v). 

If there exists x G [a, b) such that c G /(x), then write Iq = I m =< u, x > and Ij = [b, c] for 
any z G N m _i, where < a, /3 > denotes the closed interval with endpoints a and (3. We have 

I ► h ► ■ ■ ■ > I rn = ^0- 

By Lemma 2, we obtain a m-orbit (x±, X2, • • • , x m ) with Xj G for any z G N m . In a similar 
fashion, we can obtain a m-orbit if there exists y G (6, c] such that a G f(y). 

m—l 

If a, c G /(&), then n, 6 G /(6) since f(b) is a closed interval. It is obvious that (n, 6, • • • , 6) is 
a m-orbit. The proof is completed. 

Definition 3 Let / G C°(I,T). A sequence V n = (xo, x±, X2, ■ ■ ■ ,x n ) of points in I with 
Xi G f(xi-i) for any i G N ra is said to be a return trajectory if x\ < xq < x n or X\ > xq > x n . 

Lemma 4 Let / G C°(I, I) and V n = (xo, xi, X2, • • • , x n ) is a return trajectory. Then 

(1) If there exists p £ I such that p G f(p)C\ < Xo, x ra >, then / has m-orbits for any m G N. 

(2) / has m-orbits for some 2 < m < n. Furthermore, if n > 3 is odd, then m is also odd. 

Proof (1) We may assume without loss of generality that x n < xq < x\ and p = max{x G 
[x n ,xo] : x G /(x)}. Set k = min{i G N n : Xj < p}. Then k > 2 and x^-i > p- Write 
r = min{i G N^_i : Xj > x^-i}- Then r > 1 and p < x r _i < x^_i with /([p,x r _i]) PI 
/([x r _i, Xfc_i]) D [p, Xfc_i]. If p < x r _i, then it follows Lemma 3 that / has m-orbits for any 
m G N. If p = x r -i, then there exists q G (p, x^-i) such that q G /(<?)• Since x^ G /(x^-i), we 

m—l 

see that there exists G [g, Xfc-i] such that p G f(w). Thus (p, ■ • • , p, ttj) is a m-orbit if m > 1 
since to G [p,x fe _i] C /(p). 

(2) We may assume without loss of generality that x n < xo < X\. By Lemma 4 (1) we may 
suppose that x G" /(x) for any x G [x n ,Xo]. Write c = mini. Since x n (< xo) G / n (xo) and 
/ n (c) C /, it follows from Proposition 4 that there exists q G [c, xo] such that q G f n {q)- We 
may assume without loss of generality that q = max{x G [c, xo] : x G / n (x)}. 

We claim that q G" /(g). Indeed, if q G /(g), then q < x n . By Proposition 3, we can take points 
q < zo < z\ < Z2 < • • • < z n -\ = xo < z n = xi such that Zi G f(zi-±) for every i G N„. Thus by 
Proposition 4 it follows that there exists s G [zo,xo] sucri that s G f n (s) since zo < ^i G f n (zo) 
and xq > x„ G /"(xq), which contradicts the definition of g. 
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Write ?/i = y n +i = Q- Then we can obtain a sequence O = (yi, y2, • • • , y n ) of points in / such 
that yj+i G /(yi) for every i G N n and y2 / (7. Write m = min{r G N n : consists entirely 
of (yi,y2,-"" )2/r) traversed s-times with rs = n}. Then 2 < m, < n and (yi,y2r -- is a 

m-orbit of /. Furthermore, if n is odd, then m is odd. The proof is completed. 

Corollary 2 Let / G C°(I, I). If / has a n-orbit for some n > 2, then / has 2-orbits. 

Proof We may assume that O = (xi,X2, ■ ■ ■ ,x n ) is primary. Indeed, if O is not primary, 
then there exist i,j G N n with i < j such that Xj = Xj. We consider (xj, • • • , Xj_i) and 
(xj, • • • , x n , xi, ■ ■ ■ , Xj-i). Continuing in this fashion, we can obtain a m-orbit which is primary 
for some 1 < m < n. 

Let x r = maxjxj G O : Xj < Xj + i} and x/ = min{xj G O : Xj > x r }. It follows from 
Proposition 4 that there exists p G (x r ,xz) such that p G f{p)- Since x; G f([x r ,p\), there 
exists yo G [x r ,p] such that x; G f(yo)- Thus (yo,x/,x; + i) is a return trajectory. It follows from 
Lemma 4 that / has 2-orbits. The proof is completed. 

Lemma 5 Let / G C°(I, I) and n > 1 is odd. Assume that / has a n-orbit O and has no 
/-orbit for every odd integer / with 1 < I < n. 

(1) If n = 3, then O may be written as (xi,xi,X2) with X2 < xi or X2 > xi, or O may be 
written as (xi,X2,X3) with X2 < x\ < X3 or X2 > x\ > X3. 

(2) If n > 5, then O may be written as (xi, X2, • • • , x n ) with x ra _i < x ra _3 < • • • < X2 < x\ < 

X 3 < • • • < X n _ 2 < X n Or X n _i > X„_ 3 > • • • > X 2 > X\ > X 3 > • • • > X n „ 2 > X n . 

Proof We may assume n > 5 since the case n = 3 is trivial. Let O = (yi,y2,- ■ ■ ,y n ) and 
write y n+ i = y^ for any z G N2 ra - We claim that O is primary. Indeed. If yj = yj + i 7^ y^ + 2 for 
some i G N n , then (y i+1 ,y i+2 , • • • ,y n +i+i) is a return trajectory with y n+i = y n+i+1 G f{y n +i)- 
By Lemma 4 it follows that / has 3-orbits. This is a contradiction with the assumption of 
the maximality of n. If yi / yi + \ for every i G N ra , and yj = yt for some j, G N n with 
k > j + 1, then we consider (xj, • • • , Xfe_i) and (x^, • • • ,x n ,xi, • • • ,Xj-±). Continuing in this 
fashion, we can obtain a shorter odd orbit. This is also a contradiction with the assumption of 
the maximality of n. 

Let y s = max{?/j G O : y«+i > yi} and yt = minjyj G O : yi > y s }. Then there exists 
p£ (y s , yt) such that p G f{p)- We may assume without loss of generality that \{yi G O : yi < 
Vs}\ > \{Vi £ C : yi > Vt\\i where \S\ denote the number of elements of S. Write Xj = y s -i+i if 
1 < i < n — s + 1 and Xj = y s _i + j_ ra if n — s + 2 < i < n. 

We claim that Xj > xi for every even integer i G N n . Indeed, if x& < X\ for some even integer 
k G N n , then k > 4 and (xi, X2, • • • , x&) is a return trajectory. By Lemma 4 we see that / has 
m-orbits for some odd integer 3 < m < k — 1. This is a contradiction with the assumption of 
the maximality of n. Thus Xj > xi if i G N n is even and Xj < xi if % G N ra is odd. 

We claim also that x\ < Xj < x^+2 for every even integer i G N n _2- Indeed, if x\ < x r +2 < a^r 
for some even integer r G N n _2, then there exist points Zi G (xj,p) if 1 < i < r is odd and 

G (p, Xj) if 1 < z < r — lis even such that Zj+i 6 /(^i) fo r an y * ^ N r _2 and x r +2 G f(z r -i)- 
Thus (zi, Z2) ■ ■ ■ , z r —i, x r +2, • • • , x n , xi) is a return trajectory. By Lemma 4 we see that / has 
m-orbits for some odd integer 3 < m < n — 2, which is a contradiction with the assumption of 
the maximality of n. In a similar fashion, we can show that Xj > Xj+2 for every odd integer 
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1 G N n _2- Thus x n < x n _ 2 < • • • < x 3 < x\ < x 2 < ■ ■ ■ < x„_3 < x n -±. The proof is completed. 

Lemma 6 Let / G C°(I,T) and n > 1 is odd. If / has n-orbits and n > m, then / has 
m-orbits. 

Proof We may suppose that n is minimal and O is a n-orbit. By Proposition 4 and Corollary 

2 we see that / has 1-orbits and 2-orbits since n > 1 and /(/) C I. In the following we assume 
that m > 3. 

If O is not primary, then n = 3 and we may assume that = {x\, xi, X2) with x\ 7^ x 2 . Thus 
m— 1 

(xi, • ■ ■ , xi, X2) is a m-orbit. 

If is primary, then we may assume without loss of generality that O = (xi, x 2 , • • • , x n ) with 
x n _i < x ra _3 < • • • < X2 < X\ < X3 < • • • < i„_2 < x n . It follows from Proposition 3 that there 
exist xo £ (x2,xi) and x_i G (x n _2,^n) such that xi G /(xo) and xo G /(x_i). Furthermore, 
there exists x' G (x n _2)^n) such that x ra _3 G f(x' ) when n > 5. 

For every integer m > n + 1 , we consider 

m—n+l 

, * V 

[x_i,x n ] > [x ,xi] — ► [x 2 ,xi] > ■■■ > [x 2 ,xi] > [xi,x 3 ] > 

■■■ > [x n -4,X n -2] > [x n -l,Xn-3] ► [x_l,X„]. 

By Lemma 2 we see that / has m-orbits. 

For every even integer m with 4 < m < n — 1 when n > 5, we consider 

^ [x-n— m+1 ) X n — m — 1] > [x ra _ m , X n __ m -}_2] > 
"•• ^ [^n— 4j £71—2] ► [x ra _i,X n _3] > [x ,X n ]. 

By Lemma 2 we see that / has m-orbits. The proof is completed. 

Lemma 7 Let / G C°(I, I), and n, r, s G N and q > 1 is odd. 

(1) If / 2 " has 2 s (/-orbits, then / has 2 n+s g-orbits. 

(2) If f 2 " has q(> l)-orbits and / has no Z-orbit for any I > 2 n ■ 3, then / has 2 n g-orbits. 

(3) If f 2 " has 2 r -orbits, then / has 2 r+n -orbits. 

Proof (1) By the hypothesis, let T = (xi, X2«+i, • • • , ^(2 s <?-i)2 n +i) be a 2 s g-orbit of / 2 ™ and 

let S = (X1,X 2 ,-- - ,X 2 n,X2" + l, ■ ■ ■ ,X(2Sq-l)2 n ,X(2s q -l)2 n + ir ■ ■ ,X 2 n+s q ) SUch that Xj+l G /(Xj) 

for every z G N 2 n+ S(J , where x 2 n+s g+ i = xi. Write 

m = min{/i G N 2 n+ S(? : 5 consists entirely of (xi, X2, • • • , Xh) 

traversed Z-times with hi = 2 n+s q}. 

Then m = 2^p, where < \x < n + s and q is divided by p. 

We claim that /i = n + s and p = q. Indeed. If n < n + s, then x ( -j_ 1 ) 2 n +1 = x ( -j_ 1+2s -i (? ) 2 n +1 for 
any i G N 2 s-i ? , which means that T consists entirely of (xi, x 2 n +1 , • • • , X( 2 s-i (? _ 1 ) 2 n +1 ) traversed 
2-times, a contradiction. If p < q, then X(j_i) 2 ™+i = ^(i-i+2 s p)2 n +i f° r an y * 6 ^2 s q~2 a p and T 
consists entirely of (xi, x 2 n +1 , ■ ■ ■ , X( 2 s p-i)2 n +i) traversed q/p-times, a contradiction. Hence S 
is a 2 n+s g-orbit of /. 
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(2) By the hypothesis, let T = (xi, X2«+i, ■ ■ ■ , #( g -i)2«+i) he a g-orbit of / 2 ™ and let 5 = 
(xi,X2,-- - > ^2«,X2«+i, ■ ■ ■ ,X(q_ 1 ) 2 n,X( ? _ 1 ) 2 n +1 , ■ ■ ■ , X2" g ) such that Xj+i G /(xj) for every i G 
N2«g, where x 2 n g+ i = xi. Write 

m = min{/i G N 2 n g : 5 consists entirely of (xi, X2, • • • , Xh) 

traversed /-times with hi = 2 n q}. 

Then it follows from the hypothesis that m = 2 n p, where g is divided by p. If g / p, then 
x (t-i)2 ,i +i = x (i-i+p)2 n +i f° r an Y * £ Ng_p and T consists entirely of (xi, x 2 n+i, ■ ■ ■ , £( P -i)2 n +i) 
traversed g/p-times, a contradiction. Hence m = 2™g and S is a 2 n g-orbit of /. 

(3) By the hypothesis, let T = (xi, x 2 n +1 , • • • , £(2 r -i)2™+i) be a 2 r -orbit of / 2 ™ and let 
5 = (xi,x 2 ,--- ,X2",X2«+i, ■ ■ ■ > a ; (2''-i)2™ ) a:: (2''-i)2™+i) • • • ,^2"+0 sucn that x i+ i G /(xj) for 
every i G N 2 n+r, where Write 

m = min{/i G N 2 n+r : S consists entirely of (xi, X2, • • • , x^) 

traversed /-times with hi = 2 n+r }. 

Then m = 2^ with < fi < n + r. If /x < n + r, then X(j_i) 2 n + i = a; (j-i+2 r - 1 )2 n +i f° r an y 
z G N 2 r-i, which means that T is a shorter orbit traversed several times, a contradiction. Hence 
5 is a 2 n+r -orbit of /. The proof is completed. 

Lemma 8 Let / G C°(I,T) and q > 1 is odd and n G N. If / has 2 n g-orbits, then f 2 " has 
g-orbits. 

Proof Let5 = (xi, X2, • • • , x 2 n, x 2 n+i, ■ ■ ■ , ^( g -i)2 n ) x (q-i)2 n +i> " " > x 2™g) be a 2™g-orbit of /. 
For any k G N 2 ™ we write 

•Sk = (Xk, X 2 n+fc, ' ' • , x (q-l)2 n +k)- 

If Sk is 1-orbit (x&) traversed g-times for every k G N 2 n, then 5 consists entirely of (xi, X2, • • • , X2«) 
traversed g-times, a contradiction. Thus there exists some s G N 2 n such that Xj2™+s 7^ £(j+i)2 n +s 
for some < i < q - 2. Note that V q = (xj 2 «+ s , X(j +1 ) 2 n +s , • • • , a;( g _i)2"+s> x s , ■ ■ ■ ,x i2 « + s) is 
a return trajectory of f 2 ". By Lemma 4 we see that f 2 " has p-orbits for some odd integer 
3 < p < q. Thus it follows from Lemma 6 that / 2 ™ has g-orbits. The proof is completed. 

Proof of Theorem 1 Let n = 2 k q, where k > and g G N is odd. It follows from 
Proposition 4 that / has 1-orbits. In the following we assume that m>2. 

Case 1 q > 3: When k = 0, it follows from Lemma 6 that Theorem 1 is true. Now assume 
that k G N. Furthermore, we can assume that / has no /-orbit for any I > n. It follows from 
Lemma 8 that f 2 * has g-orbits, and by Lemma 6 f 2k has /-orbits for any g > /. Subsequently, 
using Lemma 7, / has /-orbits for any n > / with / G" {2 r : r G N&}. In the following we show 
that / has /-orbits for any / G {2 r : r G N&}. 

Write g = f T 1 for any r G Nfc. Let 

<S = (X1,X2, ■ ■ ■ , X 2 r-l,X 2 r-l + l, ■ ■ ■ ,X( 2 fc-r+2_ 1 ) 2 r-l,X(2fc-r+2_ 1 )2r-l + 1 , ■ ■ ■ ,X 2 fc+l) 

be a 2 fc+1 -orbit of /. For any s G N 2 r— 1 we write 

•S S = {X s , X 2 r-1 +S , • • • , X( 2 fc-r+2_i)2'— i+s)- 
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If S s is 1-orbit (x s ) traversed 2 +2 -times for every s G N 2 r-i, then S consists entirely of 
(xi,X2,-" - i x 2 r ~ traversed 2 fc_r+2 -times, a contradiction. Thus there exists some j G N 2 t— i 
such that Xj 2 r-i + j / a ; (j+i)2'- 1 +j f° r some < i < 2 k ~ r+2 — 2. From Sj we can obtain /-orbits of 
g for some I with 1 < Z < 2 fc_r+2 . Thus it follows from Corollary 2 that g = f 2T 1 has 2-orbits. 
Applying again Lemma 7, / has 2 r -orbits. 

Case 2 q = 1: With respect to Case 1, we can assume that / has no Z-orbit for any I t> 2 k 
and k > 1. Write 5 = / 2r 1 for any r G N^_i. Analogously as in the second part of Case 1, 
we can show that g has 2-orbits, which and Lemma 7 implies that / has 2 r -orbits. The proof is 
completed. 
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Abstract 

We study an asymptotic behavior of solutions of a nonlinear system by comparing with a linear 
system, whose asymptotic behavior of solutions is similar to the behavior of solutions of the original 
system. 
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1 Introduction 

The method of asymptotic equivalence of two systems is well known. According to it, the asymptotic 
behavior of solutions is investigated by comparing the original system with some simpler system. 
If we know the asymptotic behavior of the solutions of one of the systems, then we can obtain 
information about the asymptotic behavior of the solutions of the other system. First results in 
this direction were obtained by Wintner [18], Yakybovich [19] and Levinson [12]. 

Further, the problem of asymptotic equivalence for different classes of differential equations, 
including linear, nonlinear, functional and stochastic equations was studied by many authors. For 
ordinary differential equations, we mention the works [2,5,6,10,11]. For impulse systems, we refer 
to the monograph [16] . Stochastic systems were investigated in [17]. 

This method can be applied to the study of difference equations [1,8,13]. Similar topics for 
difference equations can be found in [3,4,7,10,14,15]. 

This work continues the authors' research in this area started in [3,4,9]. But now we consider a 
nonlinear case. A nonlinear difference system is compared with a linear system, whose asymptotic 
behavior of solutions is similar to the behavior of solutions of the original system. We study the 
conditions of asymptotic equivalence of these systems. 

Another difference is that now the linear system can have unbounded solutions. 

2 Statement of the problem and Auxiliary results 



Consider the linear system of difference equations 

= -^n d" A n X n (1) 
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and the corresponding nonlinear system 

Vn+1 =Vn + A n y n + f n (y n ) (2) 

where A n is a dxd matrix, x n , y n G R d , f n {Vn) is a d— dimensional vector, n G Ao = {0, 1, 2, ...}. 
Let |.| denote the norm on R d , and let |.| denote the induced norm on the space of d x d 
matrices. 

A solution of the system (2) for which y n (no,y) = y is denoted by y n (no,y) ■ 
Definition 2.1 Systems (1) and (2) are asymptotically equivalent for n — ► oo if there exists a 
one-to-one correspondence between their solutions x n and y n such that 

lim \x n - y n \ = (3) 

OO 

Let X n ^ be the fundamental matrix of the system (1) . X^k = I , where / is identity matrix. 
Let Xkfl = Xk 

Assume that the following conditions hold 

(a) the matrix A n is defined and bounded, so that a = sup raeAr ||-An|| < 00 ; 

(b) the function f n (y) is defined for n G A^o, y € R d and it satisfies the condition 

\fn(Vl) ~ fn(V2)\ < Vn 1 2/1 ~ 1/2 1 , 

where n G A^o yi , y2 £ R d ,Vn 1S a nonnegative sequence of real numbers; 

oo 

(c) oi = J^r/ n < oo; 

ra=0 

(d) /n(0) = ; 

(e) det (7 + A n ) ± . 

Definition 2.2. System (1) is called exponentially dichotomous on A^ if there exist two 
complementing projectors Pi and and also positive constants V\,vi , Aq , A2 such that the 
following inequalities hold: 

\X n P x X-l\ < Aq(l + a )-"i("-«o) ) n > no (4) 

and 

ll^PaX" 1 !! < AT 2 (1 + a)~ v ^- n \ n >n (5) 
We will need the following lemmas. 

Lemma 2.1. Under the condition (a), the fundamental matrix of the system (1) satisfies the 
inequality 

||*n,noll <(l+a)(™\ n>n (6) 

The proof of this statement follows from the representation of the fundamental matrix in the 
form 

X n ,n = (I + 4,_i)(J + A no ) ...(/ + A n ^) 

Lemma 2.2. Any solution y n of the system (2) can be represented as 

n 

Vn = X njno y no + ^ Xn,kfk-l(yk-l) (7) 
k=no 
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Proof. Substituting (7) into (2), we get 

n+l 



X n +l,n yn + ^2 -XVi+l.fc/fc— l(?/fc-l) 



k=no 



= (I + ^„)X n) „ y no + (J + yl n ) ^ ^n,fc/fe-l(yfe-l) + /nfj/n) 

fc=no 



or 



-^n+l,n yn + -^n+l,n+l/n(2/n) + ^ -^n+l,fc/fe-l (j/fc-l) 

k=no 

n 

= (I + A n )X n!no y no + + A n ) ^ Xn,kfk-l{yk-l) + fniVn) 

fc=no 

Hence, we have 

n 

(I + A n )X ntno y no + f n (y n ) + ^ (7 + A n )X njfc / fc _i(y fc _i) 

fc=rao 
n 

= (I + A n )X„ ino y no + (I + A n ) ^ -^n,fe/ifc-l(yfe-l) + /n(Z/n)- 

fc=no 

This completes the proof. 

Lemma 2.3. Under the conditions (a) - (e), there exists a positive constant a 2 > 0, such that 
any solution of system (2) satisfies the inequality 

\yn\<a 2 \y no \(l + a) n ~ no , n>n . (8) 
Proof. From the conditions of Lemma 2 it follows that any solution of (2) can be represented 



as 



Dn — X n;no y no + X n,kfk-l(Uk-l)- 
k=no 



Therefore 



\Vn\ < \\X n ,n \\ \Vn \ + W X n,k\\ \fk-l(Vk-l)\ ■ 

k=no 

Using (6), together with conditions (b) and (d) , we have 

n 

\y n \<(l + ar- n °\y no \+J2 (l + «) n "Sfe-il2/fe-i|- 

k=no 

Multiplying the last inequality by (1 + a)~( n ~ n °\ we get 

n 

|2/ n |(l + a)-("-"°) < |y no |+ (l + a)- (fc_no) »/ fc -i|yfc-i|- (9) 

k=no 
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Using the discrete version of the Gronwall- Bellman inequality [1,13 ], we obtain the estimate 

n 

\y n \ (1 + a)-(™) < |y no | e fe ^o < \y no \ e »i 



or 



bn| < |2/n l 02(1 +a) 



n— no 



where 02 = e ai . 

The proof is completed . 

Denote 



X n,n — X n PiX nQ , 



Lemma 2.4. The matrices X n ^ no , X^ no , X 2 no satisfy the following relations: 
1 yl _i_ y2 y 

2- 4 >fc = XUA* , for all n , n , G iV , . = 1,2. 

3 - X n,fc = X n,n X l no ^ k , 1 = 1, 2 . 

Proof. The first statement follows from the definition of the matrices X Ujno , X\ nQ , X^ nQ , 
the equality X niHo = X n X^ and mutually complementing property of the projectors P1 + P2 = I- 

X li,n + X l,n = X n P l X no + X nP2X~ Q = X n X n ^ = X n ^. 

The second statement follows from 

X n,n X n ,k = X nPiX n ^ X no PiX k 2 = X n PfX k 1 = , i = 1,2. 

The third statement follows analogously 

^n,no-^rao,fc = X n X no X n PiX k 1 = X n PjX fc 1 = X l n k , 2 = 1, 2 . 

The lemma is proved . 
3 Main result 

Now, we prove the main result of this work. We prove the conditions of asymptotic equivalence of 
systems (1) and (2). 

Theorem 3.1. Suppose that conditions (a) ,(b) ,(c) ,(d) and (e) are satisfied . Further, 
suppose that system (1) is exponentially dichotomous on N. Additionally, if 

00 

E eafe ^<°°, (10) 

A:=0 

then systems (1) and (2) are asymptotically equivalent for n — ► 00 . 

Proof. Let y n be an arbitrary solution of system (2). Using Lemma 2 and Lemma 4, we have, 
for no > 
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— X n,n yn + X n,kfk-l(Vk-l) 



k=no 



X n ,n yn + E X l,kfk-l{yk~l) + E X l,kfk-l(Vk-l) 



k=n,Q 
n 



k=no 

oo 



= X nyno y no + Y X n,kfk-l(.Vk-l) + E X n,kfk-l(Vk-l) ~ E X n,kfk-1 (Vk-1 ) i 11 ) 
k=no k=no k=n+l 



n,no 



Vn + E X n,kfk-l{Vk- 



k=no 



+ Y X lkfk-i(Vk-i)- E Xl k f k ^(y k ^) 



k=no 



k=n+l 



oo oo 

Note, that convergence of E e ak Vk implies convergence of E (1 + a) k r/ k . 

k=0 k=0 

Then from (5), lemma 3 and conditions (b) and (d), we estimate 



E \\ X n ,k\\ \fk-i(Vk-i)\ < E mi + a)- V2{k - no) rik-i\yk-i\ 



k=no 



k=riQ 



< N 2 a 2 J2 (l + «)"" 2( ^ no) %-ibn | (l + a) fc -"° 

k=no 

oo 

< N 2 a 2 \y no \ Y Vk (1 + a) k < oo . 

fc=no 

Thus, the series in (11) are absolutely convergent. 
Note also, that condition (10) implies (c). 

The solutions x n and y n of systems (1) and (2) are uniquely defined by their initial conditions. 
Thus, for each solution y n of system (2) with initial condition y no = yo, we put into correspondence 
the solution x n of system (1) with condition x no = xq given by 



x 



n 



= Vn + E X lo,kfk-l(yk-l)- 
k=no 



(12) 



Next, we prove that the correspondence given by (12) is one - to - one under the proper choice 
of no- 

Denote 



$ no(?/o) = E X n ,kfk-l(yk-l)- 
k=no 

Then, (12) can rewritten in the form 

x = yo + $n (yo)- 



(13) 



(14) 



It can be considered as an equation with respect to yo G R d for some rao-Now, we prove, that 
equation (14) has a unique solution for every xq. 

Rewrite (14) in the form yo = — &n (yo)- 
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Now, we show that 

X -$ no M ( 15 ) 

is contraction for every xo G R d and some uq G iVo- 
Indeed, for all yo,yi £ we have 



|x -^no(yo)-Xo + $„ (yi)| = |$no(l/l)-*no(K>)l (16) 

oo 

^ Yl \\ x l ,khk^i\yk-i(n ,yi) - yk-i(n ,yo)\- 

k=no 

Solutions of systems (1) and (2) can be represented in the form 

fc-2 

Vk-i(no, y Q ) = yo+Y^ \. A 3VA n ^ Vo) + fj(Vj(no,yo))] . 

and 

fc-2 

2/fc-i(rco,yi) = yi + E [^i%'( n o,yi) + fj(yj{n ,yi))} . 

j=no 

Subtracting the second equation from the first equation, we get 

bfc-i(rao,yi) - 2/fc-i(«o,yo)| < \yi - yo\ + 
+ E ly?( n o,yi) -i/j(no,j/o)| +??j|yj(^o,yi)-yj(no,yo)|] 

fc-2 

< \vi-vo\+ ^2( a + Vj)\yj(n ,yi)-yj{n ,yo)\- 

j=n 

Using the discrete version of the Gronwall- Bellman inequality, we obtain the estimate 

fc-2 

bfc-iK,yi)-yfc-i(n ,yo)| < \yi - yo| e J ="° < |yi - y | e a ( fe -«o)+«i. (17) 
Substituting (17) into (16), we get 

oo 

|*no(yi)-$n (yo)| < E ll^n ,fchfc- 1 |yi-yo|e^) + - (18) 

fc=no 

oo 

< E N 2 {l + a)- V2{ - k - no) i lh _ 1 \yi -y \ e a{k - no)+ai 



k=riQ 



< N 2 e a - £ e fe -™ | yi - y | < AT 2 e ai e a(1 - no) £ ^-i^"^ Ifi " fol 

k=no k=nQ 



By the condition (10) , we can choose n Q such that 
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N2e a le a(l-n ) ^ ^^(fc-l) < L (lg) 
A;=no 

Then from (18) and (19) , it follows that mapping xq— & no (yo) is a contraction in R d . So, 
the equation (14) has a unique solution in R d for certain no G iVo and any xo <E R d . 

Therefore, the correspondence between the solutions of system of systems (1) and (2) given by 
(12) is one - to - one . 

Now, it remains to prove (3). 

Let x n and y n be solutions of systems (1) and (2), respectively. 

Since any solution of (1) has the form x n = X n ^ no x no and x no is defined by (12), then from 
(11), we have 



\%n Un\ 5; 

We estimate the first series 



Y X n,kfk-l(yk-l] 
k=ng 



+ 



Y X n,kfk-l{Vk-l) 
k=n+l 



(20) 



Y X n,kfk-l{Vk-l) 
k=no 



< Y \\ X n,khk-l\yk-l\ 



k=riQ 
n 



< Y (^i(i + ^ lM iw«2(i + '') t " 1 " ,l0 kl) 

k=no 



n — nQ 
2 



Y ( ^i(l + a)-^ n -% k _ ia2 (l + \y no \) 



k=no 



+ ( ^ + ar Vl(n - k) Vk-ia2(l + af- 1 ^ \y no \) 

k=[^]+i 



"-"0 

2 J n 

< N ia2 \yn \ {l + a)~ v ^ Y Vk-i^ + a)^ 1 + Nia 2 \y no \ Y Vk-ii^ + a)^ 1 

oo n 

< N ia2 \y no \ {l + a)~ v ^ ri k - 1 {l + a) k - 1 + N 2 a 2 \y no \ Y + ^ °> 

k=n k= \^p_^ +1 

n — ► oo 

Here [ rk= ^r L ] is an integer part of 

Then, show that the second series approaches to zero, too. 
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^ Yl \\ X n,k\\Vk-l\yk-l\ 
k=n+l 

oo 

k=n+l 

oo 

< N 2 a 2 ^fc-i( 1 + a ) fc_1 |j/nol 

k=n+l 

n — > oo. 

Thus Lim |x n — y„| =0. This completes the proof of the theorem. 
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e-uniform convergence of the midpoint upwind scheme on 
the Bakhvalov-Shishkin mesh for singularly perturbed problems * 

Quan Zheng} Xiaoli Feng, Xuezheng Li 
College of Sciences, North China University of Technology, Beijing 100144, China 

Abstract: In this paper, we investigate the midpoint upwind scheme on the Bakhvalov- 
Shishkin mesh for solving singularly perturbed convection-diffusion boundary value problems. 
Its elaborate e-uniform pointwise convergence is proved by using the comparison principle and 
constructing barrier functions. The numerical experiments indicate that the estimate is sharp 
and high accuracy is achieved for resolving the boundary layer. 

Keywords: Singularly perturbed problem; Convection-diffusion; Midpoint upwind scheme; 
Bakhvalov-Shishkin mesh; Uniform convergence 

1 Introduction 

Singularly perturbed second-order boundary value problems arise in many branches of science 
and engineering. Let's consider it in the following form: 

Lu(x) := —£u"{x) + b{x)u'{x) + c(x)u(x) = f(x),x G (0, 1), 

(1) 

k u(0)=A,u(l)=B, 

where < e <C 1 is a small perturbation parameter, A and B are given constants, and functions 
b(x),c(x) and f{x) are sufficiently smooth with b{x) > (3 > and c{x) > 0. Under these 
conditions, singularly perturbed problem (1) has a unique solution with boundary layer on the 
right side. A wide variety of numerical methods were established to solve the problem in the 
past few decades (see [1-3]). 

The layer-adapted graded mesh was first introduced for solving the singularly perturbed 
reaction-diffusion problem by Bakhvalov [4], where a nonlinear equation should be solved for 
the transition point. The special piecewise uniform mesh by Shishkin [5] livened up further 
discussion because of its simple structure. By the technique of the comparison principle and 
barrier functions used by Kellogg and Tsan [6] on equidistant meshes, the Bakhvalov-Shishkin 

'Supported in part by Natural Science Foundation of Beijing (No. 1122014). 
^E-mail: zhengq@ncut.edu.cn (Q. Zheng). 
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mesh as a combination of the above two meshes was proved e-uniform convergence of order 
0(N~ 1 ) for the simple upwind scheme and the Galerkin FEM by Linfi [7, 8]. Roos and Linfi 
[9] summarized the simple upwind difference scheme and the Galerkin finite element method on 
Shishkin-type meshes, generalized e-uniform convergence of order 0(iV _1 In iV) on the S mesh 
and 0(A r_1 ) on the B-S mesh. Stynes and Roos [10] investigated the midpoint upwind scheme 
on the S mesh and obtained the e-uniform convergence of order 0(N~ 1 (e+N~ 1 )) on the nodes in 
coarse part and 0(N~ 1 InN) on the nodes in fine part. Furthermore, considering the midpoint 
upwind scheme on the B-S mesh for solving — eu"(x) + b(x)u'(x) = f(x), Liang, Li and Jiang 
[11] only proved the e-uniform convergence of order 0(N^ 1 ) on the whole nodes. 

In this paper, we study the midpoint upwind scheme on Bakhvalov-Shishkin mesh for solving 
the general problem (1). In section 2, the properties of the exact solution and the B-S mesh 
are introduced. In section 3, we prove the e-uniform pointwise convergence of order 0(N~ 2 ) on 
the nodes in coarse part and O^N^ 1 ) on the nodes in fine part. In section 4, several numerical 
examples support the elaborate error estimate and demonstrate the efficiency of the method. 



2 Properties of the solution and the mesh 

In the following, Lemma 1 is classical and Lemma 2 is easy to be proved by calculation, see, 
e.g., [2, Chapter 1] and [7], respectively. 

Lemma 1 For any positive integer q > 0, if u(x) is the solution of problem (1) with sufficiently 
smooth data, then u(x) can be decomposed as u = S + E, where the smooth part S satisfies 

LS(x) = f(x) and | S®(x) \<C,0<i<q, 
while the layer part E satisfies 

LE(x) = and | E®(x) \< Ce'* exp(-^^), < i < q. 

Let r = min{^, 2e ^ — } and 1 — r be the transition point, where e < iV" 1 as generally in 
practice. Partition [0, 1 — r] uniformly into ^ subintervals, and [1 — r, 1] into y subintervals 
by inverting the exponential function such that e~ /3 ^ 1 ~ Xi ^^ = Aj^ + B,i = y,...,iV, with 
x N/2 = 1 — t and xjv = 1. Thus, the Bakhvalov-Shishkin mesh: x% = x(t{), U = ^, i = 0, 1, N, 
follows by the mesh generating function 



x(t) = < 



' . 2elnA\ 1 
2(1-— )t,0<t<-, 

1 + 2 £ ln[l-2(l-JV- 1 )(l-t)] ^ 1 < t < 1; 



which maps the equidistant mesh {ij} onto the layer-adapted mesh {x{\. Denote hi = x« — Xi-\ 
and x i _ l / 2 = (xi-i + Xj)/2. 

Lemma 2. N' 1 < h t < 2N~\ < h N/2+i < g < CN' 1 , i = 1, 2, N/2. 
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Throughout the paper, C is a generic positive constant that is independent of e and hi, and 
note that C can take different values at each occurrence, even in the same argument. 



3 The scheme and its uniform convergence 

Let's investigate the midpoint upwind scheme as follows: 

L"uf := -eD+D-«? + b,_ 1/2 D-uf + c,_ 1/2 (»f + uf_,)/2 = /,_ 1/2 , (3) 

where D + „f = "^f, D"„f = ^ and D+D - U f = 

Since the matrix associated with L N is M-matrix, the discrete comparison principle holds 
for the midpoint upwind scheme. 

By direct computation and Taylor formula as usual, we have the following two lemmas. 

Lemma 3. If Z = 1, Zi = f[ (1 + i = 1, 2, N, then L N Z t > ma gfv> - 

3=1 ' 

Lemma 4. | L N ( Ui - uf) |< Cle/** 1 | u'"(t) | dt + hi J*^ \ u"{t) \ dt). 

As in the continuous case, decompose the numerical solution into the smooth part and 
the layer part by uf = Sf + Ef , where Sf and Ef satisfy L N Sf = faSg = S ,Sf = 
S N ; L N Ef = 0,Eg = Eo, Ef = E N . Therefore, \m - uf \ < \Si - Sf\ + \Ei - Ef\. 

For the smooth part, by Lemma 1 and 4, we have 

\L N (Si - Sf)\ < C[e [ X ' +1 \S"'(t)\dt + hi \S"(t)\dt] < CN~\e + N' 1 ), 

for % = 1, ■ ■ ■ , N — 1. Setting u>i = C$N~ l {e + N~ l )xi for all i, we have 

L N Wl = biC N-\e + iV- 1 ) + awi > CN~ l {e + N' 1 ) > \L N (S l - Sf)\, 

where Co is a sufficiently large constant. Clearly u>o = = \Sq — Sq\ and wn = CqN^ 1 (e + 
N~ r ) > = \Sn — Sf\. By the discrete comparison principle, we get 

\Si - Sf\ <Wi< CoN^ie + A^ 1 ) < ON' 2 , i = 0, 1, ■ ■ ■ , N. (4) 

For the layer part, by Lemma 1, we have 

\Ei\ < c e -/?[i-(i-T)]/ £ = CN- 2 , i = 0, 1, • • • , N/2. (5) 

Lemma 5. There exists a constant C such that 

\Ef\<CN- 2 , € = 0,1,--- ,N/2. 

Proof. Let z { = \\ (1 + ^). Since e* > 1 + t, t > 0, we have 



3=1 



— = TT (1 + —r l > TT e~^/ £ = e'^ 1 -^. 
zn A* e .-"-.J- 

j=i+i .7=1+1 
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Set Yi = C Zi/z N for i = 0,1,- •• ,N. Then L N Y { = (C /z N )L N Zi > = \L N E?\ for % = 
1, • ■ ■ ,N — 1. By Lemma 1, Y N = C > \E(1)\ = \E%\ and Y = > C e _/3/£ > \E(0)\ = 
\Eq\, provided that the constant Co is chosen sufficiently large. So, Yi is a discrete barrier 
function for Ef and \Ef\ <Yi = ( =^ A - for all i. The proof is completed by combining it with 



Z N 

N 



^< Z JU1= TT (l + ^)-<Ce-^ ! ^=CiV-, = 0,l,...,iV/2. 



Zm Zm £ 

j=JV/2+l 

The above inequality is valid, because we have from Lemma 2 that 

N ah- N Bh- 1 fth- (3(1 -xn) t o /3(1-xjv) 

Lemma 6. There exists a constant C such that 

\ Ei- E? \<CN~ 2 , i = 0, 1,-- ■ ,iV/2. 

Proof. From (5) and Lemma 5, the proof is completed. □ 
Lemma 7. There exists a constant C such that 

\Ei-E? \< CN^ 1 , i = N/2 + 1, ■ ■ ■ , N. 

Proof. By using Lemma 4, Lemma 1, (2), Lemma 2 and Lemma 3 successively, and noting that 

7 N Rh N 

JZL = TT (1 + t^l)- 1 > TT e -Ph 3 /{2e) = e - j 9(l-x i )/(2e) j 



we have 



L N (Ei - E?) | < C[e f*£ | E"'(x) \ dx + h z \ E"(x) \ dx] 
< C/-- £ - 2 exp(-^)dx 
= Ce-^^[l - 2(1 - JV-i)(l - 01 2 f izff^i 



-t) 



dt 



< C^V^expl-^^)^ 

< C£- 1 jV- 1 exp(- /3(1 ~^+ l) ) 

< Ce -ljV-l|L ( l + %1) 

— Zjv 

< CN~ 1 L N (1 + ^), i = N/2 + 1, ■■■ ,N -1. 

Setting (pi = C/V _1 (l + -§*-), provided that the constant C is chosen sufficiently large, 
we have 4>n = CN' 1 ^ + > CiV" 1 > |£jv - ^ = 2CW- 1 > = |£jv - 

2 -™ 2 2 
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L N <Pi = CN~ l L N {l + > \L N (Ei - Ef)\. Therefore, | Ek - \< (pi < CN' 1 by the 
discrete comparison principle. □ 

Theorem 1. The midpoint upwind scheme on the Bakhvalov-Shishkin mesh satisfies 



\ui — uf\ < < 



CN~ 2 ,0 < i < N 



2 : 



^ CN~\f <i<N. 
Proof. Combining (4), Lemma 6 and Lemma 7, the proof is completed. □ 



(6) 



4 Numerical examples 

The numerical results are illustrated in Tables 1-4 and Figs. 1-4. The numerical convergence 
orders are computed by log 2 "gJ| on the coarse part and the fine part, respectively. The 

numerical convergence constants on the B-S mesh are computed by max \ui — uf\/N~ 2 and 

max \ui — uf\/N~ l on the fine part and coarse part, respectively. Those on the S mesh are 

i>N/2 

max \ui— uf\ 

computed by max \ui — uf\/N~ 2 and N — , respectively. 

i<N/2 ' 11 

Problem 1 (see [12]). 

' -ey" + (1 + x(l - x))y' = f(x),0<x< 1, 
y(0) = y(l) = 0, 

-(i-^) 

where f(x) is chosen such that y(x) = ^—^ — =i cos 4p is the exact solution. 

1— e~ 

Numerical results on the B-S mesh and the S mesh are shown in Table 1 and Table 2. The 
behaviors of the solutions are depicted in Figs. 1 and 2. 

Table 1. The comparison on the B-S mesh and the S mesh for Problem 1 with e = 1CT 8 

B-S mesh S mesh 



N 


i < N/2 


order 


const 


i > N/2 


order 


const 


i < N/2 


order 


const 


i > N/2 


order 


const 


64 


9.705e-4 


2.39 


3.98 


0.0296 


0.95 


1.89 


9.548e-5 


3.10 


.391 


0.0560 


0.63 


.861 


128 


1.627e-4 


2.58 


2.67 


0.0150 


0.98 


1.92 


2.448e-5 


1.96 


.401 


0.0343 


0.71 


.906 


256 


2.498e-5 


2.70 


1.64 


0.0076 


0.99 


1.94 


6.198c-6 


1.98 


.406 


0.0203 


0.77 


.936 


512 


2.492c-6 


2.84 


.915 


0.0038 


1.00 


1.95 


1.559e-6 


1.99 


.409 


0.0116 


0.81 


.955 


1024 


4.160e-7 


3.07 


.436 


0.0019 


1.00 


1.95 


3.910e-7 


2.00 


.410 


0.0065 


0.84 


.967 


2048 


9.788c-8 


2.09 


.411 


9.509c-4 


1.00 


1.95 


9.789e-8 


2.00 


.411 


0.0036 


0.85 


.973 


4096 


2.449e-8 


2.00 


.411 


4.757e-4 


1.00 


1.95 


2.449e-8 


2.00 


.411 


0.0020 


0.85 


.977 


Table 2. The maximal 


error and its convergence 


order on the B-S mesh for Problem 1 






£ = 10- 6 












e = 10- 1() 












N 


i < N/2 


order 


const 


i > N/2 


order 


const 


i < N/2 


order 


const 


i > N/2 


order 


const 


64 


9.704c-4 


2.39 


3.97 


0.0296 


0.95 


1.89 


9.705e-4 


2.39 


3.98 


0.0296 


0.95 


1.89 


128 


1.627o-4 


2.58 


2.67 


0.0150 


0.98 


1.92 


1.627e-4 


2.58 


2.67 


0.0150 


0.98 


1.92 


256 


2.497e-5 


2.70 


1.64 


0.0076 


0.98 


1.94 


2.498e-5 


2.70 


1.64 


0.0076 


0.99 


1.94 


512 


3.491o-6 


2.84 


.915 


0.0038 


1.00 


1.94 


3.492e-6 


2.84 


.915 


0.0038 


1.00 


1.94 


1024 


4.164c-7 


3.07 


.437 


0.0019 


1.00 


1.95 


4.160e-7 


3.07 


.436 


0.0019 


1.00 


1.95 


2048 


9.673c-8 


2.11 


.406 


9.509c-4 


1.00 


1.95 


9.790c-8 


2.09 


.411 


9.509e-4 


1.00 


1.95 


4096 


2.396c-8 


2.01 


.402 


4.757c-4 


1.00 


1.95 


2.449e-8 


2.00 


.411 


4.757e-4 


1.00 


1.95 
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Fig. 1 The solutions of Problem 1 with e = 10 8 on [0, 1 — r] and [1 — t, 1], respectively. 



-»- B-S 
4 S 



oi ntt t t**** 



»*#*++** 



-*- B-S 
4 S 



'A 



*> 



0.2 0.4 0.6 0.8 



-1.4 -1.2 -1 



•0.6 -0.4 -0.2 
x10"+1 



Fig. 2 The errors for Problem 1 with s = 10 8 on [0, 1 — t] and [1 — r, 1], respectively. 
Problem 2 (see [10]). 

-ey" h — tt?/' h — T^y = /(»),o < x < 1, 

x + 1 x + 2 



y(0) = l + 2-,y(l) = e + 2, 



where f(x) = (-£+ ^ + i ^2)e :E + ^2^ (x + and j/(x) = e 31 + 2^ (x + Numerical 

results are illustrated in Table 3 and Fig. 3. 

Table 3. The maximal error and its convergence order on the B-S mesh for Problem 2 



10" 



10" 



N 


i < N/2 


order 


const 


i > N/2 


order 


const 


i < N/2 


order 


const 


i > N/2 


order 


const 


64 


0.0020 


2.38 


8.11 


0.0592 


0.95 


3.79 


0.0020 


2.38 


8.11 


0.0592 


0.95 


3.79 


128 


3.361c-4 


2.57 


5.51 


0.0300 


0.98 


3.84 


3.363e-4 


2.57 


5.51 


0.0300 


0.98 


3.84 


256 


5.269e-5 


2.67 


3.45 


0.0151 


0.99 


3.87 


5.275c-5 


2.67 


3.46 


0.0151 


0.99 


3.87 


512 


7.674c-6 


2.78 


2.01 


0.0076 


0.99 


3.88 


7.691c-6 


2.78 


2.02 


0.0076 


0.99 


3.88 


1024 


1.005e-6 


2.93 


1.05 


0.0038 


1.00 


3.89 


1.010e-6 


2.93 


1.06 


0.0038 


1.00 


3.89 


2048 


1.501c-7 


2.74 


.630 


0.0019 


1.00 


3.89 


1.514e-7 


2.74 


.635 


0.0019 


1.00 


3.89 


4096 


3.732e-8 


2.01 


.626 


9.514e-4 


1.00 


3.90 


3.788e-8 


2.00 


.636 


9.517e-4 


1.00 


3.90 
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Fig. 3 The errors for Problem 2 with e = 10 8 on [0, 1 — r] and [1 — r, 1], respectively. 
Problem 3 (see [11]). 

f -ey" + y , + (l + e)y = 0,0<a;<l, 
\ y(0) = l + e- 1 ?,y(l) = l + i, 

Its exact solution is given by y(x) = e x + e e . Numerical results are illustrated in Table 
4 and Fig. 4. 

Table 4. The maximal error and its convergence order on the B-S mesh of Problem 3 



10" 



10 



-10 



N 

64 

128 

256 

512 

1024 

2048 

4096 



i < N/2 
2.993e-5 
7.486e-6 
1.872c-6 
4.685e-7 
1.173c-7 
2.941c-8 
7.398e-9 



order 
2.00 
2.00 
2.00 
2.00 
2.00 
2.00 
1.99 



const 
.123 
.123 
.123 
.123 
.123 
.123 
.124 



i > N/2 
0.0384 
0.0200 
0.0102 
0.0052 
0.0026 
0.0013 

6.5082e-4 



order 
0.89 
0.94 
0.97 
0.97 
1.00 
1.00 
1.00 



const 
2.46 
2.56 
2.61 
2.64 
2.65 
2.66 
2.67 



i < N/2 
2.993e-5 
7.484e-6 
1.871c-6 
4.678c-7 
1.170c-7 
2.924e-8 
7.309e-9 



order 
2.00 
2.00 
2.00 
2.00 
2.00 
2.00 
2.00 



const 
.123 
.123 
.123 
.123 
.123 
.123 
.123 



i > N/2 
0.0384 
0.0200 
0.0102 
0.0052 
0.0026 
0.0013 

6.5082e-4 



order 
0.89 
0.94 
0.97 
0.97 
1.00 
1.00 
1.00 



const 
2.46 
2.56 
2.61 
2.64 
2.65 
2.66 
2.67 




0.2 0.4 0.6 0.8 1 



Fig. 4 The errors for Problem 3 with e = 10 8 on [0, 1 — r] and [1 — r, 1], respectively. 

The examples for the midpoint upwind scheme on the B-S mesh show that the numerical 
convergence is of second-order on the nodes in coarse part and first-order on the nodes in fine 
part with the bounded coefficient for the error estimate formulas. 
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5 Conclusions 

The e-uniform pointwise convergence of the midpoint upwind scheme on the B-S mesh for 
solving singularly perturbed convection-diffusion problems is proved by using the comparison 
principle and constructing the barrier functions. The numerical experiments indicate that the 
estimate is sharp and high accuracy is achieved for resolving the boundary layer. 
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Abstract: In this paper, we discuss the problem of impulsive evolution equation in an ordered Banach 
space. Under impulsive function satisfied ordered conditions, and under compact semigroup, or noncom- 
pactness measure, or normal cone, we obtained the existence of w-periodic mild solutions for impulsive 
evolution equation by using the monotone iterative technique. The results improve and extend the evo- 
lution equations without impulse and some relevant results in ordinary differential equations. 
Keywords:Semilinear impulsive evolution equation; Coupled upper and lower solutions; Monotone iter- 
ative technique; Periodic boundary value problems 



1 Introduction 

The study of impulsive differential equations is a new and important branch of differential equation 
theoryfor studying evolution processes of real life phenomena not only in natural science but also in 
social science such as climate, food supplement, insecticide population, sustainable development that are 
subjected to sudden changes at certain instants, (See [1, 2, 3, 4]). Recently, many authors considered the 
applications of the theory of impulsive differential equations to different areas and had obtained some 
basic results on impulsive differential equations, (See [2, 3, 4, 5, 6, 7, 8, 9, 10]) and references therein. The 
monotone iterative technique was applied in impulsive differential equations by many authors in (See 
[1, 2, 3, 4, 10]), but the research on the problem of periodic solutions for impulsive evolution equations 
is seldom, (See [7, 9]). In this paper, by using a mixed monotone iterative technique in the presence 
of coupled lower and upper L-quasisolutions, we are concerned with periodic solutions for impulsive 
evolution equations 

/ u'{t)+Au(t) = /(*,«(<)), t>0, t^t k , . u 

\ Au \ t=tk = h(u(t k )), k£N. 

in an ordered Banach space X, where A : D{A) C X — > X is a closed linear operator and —A generates 
a positive Co-semigroup T(t)(t > 0) in X; and / : [0, +oo) x X — > X is a continuous function, and is 
oj— periodic about t. J = [0, a;], lj is a constant; < t\ < ti < ■ ■ ■ < t p < lj. I k : X — > X (k = 1, 2, • • • ,p) 
is impulsive function. Au\t=t k = u(t£) — u(t^) denotes the jump of u(t) at t = t k , where u(t£), u(t^) 
represent the right and left limits of u(t) at t = t k {k G N), respectively. Let J' = J\{ti, t2, ■ ■ ■ , t p }, 
J" = J\{0, h, t 2 , ■■■ , t p } , and J = [0,ti], Ji = (ti,t 2 ], ••• , J P = {t p ,uj}. Evidently, PC(J,X) = 
{u : J — > X | u(t) is continuous in J', and left continuous at t k ,and u(t~^) exists, k = 1,2, ■•• 
PC(J,X) is a Banach space with the norm || • \\pc = sup{||n|| | t G [0,cj]}. Denote by X\ the Banach 
space generated by D(A) with the norm || • ||i = || • || + \\A ■ ||. 

Obviously the periodic problem of impulsive evolution equations (1.1) is equal to the periodic bound- 

^This work is supported by the National Natural Science Foundation of China (No. 11161041). 
* Corresponding author. E-mail: yb-shao@163.com(Y.B. Shao). 
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ary value problem (PBVP) of impulsive evolution equations in J 

u'{t) + Au(t) = f(t,u(t)), teJ, t^t k , 

Au \ t=tk = h(u(t k )), k = 1,2, ••• ,p, (1.2) 
it(0) = u(uj). 

Without impulse, the PBVP (1.2) has been studied by many authors, see([10, 12, 13]) and the 
references therein. In particular, Li([12]) considered the existence of coupled mild w-periodic quasisolution 
pair for the following periodic boundary value problem (PBVP) in X: 

u'(t) + Au(t) = f(t,u(t)), teJ, . . 

u(0)=«(w). 1 j 

where / : R x X — > X is continuous. Under one of the following situations: 

(i) T(t)(t > 0) is a compact semigroup, 

(ii) K is regular in X and T(t) is continuous in operator norm for t > , they built a mixed monotone 
iterative method for the PBVP (1.3), and they proved that, if the PBVP(1.3) has coupled lower and upper 
quasisolutions vq and wq, nonlinear term / satisfies the following condition: 

( F ) There exists C > 0, for Vu, v G [vq, wq\, when u < v, has 

f(t,v)-f(t,u) > -C{v-u). 

Then the PBVP (1.3) has minimal and maximal coupled mild uj -periodic quasisolutions between vq and 
wo, which can be obtained by monotone iterative sequences from vq and wq. 

In this paper, we will consider the existence of mild w-periodic solutions for the impulsive evolution 
Equation (1.2) by means of a mixed monotone iterative technique under a new concept of upper and 
lower solutions, in an ordered Banach space X. In our results, we obtain the mild w-periodic solutions 
of the problem with impulse when the operator semigroup T(t)(t > 0) satisfied conditions (i) or (ii). 
In addition, we delete the conditions (i) and (ii), and demand that the nonlinear term / and impulsive 
function I k satisfy the noncompactness measure condition 

a(f(t,G(t)) + CG{t)) <La(G(t)). 

and 

a{h(G(t))) <M k a(G{tj). 
where G = {«„} C [wo,t«o] is equicontinuous sequence in t G J, L,M k are positive constants and satisfy 



0T J2M k 
lL _l_ k=i 



C -vq 1 - e-( c ~^ 



M < 1. 



Our main results are as follows: 



Theorem 1.1 Let X be an ordered Banach space, whose positive cone K is normal, A : D{A) CX-)I 
be a closed linear operator and —A generate a compact and positive Co-semigroup T(t)(t > 0) in X. 
f £ C(J x X, X) and f is uj— periodic about t, I k £ C{X,X),k = 1,2, ••• ,p. Assume that the PBVP 
(1.2) has coupled lower and upper L- quasisolutions vq and wo with vo(t) < wo(t) (t G J). Suppose that 
the following conditions are satisfied: 

( H± ) There exists a constant C > such that 

f(t,x 2 ) - f{t,xi) > -C(x 2 - xi), t G J, 

for Vt G J, vo(t) < x\ < X2 < wo(t). 

( H 2 ) For\/t G J,vo(t) < x\ < X2 < wo(t), impulsive function I k satisfies 

h{x\) < 4(x 2 ), k = l,2,--- ,p. 

Then the PBVP (1.2) has minimal and maximal coupled mild uj -periodic L- quasisolutions u and u 
between vq and w$, which can be obtained by mono^ne iterative sequences starting from v$ and w$. 

SHAO ET AL 48-58 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 
Y.B. Shao, H.H. Zhang: Monotone Iterative Technique of Periodic Solutions... 



Remark 1.1 If Ik = 0, then Theorem 1.1 in this paper is Theorem 3.1 in([12j). 

Theorem 1.2 Let X be an ordered Banach space, whose positive cone K is normal, A : D(A) CX->I 
be a closed linear operator and — A generate a positive Co-semigroup T(t)(t > 0) be continuous in operator 
norm for t > in X . f G C(J x X, X) and f is to— periodic about t, and Ik G C(X, X), k = 1,2, ■ ■ ■ ,p. 
Assume that the PBVP (1.2) has coupled lower and upper L-quasisolutions vo and wq with vo(t) < 
wo(t)(t G J), the nonlinear term f and impulsive functions Ik satisfy the following assumptions: 
(Hs) 30 < L, for t G J and any equicontinuous sequence G = {ii n } C [vo,wq], such that 

a(f(t,G(t)) + CG{t)) <La(G(t)). 

(H4) 30 < Mk, for t G J and any equicontinuous sequence G = {ii n } C [vo,wq], such that 

a(l k (G(t)))<M k a(G(t)). 



2L _|_ k=l 



M < 1. 



C— I/O l— e -(C-v )u 

(Hi) and (H2), where C > vq. 

Then the PBVP (1.2) has minimal and maximal coupled mild uj -periodic L-quasisolutions u and u 
between vq and wq, and at least has one mild uj -periodic solution between u and u. 

The proof of Theorem 1.1 will be shown in the next section. In Section 2, we also discuss the existence 
of mild "-periodic solutions for the PBVP (1.2) between coupled lower and upper L-quasisolutions (see 
Theorem 2, Theorem 3). 



2 Preliminaries 

Let X be an ordered Banach space with the norm || • || and partial order < , whose positive cone 
K = x G X\x > 6 is normal with normal constant N . We use X\ to denote the Banach space D(A) 
with the graph norm || • ||i = || • || + ||^4 • ||. Let C(J,X) denote the Banach space of all continuous X 

-value functions on interval J with the norm \\u\\c = max||u(t)|| . Then C(J,X) is an ordered Banach 

teJ 

space reduced by the convex cone Kq = {u G C(J,X) \ u(t) > 0, t G J } , and Kq is also a normal 
cone. Let a(-) denote the Kuratowski measure of noncompactness of the bounded set. For the details 
of the definition and properties of the measure of noncompactness, see [16]. For any B G C(J,X) and 
t G J, we set B(t) = u(t)\u G B C X. If B is bounded in C(J,X), then B(t) is bounded in X, and 
a{B(t)) < a(B). 

The following lemmas are needed in our argument. 

Lemma 2.1 ([17]) Let B C C(J,X) be bounded and equicontinuous. Then a(B{t)) is continuous on J , 
and a(B) = m&xa(B(t)) = a(B(J)). 

Lemma 2.2 ([19]) Let B = u n C PC(J,X) be a bounded and countable set. Then a(B(t)) is Lebesgue 
integral on J, and 

Lemma 2.3 ([20]) Let T : X — >■ X is a linear and bounded operator, and D C X is a bounded set. Then 

a(T(D)) < ||T|| -a(-D). 

Let X be a Banach space, A : D(A) C X — > X be a closed linear operator and —A generate a Co- 
semigroup T(t)(t > 0) in X. Then there exist constants M > and v G R, such that 

||T(t)|| < Me v \t > 0, (2.3) 

VQ = inf {u G R I 3M > 0, ||T(t)|| < Me ut ^t > 0} 
is called growth index of Co-semigroup T(t)(t > 0)g Q 
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Definition 2.1 A Co-semigroup T(t)(t > 0) is said to be exponentially stable in X if there exist constants 
M > 1 and v > such that 

\\T(t)\\ < Me~ vt ,t > 0. (2.4) 

It is easy to see that for any C > v$ and — (A + CI), they also generates a exponentially stable 
Co-semigroup S(t) = e~ ct T(t)(t > 0) in X, growth index of S(t) is — C + vq. It is well-known that for 
W G (0, C — uq), there exists M > and S(t) satisfies 

\\S(t)\\ < Me~ v \ t>0. (2.4) 

We define an equivalent norm in X by 

\x\=sup\\e ut S(t)x\\, (2.5) 
t>o 

then ||x|| < \x\ < M||x||. 

Lemma 2.4 ([18]) Let C > v$, exponentially stable Co-semigroup S(t) = e~ ct T(t) be generated by 
— (A + CI) satisfies inequality: 

|(/ - SU))- 1 ] < ^ r-. 

Definition 2.2 Let C > be a constant. If functions v , w £ PC(J, X) n C l {J\ X) n C(J', X x ) satisfy 

' v' (t) + Av (t) < f(t,v (t)) + Cv (t), teJ, t^t k , 
&v \t=t k <Ik(v (tk)), k = 1,2, ••• ,p, (2.6) 
v (0) < v (u), 

and 

w' (t) + Aw (t) > f(t, ttfo(t)) + Cw (t), t€J, t^t k , 
Aw \t=t k > h(w (t k )), k = 1,2, ••• ,p, (2.7) 
w (0) > w (u), 

we call vo and wo is the coupled lower and upper L-quasisolutions of the PBVP(1.1 ). Only choosing " = " 
in (2.6) and (2.7), we callvo andwo is the coupled uj -periodic and L-quasisolution pair of the PBVP(l.l). 
Furthermore, if vq = wq = uq, we call uq an u -periodic solution of the PBVP(l.l). 

Let Io = [to, T\. Denote by C(Io, X) the Banach space of all continuous X-value functions on interval 
Iq with the norm ||u||c = max||u(t)||. It is well-known ([18], Chapter 4, Theorem 2.9 )that for any 

xo G D(A) and h G C 1 (/o,^), the initial value problem(IVP) of linear evolution equation 

u'{t)+Au(t) = h{t), tel , , 28) 
u(t ) = x , 

has a unique classical solution u G C 1 (/o, X) fl C(Iq, X\) expressed by 

u{t) = T(t - t )x + f T(t- s)h(s)ds,t G I (2.9) 
Jt 

If xq G X and h G C(Iq,X) , the function u given by ( 2.9 ) belongs to C(Iq,X). We call it a mild 
solution of the IVP(2.8). To prove Theorem 1, for any h G PC( J, X), we consider the periodic boundary 
value problem (PBVP) of linear impulsive evolution equation in X 

u'(t) + Au(t) = h(t), t£j, t^t k , 

Au\ t=tk =a k , k = l,2,---,p, (2.10) 
u(0) = u{oj). 



where a k G X, k = 1, 2, ■ ■ ■ ,p. 
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Lemma 2.5 Let T{t){t > 0) be an exponentially stable Cq -semigroup in X . Then for any h G PC (J, X) 
and a k G X, k = 1, 2, ■ ■ ■ ,p., the linear PBVP(2.10) has a unique mild solution u G PC(J, X) given by 

i(t) = T{t)Bi{h) + / T(t - s)h(s) ds + ^ T(t - t k )a k ,t e J (2.11) 

"'0 nw. w 



where 



Jo o<t k <t 
B^h) = {I -T(u)y l I T{u - s)h{s)ds+ V T{u-t k )a k 



0<t k <LO 



Proof 2.1 For any h G PC (J, X) , we first show that the initial value problem (IVP) of linear impulsive 
evolution equation 

u'(t) + Au{t) = h(t), te J, t^t k , 

Au\ t=tk =a k , k = 1,2,- ■■ ,p, (2.12) 
u(0) = x . 

has a unique mild solution u G PC(J,X) given by 

u(t) = T(t)x + f T(t- s)h(s) ds+ ^ T(t — t k )a k ,t G J (2.13) 
"'° o<t k <t 

where xq £ X and a k € X, k = 1,2, • • • ,p. 

Let J k = [t k ,t k+ \),k = 1,2, ■■■ ,p. Let yo = . If u e PC{J,X) is a mild solution of the linear 
IVP(2.12), then the restriction of u on J k satisfies the initial value problem (IVP) of linear evolution 
equation without impulse 

f u'(t)+Au(t) = h(t), teJ k , , 2U) 
Hence, on (t k ,t k+ i],u(t) can be expressed by 

t(t) =T{t-t k ){u{t k ) + a k )+ I T(t - s)h{s) ds, (2.15) 



ul 



Iterating successively in the above equality with u(tj) for j = k,k — l, 1, 0, we see that u satisfies (2.13). 

Inversely, we can verify directly that the function u G PC(J,X) defined by (2.13) is a solution of the 
linear IVP (2. 12). Hence the linear IVP (2. 12) has a unique mild solution u G PC{J,X) given by (2.13). 

Next, we show that the linear PBVP(2.10) has a unique mild solution u G PC(J,X) given by (2.11). 
If a function u G PC(J,X) defined by (2.13) is a solution of the linear PBVP(2.10), then xo = u{uj) , 
namely, 

rLJ 

(I-T(u))x = T(lo - s)h(s) ds + T{uj-t k )a k . (2.15) 

•* 0<t k <u) 

Since T(t)(t > 0) is exponentially stable, we define an equivalent norm in X by 

\x\=sup\\e ut T(t)x\\. (2.16) 

t>o 

Then \\x\\ < \x\ < M\\x\\ and \T(t)\ < e~ ut (t > 0), and especially, \T(u)\ < e' uu> < 1. It follows that 
I — T(ui) has a bounded inverse operator (I — T(w)) _1 ; which is a positive operator when T(t)(t > 0) is a 
positive semigroup. Hence we choose xo = (I — T(lu))~ 1 [Jq T(uj — s)h(s) ds+ T{u — t k )a k ] = B\(h). 

0<t k <u> 

Then xq is the unique initial value of the IVP(2.12) in X , which satisfies u(0) = xq = u(u) . Combining 
this fact with (2.13), it follows that (2.11) is satisfied. Inversely, we can verify directly that the function 
u G PC(J,X) defined by (2.11) is a solution of the linear PBVP(2.10). Therefore, the conclusion of 
Lemma 3 holds. 
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3 Main results 



Proof of Theorem 1: Let C > vq, and — (A + CI) generates an exponentially stable, compact and 
positive Co-semigroup S(t) = e~ ct T(t)(t > 0) in X . Denote D = [vq,wo\. For V/t G D, we consider the 
periodic boundary value problem (PBVP) of linear impulsive evolution equation in X 



u'(t) + Au(t) + Cu(t) = f(t,h(t)) + Ch(t), teJ, t^t k , 
Au\ t=tk = I k (h(t k )), k = 1,2, • • • ,p, 
u(0) = u(u). 



(3.16) 



where Vi G [0,w], denote fi(t,x) = f(t,x) + Cx . From Lemma 5, the PBVP(3.16)has a unique mild 
solution u G PC (J, X) given by: 



u(t) = S(t)B 2 (h) + f S(t-s)f 1 (s,h(s))ds+ S(t-t k )I k (h(t k ))±Q(h), (3.17) 

Jo o<t k <t 

B 2 (h) = (I- 5H)- 1 ! / S(u, - s)h(s, h(s)) ds + V] S(u - t k )I k {h{t k ))\. 
Jo k =i 
Since / and I k are continuous, so Q : D — > PC(J,X) is continuous. 

Clearly, the coupled mild cu-periodic L-quasi-solutions of the PBVP (3.2) is equivalent to the coupled 
fixed points of operator Q . 

(i) We show Q : D — > PC( J,X) is a monotone operator, vq < Qvq , Qwq < wo . 

In fact, for VTii, h 2 G D and h\ < h 2 , from the assumptions ( Hi ) and ( H2 ), we have 

h(t, h±(t)) = f(t, hit)) + Chit) < fit, h 2 it)) + Ch 2 it) = f^t, h 2 it)), t G J. 

hihitk)) < hihitk)), k = 1,2,- ■■ , P . 

Since Sit) is an exponentially stable and positive Co-semigroup, by Lemma 4, it follows that (I— 5(cj)) _1 = 

00 

Sinui) is a positive operator. So, we have 



n=0 



(I-Siu))' 1 / Sioj-s)f 1 is,h 1 i S ))ds + ^2Siu;-tk)Ikih 1 itk)) 



<(I-S{u)) 



-1 



fc=i 
v 



S{u- s)fi(s, h 2 {s)) ds + ^2 Siu - t k )I k ih 2 it k )) 



k=i 



i.e. B 2 (hi) < B 2 ih 2 ),then S^B^h) < S(i)B 2 (/i 2 ). Hence from (3.17), we see that Qh < Qh 2 , which 
implies that Q is a monotone operator. Since 



hit) = v' it) + Avo(t) + Cvo(t) < fit, voit)) + Cvo(t), teJ, t^t k , 
g k = Av \ t =t k < Ik{vo{tk)), k = l,2, ■ ■ ■ ,p. 

from Lemma 5 and (2.6), we have 

vo(t) = S(t)B 3 (h)+ f* S(t-s)h(s)d8+ £ S{t-t k )g k 
^° o<t k <t 

<S{t)B 3 {h)+ f* Sit-s)his, vois))ds+ Y, Sit-t k )I k ivoit k )), 
Jo 0<t k <t 



(3.18) 



(3.19) 



B^ih) = (/ — S'(w)) [ Jq Situ — s)/i(s) ds + J2 ~ tk)dk] • for t G J. Especially, we have 

k=i 

vq{u) < S{u)B z {h) + / 5(w-a)/i(s,«o(s))ds + y;5(w-tfc)/ fc («o(tfc)). (3.20) 
■ /o 53 fc=i 
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From (3.19) , we have t>o(0) = B%{h) . Since t>o(0) < vq(uj) , from (3.20) , so 

r r u p i 

B 3 (h)< (I-S(u>)) 1 / S(u-s)f 1 {s,vo(s))ds + Y / S(u-t k )I k {v (t k )) 

On the other hand, from (3.17), we have 

Qv = S(t)B 2 (v ) + f S(t-s)f 1 (s,v (s))ds + V S(t - t k )I k (v (t k )). (3.21) 

J nJTV + 



0<t fe <t 



Therefore, Qvo(t) — vo(t) > S(t)(B2(vo) — B^{h)) > 9. It implies that vo(t) < Qvo(t). Similarly, we can 
prove that Qwo(t) < wo(t). 

(ii) Next, we will prove that the operator Q has coupled fixed points on [vq,wq] . 

Now, we define sequences {v n (t)} and {w n (t)} by the iterative scheme 



V n = QVn-1, Wn = QWn-1, n = 1, 2, ■ • • 

Then from the monotonicity of operator Q, we have 

VQ < V\ < V2 < ■ ■ ■ < V n < ■ ■ ■ < W n < ■ ■ ■ < W2 < W\ < Wq. 

Denote G = {v n \ n G N}, G = {v n ^ \ n G N}, then G = {v } UG, G = Q(G ). 
For W n _i G G , let 



(3.22) 
(3.23) 



%-i)(t)= f S(t-s)h(s, v n - 1 (s))ds+ Y, 5(t-t fc )7fc(t; n _i(t fc )). (3.24) 



0<t fe <t 



then Q(t; n _i)(t) = S , (t)B 2 (vn-i) + VF(i; n _i)(i) . First, we will prove that for any < t < cj, Y(t) = 
{W(v n -i)(t) | v n -\ G Go} is relatively compact in X . Let < e < t and 



W, 



(w„-i)(t) = / 5(*-a)/i(s,« n _i(a))da+ V 5(* - i fc )4K-i(ifc)) 



0<t k <t-e 



=S(e) 



t-e 



I JO 



S(t- e- s)f 1 (s,v n -i(s))ds+ ^ S(t-e-t k )I k (v n -i(t k )) 



0<t k <t-t 



(3.25) 



from the conditions( Hi ), we know that 

f(t,V {t)) + Cv (t) < f(t,V n -!(t)) + CVn-iit) < f{t,W (t)) + Cw (t). 

h(vo(tk)) < h{v n -i{t k )) < I k (w (t k )), k = 1,2, ■ ■ ■ ,p. 

Since f(t, vo(t)) and /(i, wo(t)) are continuous in compact set [0, uj], so their image sets are compact sets 
in X, namely image sets are bounded. Combining this fact with the normality of cone K in X, we have 
3Mi > 0, Vi> n -i G G there exists M 2 > 0, such that 



and 



||/i(Mn-i(*))|| < ||/i(t,«o(t))||+iVo||/i(t,«;o(t))-/i(t,«o(t))|| <Ml 



\\Ik(v n -i(t k ))\\ < \\I k (v (t k ))\\ + N \\I k (w (t k )) - I k (v (t k ))\\ < M 2 . 



From (3.15), noticing that S(e) is compact set, then Y e (t) = {W e (v n -\)(t) | w n _i G Go} is relatively 
compact in X. For sufficient small e and t, t — e G J k (k = 0, 1, 2, ■ • • ,p), then we have 



||W(w n _i)(t)) - W e (u n _i)(*)|| =|| / Sit-s^s, « n _i(a))ds- / ^(t-s)/!^, «„_i(s))ds| 

io JO 

< /* ||S(t-s)||||/i(s,«„_i(a))||da<MAfie, 

Jt-e S4 
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Hence Y(t) is totally bounded in X, thus it is relatively compact. Especially, Y(ui) is compact in X, and 
then {S{t)B 2 {v n -i ) | v n -\ G Go} is relatively compact. 
Noticing that 

{Q(t) | Vn-! G G } = {S(t)fl 2 («n-l) + W(« n _i)(t) I «„-! G G }, 

and Q(w n _i)(0) = i? 2 (wn-i), we consider 
Q(v n -i)(u)) 

= [S(u)(I - Sico))- 1 \ I" S(u - s)h(s, v n -!(8)) ds + Y] S (" ~ 4)4K-i(t fc )) 

*=i J 

=-B 2 (u n _i), 

then Q(w n _i)(0) = Q(v n _i)(a;) = B 2 (f„_i), namely {Q(v n _i)(0) | i; n _i G G } = -B 4 (G ) is relatively 
compact. 

Therefor {w n (0} = {Q( w n-i)(*) I v n -\ G Go, i G J} is relatively compact in X, combining this fact 
with the monotonicity of {w n }) we easily prove that {v n (t)} is convergent. Set{t> n (i)} — > u(t) in t G J . 
The same idea can be used to prove that {u> n (i)} — > u(t) in t G J . 

Evidently {f„(t)}, {w n (t)} G PC {J, X) , so w(t) and u(i) is bounded integrable in J k (k = 1, 2, • • ■ ,p). 
Since for any t G , w n (*) = 0( u n-i)(0> w n (i) = Q(w n -i)(t), letting n — > oo, by the Lebesgue dominated 
convergence theorem, we have u(t) = Q(u)(t), and u(t) = Q(u)(t), and u(t) , u(i) G PC(J,X). Combining 
this with monotonicity (3.23), we have t>o(i) < u(t) < u(t) < wo(t). By the monotonicity of Q, it is easy 
to see that u(t) and u(t) are the minimal and maximal coupled fixed points of Q in [vq, wq], and therefore, 
they are the minimal and maximal coupled mild co -periodic L-quasisolutions of the PBVP (1.2) in in 
[vo, wo] , respectively. 

Now, we discuss the existence of mild u -periodic L-quasisolutions of the PBVP (1.2) in in [vo, wq] -We 
assume that the noncompactness measure conditions are satisfied. Then we have the following existence 
result in general ordered Banach space. 

Proof of Theorem 2 Denote D = [vo,Wo] . From Theorem 1, we know that Q : D — > D is a 
continuous monotone operator. Now, we define two sequences {v n (t)} and [w n (t)} in [«o,^o] by the 
iterative scheme 

v n = Qv n -i, w n = Qw n -i, n = 1, 2, ■ ■ ■ 
Then from the mixed monotonicity of Q, it follows that 

VQ < V\ < V2 < ■ ■ ■ < V n < ■ ■ ■ < W n < ■ ■ ■ < W2 < W\ < Wq. 

We prove that {v n (t)} and {w n (t)} are convergent in J. For convenience, let G = {v n \ n G N}, Go = 
{v n -i | n G N}, then G = {v } U G, G = Q(G ). For W,t" G J k (k = 0,1,2, ••• ,p), and t' < t" , we 
have 

||QK_i)(t")-QK-i)(OII 
/•*" 

<\\S(t")B 2 (v n ^) + S(f-8)f 1 (s,v n - 1 ( 8 ))ds+ 5(*"-a)J fc (u n _i(t fc )) 

^° 0<t fe <t" 

- S(f )£ 2 K-i) - / 5(f - «„-i(s)) ds - J] S(f - s)J fc K_i(t fc ))|| 

Jo 0<t k <t' 

<\\S(t") - ^OIHI^K-!)!! + f \\S{t" -a)- 5(0llll/i(*, «n-i(*))|| ds + MM 1 (t" - t') 

Jo 

+ Yl \\S(if - s) - S(t')\\\\I k (v n ^(t k ))\\ 

0<t k <t> 

<\\S(t") - 5(0lll|S 2 (t;„-i)|| + M 1 f \\S(t" -s)- S(t')\\ ds + MM^t" - t') 

Jo 

+ M 2 Y \\S(t' - s) - S(t')\\ -> o(t" - -> 0), 

0<t k <t> 55 
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then Q(Go) is equicontinuous in any J k (k = 0, 1, 2, • • • ,p), and then G is an equicontinous and bounded 

set in J k . Combining this by the property of noncompactness, a(G) = sup a(G(t)). From Lemma 4, we 

teJ 

obtain ||x|| < \x\ < M\\x\\. For convenience, Let denote the Kuratowski measure of noncompactness 
of the space (X,\-\) then a(G) < < Ma(G) . 

Combining Lemma 2 and Lemma 3 by the condition (H3) and condition (H4), we have 

a(G(t)) < ai (G(t)) = ai {Q(G (t))) 

=a 1 \s(t)B 2 {v n - 1 ) + I S(t-8)f 1 (8,v n - 1 (s))ds+ V S(t-t k )I k (v n ^(t k )) \ n G n1 
1 Jo o<t k <t ) 

<ai(5(t)B 2 (Go))+ai^jf S(t - s)h(s, G (s)) ds^j + a x ( £ S(t - t k )I k (G (t k ))^j 

r r u p 

2 / |5(w- S )|ai(/i( S , G (s)))d s + ^|5(a;-t fc )|ai(4(Go(t fc ))) 



^ISWIKZ-^a;))- 1 ; 



fc=i 



+ 



2 G(s)))d5+ 2 l^-^)l«i(4(G (t fc ))) 

^0 n^+. ^ + 



0<t fc <t 



and 



e -(C-H))t 
— 1 _ e -(C-i/o)w 
t 



2 / e -^»)^- s )MLQ(G (s))ds + ^e- (c; - !y " )(w -' fc) MM fc a(Go(t fc )) 



fc=i 



< 



+ 2 / e- (c - iy » )( *- s) MLa(G (s))ds+ e -(C^o)(t-( t ) MMfca ( G() ( fe )) 

0<t fc << 

p 

(1 - e -(C-^o)^ + ^ e -(C-n,)( U -t k ) MMt 

MM fc 



e -(C-i^))t 
1 _ g-(C-i'o)u) 

2ML 



2ML 



+ 



G-^o 



(1 



G-1/0 

e -(C-«o)t) + £\ 

fc=l 



fc=l 

-(C-u )(t-t k ) 



■ supa(G(t)) 
te.j 



sup a(G(i)) 



2ML + ti 



< 



C-v 
2L 



1 



-(C-i/o)w 



supa(G(t)) 



? Mfc \ 

)M-swpa(G(t)). 



+ 



Using assumption (H5), then a(G(i)) = in t G J. Hence {v„} is relatively compact in PC (J, X). Com- 
bining this fact with the monotonicity of {f n }, we easily prove that {v n (t)} is convergent. Set{t> n (i)} — >■ 
u(i) in t G J . The same idea can be used to prove that [w n (t)} — > u(t) in t G J . Similarly, in general, 
v n < u < w n , letting n — >■ 00 , we get u(t) < u(t) < u(t) . Therefore, the PBVP (1.2) at least has one 
mild ijj -periodic solution between u and u . 

Remark 3.1 If the semigroup T(t) is continuous in operator norm for t > 0, then T(t) is called equicon- 
tinuous semigroup. Analytic semigroup and differ entiable semigroup are equicontinuous semigroup ([18]). 
In the application of partial differential equations, such as parabolic and strongly damped wave equations, 
the corresponding solution semigroup are analytic semigroup. So, Theorem 2 in this paper has extensive 
applicability. 

Theorem 3.1 Let X be an ordered Banach space, whose positive cone K is regular , A : D(A) Cl-*I 
be a closed linear operator and —A generate a positive Co-semigroup T(t)(t > 0). / G G(J x X,X) and 
f is ui— periodic about t, I k G C(X,X),k = 1,2, ••• ,p . Assume that the PBVP (1.2) has coupled 
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lower and upper L-quasisolutions vq and Wo with vo(t) < Wo(t) (t G J), nonlinear term f and impulsive 
functions I k satisfy the assumptions (Hi) and (H 2 ) . then the PBVP (1.2) at least has one mild to -periodic 
solution between vo and wo . 

Proof 3.1 Denote D = [vo,Wo] . From Theorem 1, we know that Q : D — ^ D is a continuous monotone 
operator. Now, we define two sequences {v n (t)} and {w n (t)} in [vq,wo] by the iterative scheme 

V n = Qv n -1, Wn = Qw n -i, U = 1, 2, ■ • • 

Then from the mixed monotonicity of Q, it follows that 

V0 < Vl < V 2 < • • • < V n < • • • < W n < • • • < VJ2 < W\ < Wo . 

Using the regularity of the cone K ,then 3v*(t), w*(t), v n (t) — > v*(t), w n (t) — > w*(t) in t G J' ,where 
v*(t), w*(t) are bounded and strongly measurable, combining the definition of Q with (3.12), we get 

»„(i) = Q(vi(i)) = W(vi)+/ S(t-s)f 1 (s,v n - 1 {s))ds+ S(t-t k )I k (v n ^(t k )). 

•*° 0<t k <t 

Noticing S(t) = e~ ct T(t)(t > 0) is an exponentially stable and positive Co-semigroup in X, letting 
n — > co, by the Lebesgue dominated convergence theorem, we have 

v*(t) = Q(v*(t)) = S(t)B 2 (v*)+ f* S(t- 8 )f 1 (s,v*(8))ds+ S(t-t k )I k (v*(t k )), 

Jo 0<t k <t 

and v* (t) = Qv* (t) e PC (J, X) . 

Similarly, we prove that w*(t) 6 PC(J,X) and w*(t) = Qw*(t). 
By (3.23), we know v (t) < v*(t) < w*(t) < w (t). 
If u(t) is also the fixed point of Q , evidently 

v {t) < u(t) < w {t) (3.26) 

is satisfied. From (3.22) ,by repeating the function of the operator Q on the above inequality (3.26) , we 
can obtain that v n (t) < u(t) < w n (t). Letting n — > 00, we get v*(t) < u(t) < w*(t) . Therefore, the 
PBVP (1.2) at least has one mild co-periodic solution between v* and w* . 

Remark 3.2 If I k = 0, then Theorem 3 in this paper is Theorem 3.2 in ([12]). 

Remark 3.3 In Theorem 3, we do not assume that the semigroup T(t) is continuous in operator norm 
for t > , we only demand that the cone K is regular. So, if I k = , then Theorem 3 in this paper 
extensively generalizes the main results in ([12]). 

In Theorem 3, if X is weakly sequentially complete, it is well know that the cone K is regular. From 
Theorem 3, we obtain the following corollary. 

Corollary 3.1 Let X be an ordered and weakly sequentially complete Banach space, whose positive cone 
K is normal , A : D(A) cX-*I be a closed linear operator and —A generate a positive Cq- semigroup 
T{t)(t > 0) . / € C(JxX,X) andf is ui- periodic about t , I k £ C(X,X),k = 1,2, ■■■ ,p .If the PBVP 
(1.2) has coupled lower and upper L-quasisolutions vq and wq with vo(t) < wo(t) (t G J) ,nonlinear term 
f and impulsive functions I k satisfy the assumptions (Hi) and (H2) . then the PBVP (1.2) at least has 
one mild uj -periodic solution between vo and wo ■ 

Remark 3.4 If f(t,u,u) = f(t,u), then Corollary 1 in this paper is the main result in ([21]). 



57 



SHAO ET AL 48-58 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



References 

V. Lakshmikantham, D.D. Bainov, P.S. Simeonov, Theory of Impulsive Differential Equations, World 
Scientific, Singapore, 1989. 

S. W. Du and V. Lakshmikantham, Monotone iterative technique for differential equations in a 
Banach space, J.Math.Anal.Appl. 87(2)(1982), pp. 454-459. 

H.Y.Lan, Monotone method for a system of nonlinear mixed type implicit impulsive integro- differ- 
ential equations in Banach spaces, Comp.Math.Appl. 222 (2008), pp. 531-543. 

Y. Li, Z. Liu, Monotone iterative technique for addressing impulsive integro -differential equtions in 
Banach spaces, Nonlinear Anal. 66 (2007) 83-92. 

J.H. Liu, Nonlinear impulsive evolution equations, Dyn. Contin. Discrete Impuls. Syst. 6 (1) (1999), 
pp. 77-85. 

J. Liang, J.H. Liu, T.J. Xiao, Nonlocal impulsive problems for nonlinear differential equations in 
Babach spaces, Math. Comput. Modelling 49 (2009), pp. 798-804. 

N.U. Ahmed, Impulsive evolution equations in infinite dimensional spaces, Dyn. Contin. Discrete 
Impuls. Syst. Ser. (A) 10 (2003), pp. 11-24. 

J. Liang, J.V. Casteren, T.J. Xiao, Nonlocal cauchy problems for semilinear evolution equations, 
Nonlinear Anal. 50 (2002), pp. 173-189. 

B. Ahmad and A. Alsaedi, Existence of solutions for anti-periodic boundary value problems of non- 
linear impulsive functional integro- differential equations of mixed type, Nonlinear Anal. 3 (4)(2009), 
pp. 501-509. 

V. Lakshmikantham and S. Leela, Existence and monotone method for periodic solutions of first- 
order differential equations, J. Math. Anal. Appl. 91 (1) (1983), pp. 237-243. 

Y. X. Li, Existence and uniqueness of positive periodic solutions for abstract semilinear evolution 
equations, Journal of Systems Science and Mathematical Sciences, 25 (6) (2005), pp. 720-728. (in 
Chinese). 

Y. X. Li, Periodic solutions of semilinear evolution equations in Banach spaces, Acta Mathematica 
Sinica, 41 (3) (1998), pp. 629-636. (in Chinese) 

Y. X. Li, Existence and stability of periodic solutions for abstract evolution equations, Journal of 
Northwest Normal University (Natural Science), 33 (3) (1997), pp. 7-14. (in Chinese) 

S.G.Hristor,D.D. Bainov, Monotone-Iterative method for solving the periodic problem for systems of 
impulsive diffrential equations, International Journal of theoretical Physics, 27 (1998) pp. 757-766. 

Zhiguo Luo, Jianhua Shen, J.J.Nieto, Antiperiodic boundary value problem for first-order impulsive 
ordinary differential equation, Comp. Math. Appl. 49 (2005), pp. 253-261. 

K. Deiling, Nonlinear Functional Analysis, Springer- Verlag, New York, 1985. 

D. Guo, J. Sun, Ordinary Differential Equations in Abstract Spaces, Shandong Science and Technol- 
ogy, Jinan, 1989 (in Chinese). 

A.Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Berlin: 
Springer Verlag, 1983. 

Heinz HR, On the behaviour of measure of noncompactness with respect to differention and integra- 
tion of vector valued functions, Nonlinear Anal. 7 (1983), pp. 1351-1371. 

Y. X. Li, The global solutions of initial value problem for abstract semilinear evolution equations, 
Acta analysis functionalis applicata, 3 (4) (2001), pp. 339-347. (in Chinese) 

He Yang, Mixed monotone iterative technique for abstract impulsive evolution equations in Banach 
spaces, Journal of Inequalities and Applications 10 (2010), pp. 1155-1169. 



58 
11 



SHAO ET AL 48-58 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



ISOMETRIES ON PRODUCTS OF COMPOSITION AND 
INTEGRAL OPERATORS FROM TO BLOCH TYPE SPACE 

GENG-LEI LI 

Abstract. In this paper, we characterize the isometrics on the products of 
composition operators and integral operators from the space of all weighted 
bounded analytic functions to Bloch type space in the disk. 



1. Introduction 

Let D be the unit disk of the complex plane, and 5(D) be the set of analytic 
self-maps of D. The algebra of all holomorphic functions with domain D will be 
denoted by iJ(D). 

For < a < oo, by £f£°(B) denote the space of all weighted bounded analytic 
functions on the unit disk with the norm ||/|| Q = sup(l — |z| 2 )"|/(z)|. 

We recall that the Bloch type space B@ (/3 > 0) consists of all / £ H (D) such 
that 

Bp(f) = sup(l - \zf) |/' (z)|<oo, 

zGD 

then Bp(f) defines a complete semi-norm on B°, which is Mobius invariant. 
It is well known that B 13 is a Banach space under the norm 

ll/IU = l/(o)| + s /3 (/). 

Let ip be an analytic self-map of D, the composition operator C v induced by ip 
is defined by 

(GV)(z) = /(*>(*)) 

for z £ D and / £ H(D). 

Let g £ H(D), the integral type operator J g is defined by 

J g f(z) - f f(ZW(QdZ 
Jo 

for z £ D and / £ H(B). 

The products of composition and integral type operators are defined by 

(c v j g f)(z)= ^ fiOg'im 

Jo 
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and 



(JgC v f)(z)= / (/°^)(0<?'(£R- 





The boundedness and compactness of the products were discussed by Li and Stevic 
[13, 14, 15]. 

Let X and Y be two Banach spaces, recall that a linear isometry is a linear 
operator T from X to Y such that \\Tf\\ Y = for all / e X. 

In [3], Banach raised the question about concerning the form of an isometry 
on a specific Banach space. In most cases the isometries of a space of analytic 
functions on the disk or the ball have the canonical form of weighted composition 
operators, which is also true for most symmetric function spaces. For example, the 
surjective isometries of Hardy and Bergman spaces are certain weighted composition 
operators. See [9, 10, 11]. 

The description of all isometric composition operators is known for the Hardy 
space H 2 (see [8]). An analogous statement for the Bergman space A 2 a with stan- 
dard radial weights has recently been obtained in [7], and there is a unified proof 
for all Hardy spaces and also for arbitrary Bergman spaces with reasonable radial 
weights [18]. For the Dirichlet space and Bloch space, the reader is referred to [19], 
[17], and for the BMOA, to see [12]. 

Continued the work, in 2008, Bonct, Lindstrom and Wolf [4] discussed isometric 
weighted composition operators on weighted Banach spaces of type H°° . In 2008, 
Cohen and Colonna [6] discussed the spectrum of an isometric composition opera- 
tors on the Bloch space of the polydisk. In 2009, Allen and Colonna [1] investigated 
the isometric composition operators on the Bloch space in C n . They [2] also dis- 
cussed the isometries and spectra of multiplication operators on the Bloch space 
in the disk. Isometries of weighted spaces of holomorphic functions on unbounded 
domains were discussed by Boyd and Rueda in [5]. In 2013, Li and Zhou discussed 
the Isometries of composition and Differentiation operators from Bloch type space 
to in [16]. 

Building on those foundation, the paper continues this line of research, and 
discusses the isometries on the products of composition operators and integral op- 
erators from the space of all weighted bounded analytic functions to Bloch type 
space in the disk. 

2. Notation and Lemmas 

To begin the discussion, let us introduce some notation and state a couple of 
lemmas. 

For a <E D, the involution ip a which interchanges the origin and point a, is defined 

by 

a-z 

Va{Z) = Z — ■ 

1 — az 

For z, w in D, the pseudo-hyperbolic distance between z and w is given by 



p(z,w) = \<p z (w) 
and the hyperbolic metric is given by 



z — w 
1 — zw 



p (z, w) = mf / ft = - log -. r, 

7 J i-iei 2 2 & i- P (z, w y 

7 
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ISOMETRIES ON PRODUCTS OF COMPOSITION AND INTEGRAL OPERATORS 3 

where 7 is any piecewise smooth curve in D from z to w. 
The following lemma is well known [21]. 

Lemma 1. For all z, w £ D, we have 

1 1, x (i-N 2 )(i-H 2 ) 

l- P 2 (z,w)= y - U 'A. 1 \ > , 

|1 — zw| 

For g S(D), the Schwarz-Pick lemma shows that p (<p(z),<p(w)) < p(z, w), and 
if equality holds for some z 7^ w, then </? is an automorphism of the disk. It is also 
well known that for ip £ 5(D), C v is always bounded on B. 

Lemma 2. For < a < 00, there exists a constant C > such that 

Ki - M 2 r/(z) - (1 - M 2 r/M| < c\\f\\ a ■ P (z,w) 

for all z,w £l and f £ H%> . 

Proof. An exercise in [21] shows that: 

la - \z\ 2 rf( Z ) (1 - H 2 r/H| < cii/iu • /3(^, W ). 

If p(z, w) < \, note that for < x < |, In < 3x, the lemma is true. 
If p(z, w) > \, then we have 

Ki - M 2 r/(z) - (1 - \w\ 2 rf( W )\ < 211/iu < 4||/iu . p(z, W ). 

The lemma follows by combining the two cases above. □ 

Throughout the remainder of this paper, C will denote a positive constant, the 
exact value of which will vary from one appearance to the next. 

3. Main theorems 

Theorem 1. Let g £ H(D) and if be analytic self maps of the unit disk such that 
ip fixes the origin. Then the operator C v J g : — > B@ is an isometry if and only 
if the following conditions hold: 

' « sup VlJiff ' ISW*))! ^ ^ 

(II) For every a £ D, there at least exists a sequence {z n } in D, such that 
\im^ p(if(z n ), a) = and Ym^ (1 (^(J^a lff'(l(*n))l = 1- 

Proof. We prove the sufficiency first. 

By condition (I), for every / G i?£°(D), we have 

||<V fl /|| B< > = sup(l-|z|Y| 5 '(^(z))||^(z)||/^(z))| 

z£D (1 - \tp(z)\ ) a 

< II/IU- 

Next we show that the property (II) implies \\C V J g f\\eP > ll/IU- 

Given any / G £f£°(B), then ||/|| Q = lim (1 — |a m | 2 )"|/(a m )| for some sequence 

{a m } G £>. For any fixed m, by property (II), there is a sequence {z™} C D such 
that 



(1 _ | ? m| 2 \/3 | ( r/('z m> )l 

P (^n,« TO )^o and 1 J V; S * V (*>(*n)i-n 
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as k — > oo. By Lemma 2, for all m and k, 

la - i^ni 2 r/(^r)) - a - Ki'r/M < c\\f\\ a ■ P (^), am ). 

Consequently, 

(i - wwtfY \f(v(4 i ))\ > a - M 2 n; (« m )i - cii/iu • p(v(zr,a m ). 

Therefore, 

||<V fl /|| B( , = sup (1 ~ 'f ^'ff 1 |g'(y(*))| (1 - l^)| 2 )" |/(y(*))| 

zGD (1 - \ip{z)\ ) a 

> limsup (1 ~ I ^ I 7J^2 ( 5 )I (1 - |^(^)| 2 ) Q I/(V(^))I 

fe^oo (1 - \<p(z%)\ ) a 

= (l-\a m \ 2 ) a \f(a m )\ 

The inequality ||C V J 9 /|| e ,3 > ||/|| a follows by letting m — > oo. 

From the above discussions, we have IjC^ JgfWef — ll/ll^ 3 ) which means that 
C v J g is an isometry operator from to i?* 3 . 

Now we turn to the necessity 

For any a £ D, we take the test function 

(i-H 2 r m 

It follows from Lemma 1 that 

||/„|| Q = sup(l - \z\ 2 ) a \f a (z)\ < sup (1 - p 2 (a, z)) a < 1. (2) 

z<EB zGO 

Since (1 — |a| 2 )"|/ a (a)| = 1, we have ||/ ||a = 1- By isometry assumption, for any 
a e D, we have 

1 = \\f V (a)\\a = \\C v J g f v ( a )\\ BI 3 

= SUP ( VTrKa Z)l (1 - ^ (z)|2r l^(-)(^))l 

zee (1 - \ip{z)\ ) a 

>- "-'ffff' bX.))! 

(1 - |<p(a)| ) Q 

So (I) follows by noticing a is arbitrary. 

Since ||C V JgfaWisi 3 = ||/o||q = 1> there exists a sequence {z m } C D such that 



(i - w 



d(C V Jgf a ) 



dz 



(z m ) 



= (1 - \z m \y\fa(<p(z m )W(z m )\\g'(v(z m ))\ -+ 1 

(3) 



as m — > oo. 

It follows from (I) that 

(1 - \z m \y\f a (<p(z m ))\\<p'(z m )\\g'(<p(z m ))\ 
(1 - |<p(z m )| ) Q 

< (i-i^(z m )i 2 n/ a (^(z m ))|. (5) 
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Combining (3) and (5), it follows that 

1 < liminf(l- |(^(z m )| 2 ) tt |/ a ((^(z m ))| 

m—too 

< lim SU p(l - Mz m )\ 2 ) a \fa(<p(Zm))\ < 1. 

The last inequality follows by (2) since <p(z m ) G D. 
Consequently, 

lim (l-\<p(z m )\ 2 ) a \f a (tp{z m ))\ = lim (l-p 2 (<p(z m ),a)) a = l. (6) 

m— too m— >oo 

That is, lim p((p(z rn ) 7 a) = 0. 

m— >oo 

Combining (3), (4) and (6), we know 

m-voo (l-|^ m )| 2 )« 

This completes the proof of this theorem. □ 

Theorem 2. Lei tp be analytic self maps of the unit disk and g G H(D). Then the 
operator J g C v : — > Z?' 3 is an isometry if and only if 

™ -P(SSf^i^)i<i/ 

(IV) For every a G D, i/iere at Zeast exists a sequence {z n } in D, smc/i iftaf 
lim p(ip(z n ),a) = and lim a 7 'f"' L a = 1- 

n— >oo n— >co V- 1 - W\ z n)\ } 

Proof. We prove the sufficiency first. 

By condition (III), for every / <G £f£°(B), we have 

||J S C V /||^ = sup(l-|*lV |/Mz))|| 3 '(z)| 

= Sup n^VfvL (1 ~ ^ (z)|2)a 

zGB (1 - \ip{z)\ ) a 

< ll/IU- 

Next we show that the property (IV) implies ||J s C v /||b^ > ||/|| Q . 

In fact, for any / G H°°(B), then ||/|| a = lim (1 - |a m | 2 ) a |/(a m )| for some 

sequence {a TO } C D. For any fixed to, by property (IV), there is a sequence {z™} C 
D such that 

|2\ 



(i-i^ni 2 ) c 

as k — > oo. By Lemma 2, for all to and fc, 

Ki - i^(zni 2 r/M^)) - a - Ki 2 r/Kn)| < cii/iu • 

Hence 

(i - MzT)\ 2 r \m*m > a - Ki 2 n/K™)i - qi/iu • ^(*rw) 
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Therefore, 



WrfW* = su P /< (1 , l ff. W(z)\{l-\<p(z)\ 2 r\f{<p(z))\ 



zGB (1 - \(fi(z)\ ) 



2 X 



> limsup (1 ; (i - Hzn 2 r i/o^n)i 

fc^oo (1 - \<p(z%)\ ) a 

= (l-\a m \ 2 ) a \f(a m )\. 

The inequality H-ZgC^/lle^ > \\f\\a follows by letting m — > oo. 
Now we turn to the necessity. 

For any a € O, using the same test function /„ defined by (1) which satisfies 
fa\\a — 1- By isometry assumption, for any a € D, we have 



1 - 1 1/^(0) I U = \\JgC<pf<p(a)\\BP 
z£B (1 - \ip{z)\ ) a 

(i-\a\ 2 y , , 

> o — o a 

So (III) follows by noticing a is arbitrary. 

Since || J g C v f a \\sP — \\fa\\a — 1) thus there exists a sequence {.z m } C D such 
that 



(i-W) 



d(J g C v f a ) 

\Zm) 



dz 



(l-\z m \ 2 y\faMz m ))\\g'(z m )\^l (7) 



aS 772 — ^ oo . 

It follows from (III) that 



(l-\z m \ 2 f\f a (ip(z m ))\\g'(z m )\ 
= n 1 7 ^ ~ l^(^)i 2 ) a ( 8 ) 

(1- |¥>(*ro)l ) a 

< (l-|^(z m )| 2 )«|/ Q (^(z m ))|. (9) 
Combining (7) and (9), it follows that 

1 < liminf(l-|^(z m )| 2 n/ a (^(z m ))| 

m—too 

< limsup(l - Mz m )\ 2 ) a \fa(<p(Zm))\ < 1. 

The last inequality follows by (2) since <p(z m ) G D. 
Consequently, 

hm (1- |(p(z m )| 2 )«|/ Q (^(z m ))| = lim (l-p 2 (<p(z m ),a)) a = l. (10) 

m— >oo m— >-oo 

That is, lim p(cp(z rn ), a) = 0. 

m— >oo 

Combining (7), (8) and (10), we know 

a-wyi yM=t 

m ^°° (l-|p(a)| ) a 
the desired results follows. The proof of this theorem is completed. □ 
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Remark If a = 0, /3 = 1 then H™ will be H°° , and B p will be B. So the the 
following corollaries follow by Theorem 1 and Theorem 2. 
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UMBRAL CALCULUS AND SPECIAL POLYNOMIALS 



DAE SAN KIM 1 , TAEKYUN KIM 2 , AND JONG- JIN SEO 3 



Abstract. In this paper, we consider several special polynomials related to 
associated sequences of polynomials. Finally, we give some new and interesting 
identities of those polynomials arising from transfer formula for the associated 
sequences. 



1. Introduction 

In this paper, we assume that A € C with A ^ 1. For a£l, the Frobenius-Euler 
polynomials arc defined by the generating function to be 

/ 1 — A \ a 00 t n 

(-— - ) e xt = Y t H^\x\\)-, (see [1,5,13,15,20,22,23]). (1.1) 

^ e ' n=0 n ' 



In the special are called the n-th Frobenius-Euler 

numbers of order a. As is well known, the Bernoulli polynomials of order a are 
given by 

/ t \ a °° t n 

T3i ) ^ = E B £° (S6e [ 2 > 3 A6,14,15,19,21]). (!- 2 ) 

In the special are called the n-th Bernoulli numbers of 

order a. 

For n > 0, the Stirling numbers of the second kind are defined by generating 
function to be 

{e l - l) n =n\J2 S*{1, n) Jv (sec [8-12,17,18]), (1.3) 

l—n 

and the Stirling numbers of the first kind are given by 

n 

{x) n = x{x - 1) • • • (x - n + 1) = <Si(n, l)x l , (see [7,8,10,17,18]). (1.4) 

1=0 

Let T be the set of all formal power series in the variable t over C with 

( CO 



k\ 

k=0 



a k e C }. (1.5) 



Let P be the algebra of polynomials in the variable x over C and P* be the vector 
space of all linear functionals on P. As a notation, the action of the linear functional 



1991 Mathematics Subject Classification. 05A10, 05A19. 
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L on a polynomial p(x) is denoted by (L \ p{x)). Let f(t) = Y^,k=o afc M ^ ■ Then 
we define the linear functional /(f) on P by 

(f(t)\x n ) = a n , (n > 0), (sec [10,12,16,17,18]). (1.6) 

From (1.6), wc note that 

(t k \x n ) =n\5 n , k , (n,k>0), (1.7) 
where S n ^ is the Kronecker symbol (see [8, 10, 11, 17, 18]). 

Let f L (t) = Er=oV^- Th en, by (1.7), we get (f L (t)\x n ) = (L\x n ). The 
map L M> /i(i) is a vector space isomorphism from P* onto T. Henceforth, T 
thought of as both a formal power series and a linear functional. We shall call 
T the umbral algebra. The umbral calculus is the study of umbral algebra (see 
[10, 16, 17, 18]). 

The order o(/(f)) of the non-zero power series /(f) is the smallest integer k for 
which the coefficient of t k docs not vanish (sec [10, 11, 12, 17, 18]). If o(f(t)) = 
1, then /(f) is called a delta series, and if o(/(f)) — 0, then /(f) is called an 
invertible series. Let o(f(t)) — 1 and o(g(t)) = 0. Then there exists a unique 
sequence S n (x) of polynomials such that (g(t)f(t) k \S n (x)) = n\5 n .k where n, k > 0. 
The sequence S n (x) is called Sheffer sequence for (g(t),f(t)), which is denoted 
by S n (x) ~ (g(t),f(t)). If S n (x) ~ (l,/(f)), then SV^x) is called the associated 
sequence for /(f) (see [10, 16, 17, 18]). From (1.7), we note that (e yt \p(x)} = p{y)- 

Let /(f) e J 7 and p(ar) e P. Then we have 

^.fW^^.f;^.,^^,, ( , 8) 

From (1.9), we can derive the following equation: 

p(fc)( ) = (f fc | p (a;)) and |p< fc )(a;) ) = p (fc) (0), (sec [10,16,17,18]). (1.9) 

for k > 0, by (1.9), we easily see that t k p(x) = p^(x) = 
Let S n (x) <~ (5(f), /(f)). Then we see that 

1 e i//(t) = y ^Mffc, for all y e Cj (L10 ) 



where /(f) is the compositional inverse of /(f) (see [17, 18]). 

Let p n (x) <~ (l,/(f)), <7„(a;) ~ (l,p(f)). Then, the transfer formula for the 
associated sequence is given by 

q n (x) = x (J^J x- VnW, (see [11,12,16,17,18]). (1.11) 

For n > 0, b ^ 0, the Abel sequences are given by 

A n (x; b) = x(x - bn) n - 1 ~ (l, te bt ) . (1.12) 

In this paper, we consider several special polynomials related to associated se- 
quences of polynomials. Finally, we give some new and interesting identities of 
those polynomials arising from transfer formula for the associated sequences. 
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2. UMBRAL CALCULUS AND SPECIAL POLYNOMIALS 

From (1.1), we note that 

Ht?Hx\\)~((^) a ,t\ (2.1) 



H { n a \x\X)= [±—±Y x ". (2.2) 



Thus, we get 

Let us assume that 

p n (x) ~ (l,i(e' - A)) , q n (x) ~ (l, {j^j *) > (« ^ 0). (2.3) 
From x" - (l,t), (1.11) and (2.3), we note that 



(1-A) 
and 



t(e*-A) J (1-A)" V.e*-A 

! ^i(*|A). 



' ^i^|A) 



(1 - A)" n 

a v n 



=.x 



(1 


- A) a " 




X 


(1 


- X) an 




X 


(1 


- X) an 



(2.4) 



q n {x)=x(^-^ x- l x n =xH^l{x\\). (2.5) 
From (1.11), (2.3), (2.4) and (2.5), we can derive 



AM 

i(e* - A) 

(e - A) ^./(xIA) (2.6) 

(o-l)n . . 

(o-l)n / . . . 

E ( (a " i 1)n )(-^) (0 - 1) "-'^( a! +^). 

where a,n e N. Therefore, by (2.6), we obtain the following theorem. 
Theorem 2.1. For a, n e N, we have 

(o-l)n . . 

e ) 1 NA)= (1 _ A ) (Q _ 1)rt E ( ( °V "j^^^'^^ + ilA). 
Let us consider the following associated sequences: 
^,HW(,|A) ~ (1,^ - A)) , ~ (l, , (a ,6 0). (2.7) 
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For x n ~ by (1.11) and (2.7), we get 



Pn(x) = x I 1 I rr^^rrf^ ^) x™ 1 



(^-a) , 



1-A 



^xpE(T)(- A ) an "^ + ^ 1 - 

For n > 1, by (1.11) and (2.7), we get 



"a 



/ i \ (o+l)n 

= »(rb) (e*-A) (o+1) "HW(x|A). 



(2.8) 



(2.9) 



By (2.8) and (2.9), we get 

an , v 

E(?)(- A r~ , (*+o"- 1 

= 7 T A( F (^-A) (Q+1)ri ^ ) 1 WA) (2.10) 

Therefore, by (2.10), we obtain the following theorem. 
Theorem 2.2. For n > 1 and a e Z + = N U {0}, we have 

an / \ 1 (a+l)n , . . 

E (?) (-*)"' (a+o--^^ E (^^^(-Ar-^^^iA). 

Let us consider the following associated sequences: 

(4~(l,e i -l),^ 1 ) ( a; |A)~(l 1 t^) y (a^O). (2.11) 
By (1.11) and (2.11), we get 

xH^I(x\X) = x ( f t ~\a ) x-'Wn 

Vij^J J (2.12) 
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Replacing x by x + 1, we have 

(i i \ n / i \\ an n ~ ^ 
^T 1 ) (^) £ 5 i("-M)s' 



^ ., \ n n—1 



t 



Y,Si(n-l,l)Hl an \x\\) 



1=0 

n-l I 



(2.13) 



i=o k=o 

n-l I (l 



£ S.in - 1, i)S 2 (* + «, ^tMv^ ^ A )- 



Z=0 fc=0 \ n J 

Therefore, by (2.13), we obtain the following theorem. 
Theorem 2.3. For n > 1, a € Z +; we have 

n-l I I 1 \ 

H^l{x + 1|A) =^^%-l, 05 2 (* + n, „)W ff («») (a .| A) 

Z=0 fc=0 V n ) 



Let 



^_1WA)~(l,t(^)°), (a^O), 



(x) n ~(l,e*-l). 
Then, by (1.11) and (2.14), we get 



(2.14) 



(*)» = * I -y=V- 1 ^^it^) 



e* - 1 
t \ ( e - A 



e* - 1 / V 1 - A 

* „n-l 



^-i(*|A) (2.15) 



y - 1 



and 



(z)„ = Si(n, l)x l = xJ2 s i( n > l + !y i (« > !)• ( 2 - 16 ) 

Therefore, by (2.15) and (2.16), we get 

Theorem 2.4. For n > 1, < Z < n — 1, we have 

Si(n,I + l)=( n y 1 )BW 1 _ l . 

From (2.15), we note that 

(£ 1 \ n 
J (x 1)„_! = (1 - A)- Q "( e * - Arff^lA), („ > 1). (2.17) 
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(t i \ n n—1 



1=0 

l 



= 5>(» - 1. o E jkTwhy S2{k + n > n){x " iy ~ k 



n-l I m 

53 Si(n 1, J) ^ ^-^(fc + n, n)(x - 

1=0 k=0 V n ) 



and 



an 

RHS of (2.17) = (1 - A)"" 1 ^ ( a ")(-A) on -'e'*fl^. n 1 ) (a:|A) 

an / \ 

= (i - a)— 53 ( a ?K-\r- i H<?fa+m- 



=0 



Therefore, by (2.17), (2.18) and (2.19), we obtain the following theorem. 
Theorem 2.5. For n > 1, a £ Z +7 we have 



an / \ 

(i - a)— 53 (JJ (-\r- i Ht n hx + 



1=0 

n-l ! / J 



Let 



By (2.8), we have 



\ an an / \ 

an an / \ n—1 / ^\ 

fe=0 V ' (=0 v ' 



(2.18) 



(2.19) 



= E E - L 0&(* + n, n)(* - l)'"*. 

;=o fe=0 V n / 



Pn(s) ~ ( 1, ( It), (*)„ ~ (1, e* - 1) , (a ^ 0). (2.20) 



(2.21) 
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From (1.11) and (2.20), we have 
(x) n = x [ J— - ) x^p n (x) 



- (^) (^) (t^) ss C) ( b 7 >"-'(-^-v 



k=0 1=0 

an an n—1 I 



r^)^EEE (7) ( n 7 ') (y>-'(-Ar^(A) fl W(*) 

' fe=0 Z=0 m=0 \ / \ / \ / 

(rh)"*f E £ t (?) (" 7 ') C) (;)*"-'-(-a)-^K(a)b<:V 



k=0 1=0 m=0p=0 
n—1 [ an n—1 / 



- (rh) *x: see (7) ("7 ') C) (;)^-'(-a)-«(a, b <»!„ 

(2.22) 

Therefore, by (2.16) and (2.22), we obtain the following theorem. 
Theorem 2.6. For n > 1, a € Z + and < p < n — 1, we have 



= (rbfff £ (T) (" 7 ') (1) (;)*"-'(-A)--'ffrj(A)^, 



fe=0 Z=p m=p 

Theorem 2.7. For n>0, we have 



e -xt 



oo / n k / \ /k\ \ 

(«' - A ) n = E EE U K 1 - A )"" ; 7&^(j + «, o(-i)*-v-j - 

fc=o \z=o j=o ^ ' v i J y 



fc+Z 

fcT 



Proo/. Note that 

e~ xt (e* - A)™ = e~ xt 
and 



(e* - 1 + 1 - A)" = ^ (1 - A)"" i (e t - lj'e"**, (2.23) 
z=o W 



oo I k \ fe+ ; 

fe=0 \j=0 V z J 



fc! 



y,7 = 

From (2.23) and (2.24), we can derive Theorem 2.7. □ 



72 



KIM ETAL 66-76 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



DAE SAN KIM 1 , TAEKYUN KIM 2 , AND JONG- JIN SEO 3 

By (1.12) and Theorem 2.7, we get 

A n (x- b) = x(x - bnr- 1 = x ( — ) e-" b *(e* - \) an H^l{x\X) 

an n-l-l k ( Q ») Q ( n - 1) 

(1 - \) an ^ ^ ^ (3+l) k ) 
y > 1=0 k=0 j=0 V I I 



1 - A, 

E E E v ' ' yj Bk , , ^ )k+l - x r n - l s 2 (j + 1, o(-i)*- w-'gffi-,-^ 



(2.25) 

Therefore, by (2.25), we obtain the following theorem. 
Theorem 2.8. For n > 1, a € Z + and b ^ 0, we have 

an n—l — l k ( an \( k \(n — 1 ") 

(x-bnr-i=J2 E E Pv x . ^ 5 2 ( J+ M)(-l) fc ^ W fc -^^l ; _ fc (,|A). 
Let us consider the Changhee polynomials of the second kind as follows: 

00 4-k -1 

E^NA)-^ TWT7y( l + t f . (2.26) 

From (1.10) and (2.26), we note that 

C n (4\)~(l + Ae*,e*-1). (2.27) 
Hence A e C with A ^ -1. Thus, by (2.27), we get 

(1 + Ae«)C n (a;|A) - (x) n ~ (l, e* - l) , (2.28) 

and 

Thus, by (2.28) and (2.29), we get 

1 n 

c " (a;|A) = a^Ti^"- 1 ^ = E(- A )' e '* Hi-iW) 

n 

= ^(-A) i (x + 0Bi" ) 1 (x + 0. 

Let 



(2.29) 



(2.30) 



^-l^j- (2 - 31) 
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Then, by (1.11) and (2.31), we get 



t n (x\X) 



t 



l+A(l+i) 



x~ Y x n = x(l + A(l + t)) n x 



n n—1 



= x± (f)X\l + tyx^=x± (V£ 



1=0 
n n— 1 



a=0 v 7 6=0 
n n 



ee(:)(;)^»-^-ej>-(Xi 

a=0 6=0 V ' V 7 a=0 6=1 \ / \ 

n ™ / \ / \ / m 

EE A f ' " ^ ~ 



a=0 6=1 



a/ \n-bj (6-1)! 



rx fc . 



(n - l) n _6a; b 



(2.32) 



Let us also consider the following associated sequence: 

t 

(1+TF 

Then, by (1.11) and (2.33), we easily get 



S n (x\n) <~ 1, 



{fM € N). 



S„(x\ij,) = 



k=l 



\(n- l)[ xk 



k) (k - 1)!' 



(2.33) 



(2.34) 



From (1.11), (2.32) and (2.33), we can derive 

/ * \ " 
^±^M x-H n {x\X) = x 



S n (x\n) = x 



(!+«)" / 

A x-H n {x\X) 



( (i+ty v 

\l + X(l + t)J 



x 1 t n (x\X) 



oo f 

*£ E 

oo ( 

*E E 

/__0 Ui+-+i n =i 
n n 6— 1 



i 

l\ j . . . , Z 7 

I 

l\ j . . . , Z T 



n^M|A)j j^rt„0r|A) 

lH}s{ss*(?' • v - 1,! 



.6-1 



n-V (6-1)!' 



= *EEE E 

a=0 6=1 J=0 ii+-+in = 
n n 6—1 



z 



^1) • • • ) 



II a, ma) U 



\i=i 



a fn\ / a \(n-l)I(6-l), ^ 
oj^n-ftJ(6-l)l Z! 



a=0 6=1 Z=0 iiH h2„=i 

n ( n n 



EEE E U ; n«h 

„-ni._i i_n i , , 7 _i ■■■''n/ \„_i / 



a { n\ { a, \(n — l)!/6— 1 



-EEE E L , nwip 

fe=l U=0 6=fe/ 1 +---+i„=6-fe V 1 '"-' "/ \i=i / 



b-k 



J>-i 

a i \ n -bj (b- 1)! V I 

a I n \ ( a \fb~ 1)' 



y aJ \n-bj\k-lj (6-1)! 

(2.35) 

Therefore, by (2.34) and (2.35), we obtain the following theorem. 
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Theorem 2.9. For n > 1, 1 < k < n, 6^0 and /j,, a € Z+. we /icwe 

7 a=0 6=HH Vl n =b-k v 7 v / W ' "/ \ / V / \ i=1 , 



(fc-1). 

7 a=0b=kh-\ \-l„=b-k 

Remark. From (1.1), we note that 
1-A 



e*-l + l-A l + ) {l-X 

= e(E(-^(t^)'^(m))^ 

fe=0 M=0 v 7 / 



(2.36) 



and 



1 — A t n 

' " E^nW-y, ( 2 - 37 ) 



e z — A z — ' n 

n=0 

where H n (X) are the Frobenius-Euler numbers. By (2.36) and (2.37), we get 



^( A ) = E(a3i) "&(M)- (2-38) 



Let us consider the following associated sequences: 



Pn(x) ~ I 1, V4 i ) - ~ (!.*)■ ( 2 - 39 ) 



e* - A 

Then, by (1.11) and (2.39), we get 

(^)" <«• - . ( T i I )" xg (;)<-*)-'(. + »)-. 

(2.40) 



p n (x) = x 
and 

x n = x\ Ve ^ 7 j i-'j)„W - x ^ ) x- ^(x). (2.41) 

Thus, by (2.40) and (2.41), we get 



=0 Ui + ---+Z„ 



, \h,...,lj 1V ' " v y J i! |^ W ' (1-A)" 



^sl + 5-C...'.J(sH(i)("' 1 ) 



{-xy^ix + k) 11 - 1 - 1 . 
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In this work, we provides a global smoothness preservation result of a Jackson-type 
generalization of the nonlinear convolution operator defined by Angeloni and Vinti in 
[4]. Convergence in variation is also studied. 
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1 Introduction 

In [4], the Authors made use of non-linear integral operators in order to generate esti- 
mates, convergence results and rate of approximation as regards functions, which belonged 
to BV-spaces. They touched upon the convergence in variation by addressing the BV - 
spaces. Besides, both the periodic and non-periodic cases were taken into consideration 
in line with the classical theory of linear convolution operators (see e.g., [8]). In [1], they 
obtained similar results including the case of linear integral operators. See([6], [9], [2], [10]) 
for Mellin-type linear and non-linear integral operators as for the results in relation to con- 
vergence in ^-variation on R+. As shown in [7], J. Musileak and W. Orlicz invented the 
latter concept of variaton. 

In [4] Angeloni and Vinti considered the following family of nonlinear integral opera- 
tors of the form 

(T w f)(s)= P K w {t,f{s-t))dt, w>0, sgR, (1) 
J— it 

for / e BV~2x, the space of 2n— periodic functions with bounded variation, where {K w (t)} w> 
is a family of measurable functions K w : R x R — > R of the form K w (t 7 u) = L w (t)H w (u) for 
every t,u £ R, {H w } w>0 is a family of Lipschitz kernels H w : R — > R such that H w (0) = 0, 
that is for every w > 0, there exist K > such that 

\H w {u)-H w {v)\<K\u-v\ (2) 

for every u, v e R and {L n } w>0 is family of lit— periodic approximate identities. Moreover, 
the followings are satisfied: 

*E-mail address: basaryilmaz77@yahoo . com 
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K w .l L w : R — > R is a measurable function such that L w e L^, < ^, for some 

constant A > and for every w > 



:= | MO 



(if — > 1 as w — > +°o; 



K w . 2 for any fixed 8 > 0, / \L W (t)\ dt -> 0, as w -> +°°; 
<5<|r|<?r 

K,v.3 denoted by G w (u) :— H w (u) — m, m e K, w > 0, there holds 

^-►0, asw^+oc, 
m(J) 

for every bounded interval / cl. 

As it is presented [4] we shall say that {K w (t )} w>0 C K w if (2) and K w . 1 , 2 are satistfied. 
Also K w 3 is in [5]. 

As usual, for a real valued function defined on an interval of real numbers, we shall 
denote by V/ [/] the total variation of / and by BV (I) the space of all functions with bounded 
variation on / with the seminorm ||/||gym := V/ [/] . If / : R — > R is a 2k— periodic function, 
we shall simply use the notation V^n [f] an d when / = [—71, 7t] . 

We shall denote by L\ K and AC211 the classes of all 2%— periodic function / : R — > R 
which are integrable over (— n, 7t) and absolutely continuous, respectively. 

Bardaro and Vinti investigated convergence of family of nonlinear operators T w de- 
fined by (1) in variation seminorm. In this work, we consider the following Jackson-type 
generalization of T w . 

{T w , n f)(s) = -f^{-\) k ^ + k 1 ^ J\ w (t,f(s-kt))dt, (3) 

where K w (t,f(s - kt)) = L w (f ) H w (f (s -kt)). 

The first studies on the approximation by linear Jackson type generalizations of convo- 
lution operators were made in Chapter 16 of the book [3] . 

Our objective here is to study the global smoothness preservation property and give 
approximation result for the family of nonlinear integral operators T WM defined by (3). For 
convenience, we have to introduce the modulus of smoothness of a function / via variation 
seminorm. We consider the r-th order difference operators applied to / defined as 

(A r 7)(«H£(-l)'Y r V( M -/f), t,u€R, r=l,2,.... (4) 

i=o W 

Furthermore, the r-th order modulus of smoothness of any continuous / belonging to BVi n 
is defined as 

C0r(f; 8) = sup V 2n [A[/] - sup ||A f 7|| w . (5) 

|r|<5 |»|<5 

From (4), for / € AC2% we have H w o f e AC211 as well. Therefore, for the future correspon- 
dence, we can write 

V 2n [(Ar l H w of) (•)] = f (Ar l H w of)' (s) 



ds^O (6) 

as t— >• 0, by the continuity of the translation operator in L\ K (see [4]) . So, for a fixed e > 
we can choose 8 > in such a way that V 2n [(Af +1 H w of) (•)] < e for \t\ < 8. We notice 
that co r (f; 8) -> as 8 -> for / e AC 2k by the definition (5). 

The following proposition is an estimate in variation for T w , n f, w > 0. 
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2 Estimate and Convergence 

Proposition 1. Iff G BV2 K , {L W } W>Q C l\ n and (2) is satisfied, then there exist a constant 
D>0 such that 

V 2 k [T w , n ] <D{2 n+l -\)V 2n \f]. 
Proof. Let {so = —7t, ...,s m = %} be a partition of [-K, n}. Then we have 

m 

EKW) (*-0l 

1=1 



I (- 1 )* (" + k l ) \\ L ™ ( f ) l H » (/ (* ~kt))-H w {f ( Si - ,-kt)))dt 



k=\ 
m n+l 



< *EE 



i=U=l 



n+l\ /"^ 



n+l 



= *E 



/re m 
|iH-(0lLl/(^-to)-/(^-l-fe)|A 
i=l 



< A*(2" +1 -i)v 2)r [fl, 

where K is the constant of assumption (2) and D — KA. Hence, passing to the supremum 
over all the partitions of the interval [—71, it] , the thesis follows. Also notice that 



n+l 



k=\ 



n+l 



;2 »+ 1 -l. 



□ 



We now show that T W: „ maps AC2^ into itself. 

Proposition 2. If f € AC271, {L w } w> q C Z^tt awc ^ (2) is satisfied, then T„ : „f e AC2 K - 

froo/ Being / G AC2&, for every e > let 5 > be the number of the absolute continuity 
of /. Let {[at, /3;]} ( - = i m be a finite set of nonoverlapping intervals on [— n,7l] such that 
Y!IL\ (A — 0£j) < 8. Now for such a colllection of intervals we have as in Proposition 1 

m 

El(W)(A0-(W)(«i)l 



1=1 



= E 



;=i 



K-i) 



Ar=i 



n + l 



L w (0 [H w (f (ft -kt))~ H w (/ (a,- - la))] dt 



n+l 



= *E 



k=\ 



n+l 



M0l£l/(A-&)-/(a.-fc)l* 



i=] 



Being [(ft - Jfer) - (a,- - fa)] < 5, since / E AC 2 k, we obtain that 

m 

£ |(W) (ft) - (T w , n f) (oft) I < (2" +1 - 1) ft ||L W || , , 
1=1 

which proves the assertion, since e > is arbitrary. 

Proposition 3. If f e BV 2 k, {Av} w> o c ^^2^ (2) is satisfied, then T w , n f € ACtn- 



□ 
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Proof. We may write, putting kt = s — z and being / and {L w } w>0 2n— periodic functions, 
= - I/" 1 ) ( I j J_K w {tJ{s-kt))dt 



n+l 

= -K-i) 

/t=i 



f L w {t)H w {f(s-kt))dt 



n+l 



fc=l 

n+l 



—is 



s — z 

IT 



(-if fn + l\ f* (s-z 

L-'W 



n w (f(z))d z 

H w {f{z))dz 



Therefore, being {L w } w>0 C ACim f° r every e > let 5 > be the number of the absolute 
continuity of L w . Let {[«,-, J3,]} ;=1 m be a finite set of nonoverlapping intervals on [— k,k] 
such that YULi (otf — j3,) < 8. Now for such a colllection of intervals we have, being H w (0) = 
0, 

ir=ii(w)(A-)-(w)(«oi 



E 

i=i 



m n+l 



"+ 1 (-1)* ^ , - j 



CCi-Z 



H w (f{z))dz- / Lw 



H w (f(z))dz 



< EE 

i=U=l 



n + l 
k 



r\n w (f(z))\ 

J 71 



OCj-Z 



Pi-Z 



Now, by the fact that {L w } w>{) C AC 27C since £™ , (Sf?) - (^) 



< 5, we have 



= ^(2" +1 -l) e ||/(z)|* 

= ^(2« +1 -l) £ ||/|| 1 

and therefore the assertion follows being / e BV^ (which implies that ||/|| l < oo) and by 
the arbitrariety of e > 0. □ 

Bellow, we give the following result related to global smoothness preservation for T Wi „. 
We note here that similar results for some linear convolution operators can be seen in [3]. 

Theorem 1. Let f € AC2n, and T Wt „ be the operator given by (3). Then we have 
co r (T w . n ;8)<(2 n+1 -l)KAco r (f;8), 

where 0) r is given by (5). 

Proof. Taking into account of (4) and (3) we have 



(A r t T w , n f)(s) = ^-lrf M^-rt) 



v=0 



■K-i) 

v=0 



E^ 1 ) ( 1 } J K.{y)H w {f(s-vt-ky))dy. 
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Let {sq = —71, ...,s m = n} be a partition of [—7t, %]. It follows that 

m 

£|(A r % in /) (^-(AJXyJ) (j(-i)l 



m 

= E 



n+l 



K-ir 

v=0 

-S'-^QI'-"^ 

My)lE 



( w) (** - - 1 (-ir v ( „ ) ( w) - vo 

v=0 



K-ir v JK-i) 



n + l 



Lw 0) H w (/ (jj - vf - ky)) dy 



r L w (y)H w (f(s i - 1 -vt-ky))dy\ 

J-K 



{H w {f( Si -vt- ky)) -H w {f(s f -i -vt- ky))} 



dy 



< 



n+l 



k=l 



11 + 1 



\L W (y)\ £ | (A[) [H w (f {s, -ky))}- (A r t ) [H w (f , - fey))] | 
i=i 



< *E T / l^(y)III(AD/(^-^)-(A f r )/(^-i-^)My 

< KA(2 n+l -\)V 2 xWtf] 

< KA(2 n+l -l)co r (f;8) 

where we have passed to the supremums over all the partitions of [—Tt, n] and \t | < 8. □ 
Theorem 2. Let f e AC 2 k and {K w } w C K w . Then 

limy 2 ^[W-/]=0. 

Proof. Let {so, •••,*»«} be a partition of [— ft, %]. Then we can write 

m 

E !/(*) - (W) + (W) (*-0l 



1=1 



1=1 



n+l 



/(*) + E \ k l ) f_ n ^ ( { ) H " (f (* - fcf ) ) * 

/ L w (t)H w (f(si-i-kt))dt 

J-K 



k=l 
n+l 



/t=i 



k (n + l 
k 



n+l 

E 

yt=l 



E 

i=i 

n+l f 

+ E 

*=1 



(-1)* 



n+ 1 



r L w ( t ) 

J-K 



H w (f( Si -kt))-f{si) 
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= E 

i=i 



n+l 



+E 

i=\ 

m 

+E 

(=i 



n+l 



H w (f( Si -kt))-H w (f( Si )) 

-**))+#* (/fa-l)) 



E (- 1 )* ( " t 1 W " L w (f ) [#w (/ fa)) - / fa) - H w (/ (*,_!)) + / (,,_ , )] A 

*=1 

n+l 

E 



k=l 



i=l 



ff w (/ (J, - fa)) - # w (/ fa-1 -fa)) 
-(# w (/(*0)-#w(/fa-l))) 



+/(*,-) -/(*-l) 



+ E ( T j E / ( f ) i i^w (/ fa)) - / fa) - ^ (/ fa- 0) +/ (*,- 1 ) i * 



Jfc=l 



+E 

i=i 



k=i 



+ \f{si)-f(si-i)\:=h+h+h 



Let us first study I\ . There holds, for any fixed 5 > 0, 



n+l 



* = E 



n + l 



m p 

§1 



5<|r|<rc 



'0<|r|<5 
MO I 



M0 1 



// w (/(^-fa))-^w(/(*»-l-fa)) 
-(# w (/(*)) -#w (/(*i-l ))) 



dr 



H w {f{ Si -kt))-H w {f( Si _ x -kt)) 
-(//„(/(*,)) -#w(/fa-i))) 



dr 



Morever, taking into account of (6) it follows that 

/i < (2" +1 - 1) / M0 1^2* [(H w of) (;-kt) - (H w of)(-)]dt 

J0<\t\<d 



JQ<\t\<5 

since / e so is (H vl .o /), then we have 



ds^O 



V 2 „[(H w of)(;-kt)-(H w of)(-)}= f K (H w of)'(--kt)-(H w of)'(-) 

J— It 

as t — > 0. So, for a fixed e > we can choose a 5 > in such that a way that 
V 2 tt \{H w of) (-, -fa) - (# w o/)(-)] < e for < |f | < 5, which implies that, 

// < (2" +1 -l)e / M0I* 

J0<|f|<<5 

Therefore we get that // < (2" +1 - l)Ae. For /f, we can write that 

/m 
lAv (o 1 E i#w (/ fa - kt ))- H « (/ fa- 1 - I * 
;— 1 

5<|f|<7T 

/m 
\L w (t)\^\H w (f{ Sl ))^H w {f( Sl ^))\dt 
i— 1 

6<|(|<7T 

/m 
MO I E I (/ fa - *0) - (/ fa- 1 - *0) 1 a 

:\t\<n 

> 

/m 
Moiii(/fa))-afa-i))i* 



< £(2" +1 -lW 



5<|!|<jr 
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< 2K(2" +l -l)V 2 Af] J MO I* 



d<\t\<Tt 

From K w .2), l\ < 2K(2 n+l - \)V 2jt [f] £. By K w 3), about I 2 , being / e BV 2k , f is bounded 
and so there exists a bounded interval / cl such that 



K 



-It 



^ (^-Dll^ll, m(y) 

< a(2" +1 -1)^^<(2" +1 -1)A£. 
m(J) 

Finally, for 7^ from K w .l), we have for sufficiently large w > 0, 

/3<2" +l y 2re [/]e 

from the above explanations, we conclude that, for sufficiently large w > 0, 

/ < e ((2" +l - 1)A + 2^(2" +l - \)V 2n [/] . +2" +l y 2jt [/]) 

and therefore the thesis follows being / G AC 2lt and by the arbitrariety of partition {sq,...,s,„} 
and of e > 0. □ 
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Abstract 

Although the regime-switching autoregressive model is a popular topic in economic literature, the esti- 
mation of this model with small sample sizes has rarely been addressed in financial areas. This model, also 
referred to as the autoregressive hidden Markov, and its associated estimation method can also be found 
in speech recognition literature. After careful examination of the estimation method in speech recogni- 
tion literature, we learn that a non-ignorable approximation occurs, which can only be justified under the 
circumstances of extremely long data sequences in the field of speech recognition. For this reason, we 
develop an original parsimonious estimation method for the autoregressive linear regime-switching model 
in economic fields. The positive semi-definite correlation matrix issue is considered and addressed in our 
estimation method. Stability and accuracy is also examined. 

Key words: regime-switching autoregressive model, hidden Markov, financial model, speech recognition, 
correlation matrix adjustment 



1 Introduction 

The Markov-driven regime-switching autoregressive process is a bivariate process {(X„,Y n )}, where {X„} 
is a Markov chain and {Y„} is an autoregressive process. The value of Y„ only depends on previous F„'s 
and current X n . Regime refers to X n which is a hidden and unobserved variable, while {Y n } is an observable 
variable on which deduction and inference can be made. This general regime-switching autoregressive 
process can be written as 

Y„=f(X„,Y n -ue n ), (1.1) 

where ?„_i = {Y„-\,Y„-2, ■ ■ ■ ,Yn-p} with p as the order of autoregression. The i.i.d. process {e^} denotes 
innovation process. Markov-switching regressions were initially introduced into economics by Goldfeld and 
Quandt [1973], the likelihood function for which was first correctly calculated by Cosslett and Lee [1985]. 
Our particular interests are regime-switching linear autoregressive models 

p 

Y n = 1 £a i (X n ;e)Y n - i + e n . (1.2) 

i=i 
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The linear model was initially brought into economics by Hamilton [1989]. The parameter estimation is 
calculated as a result of an iterative algorithm similar to the Kalman filter. It is observed that this numerical 
estimation method is subject to computational difficulties associated with the ill-behaved likelihood surface, 
which include multiple local maxima, essential singularities and local increases as boundary conditions 
are approached. The EM algorithm is used to overcome these numerical difficulties(Karlis and Xekalaki 
[2003], McLachlan and Peel [2000]). Most works on EM-algorithm estimation of regime-switching models 
in economic fields have focused on finite mixture models, with Markov-driven autoregressive models being 
ignored because of the computational difficulties. 

The model, also referred to as the autoregressive hidden Markov model, has been considered in speech 
recognition literatures such as Poritz [1982], Juang and Rabiner [1991] and Rabiner [1990]. Juang and Ra- 
biner [1985] suggests an EM-algorithm based estimation method for autoregressive hidden Markov models 
and also discusses the application of this model in speech recognition. 

After careful examination of this estimation method, we find that a non-ignorable approximation occurs 
in Juang and Rabiner [1985]'s estimation method, which is not stated in the original article. This kind of 
approximation can only be justified with the use of extremely long data sequences which are common in the 
field of speech recognition. In contrast, economic data sequences are often significantly shorter, therefore 
causing this kind of approximation to be non-legitimate. 

We develop an original parsimonious estimation method for the autoregressive linear regime-switching 
model in economic fields. This method produces accurate estimation results without ignoring parts of the 
data sequence, making it better suited for financial and economic applications than existing methods. 

We apply Gram-Schmidt orthogonalization, Frobenius norm minimization, and the EM algorithm to esti- 
mate linear autoregressive regime-switching models and develop a technique to maintain a positive semidef- 
inite correlation matrix. Stability and accuracy of this estimation method is also examined. 

The remainder of this paper is organized as follows. Section 2 presents our autoregressive hidden Markov 
model (HMM). It discusses the limitation of the existing p.d.f. function for the autoregressive HMM, and 
gives improved density functions under different assumptions. Section 3 applies the EM-algorithm to esti- 
mate the transition matrix of the autoregressive HMM . It also explores the performance of this estimation 
method in different settings. Section 4 provides the enhanced estimation method for autoregressive coeffi- 
cients. Section 5 presents a numerical example which illustrates implementation details of our new estima- 
tion method for regime-switching autoregression processes. Empirical studies give encouraging results. 

2 The Model 

2.1 Regime-switching autoregressive models with Gaussian innovations 

Our model assumes an observation window of length K moves along the time series data with overlapping 
length M. Our particular interest is M = 1, which denotes a natural case: moving forward one step each 
time. We also set length K = 5. To be more specific, we consider the observation vector s„ with components 
(x n ,x n+ i ,.. . ,x n +x-i)- The model can be written as 

p 

x„ = ~Y 1 ai{z n )xn-i + e„ n = 0, 1,2, ...,K- 1 

i=i (2-1) 

S n =X n o(z n ) Z„ = {1,. ..,#}, 

where z n denotes a random state, N is the number of states, are Gaussian i.i.d. random variables with 
mean and variance 1, and p is the order of autoregression (Nelson et al. [2001], Meyers [2010] and Lai 
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and Xing [2008]). Autoregressive coefficients a, and variance a follows discrete Markov process. In other 
words, the state of the Markov chain z„ affects the values of the autoregression coefficient a,- and the scaling 
parameter a,. For example, if this is a two state Markov process and the order of autoregression p = 2, 
then a\ E {ai(l),a\ (2)}, «2 € {02(1), 02(2)}, <7 € {c(l), ff(2)}. This process is driven by transition matrix 




Figure 1 : Illustration of autoregressive hidden Markov model. 

observations as well as on the hidden state z„. In this example, the distribution of x„ depends on the two 
previous observations x„_i and;t„_2- 



2.2 Analysis of existing density function of Gaussian autoregressive source 

Rabiner [1990] introduces the density function of the Gaussian autoregressive source in his section on au- 
toregressive HMMs. The density function for s is 

f(?) = (2rcc7 2 )-§ exp f-JL^Sfta)) , (2.2) 

where 

5(?,a) = r a (0)r(0)+2£r fl (0r(j) 

!=1 

a = [l,ai,...,a p ] 

p-i 

r a{i) = 52 a " a »+i 
n=0 

K-i- 1 

After mathematical analysis and numerical tests (See section (2.3.1) for details), we identify an approx- 
imation introduced by this density function that are not mentioned in the text. The assumption for this 
approximation is that the correlation of the first K observation doesn't affect the whole output. In other 
words, sample size T is much larger than observation window size K. In our model, observation window 
K = 5 and the length of sample size T < 10, thus the assumption doesn't hold for our model. We deduce a 
new density function for autoregressive process in following sections. 
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2.3 Improved density function with no structure imposed on first p sample data 

We provide two improved density functions for autoregressive hidden Markov model. Both of the two 
density functions make no approximation, which is applicable to short sequences of financial or economic 
data. With regard to the first part of the sample data, the first p.d.f. assumes no particular structure while the 
second assumes a linear structure. 

Using the Gram-Schmidt process (Golub and Van Loan [1996] and Demmel [1997]) to orthogonalize 
the first p samples {x\ . . .x p } into e = {£i . . . e p }, we may rewrite (2.1) as 

Hx = e, 



where x = {x\, ■ ■ ■ , xk}, e = 


{£i,-- 




■ , e K - p }, e 


~N(0,1) and 






/ h u 











o \ 






H = 


h 2 \ 


h 2 2 









( H n 




h p \ 


h P 2 ■ ■ 


hp P 








\ H 2l 






a p 

V o 


dp-l 
a p 


Cl\ 

a 2 


1 

Cl\ 




1 ) 







(23) 



hu = 
h%\ = 

1*22 = 



1 



-CT12 



(7 2 2 (j2- 



(2.4) 



To orthogonalize x, without loss of generality, we assume x\ ~ N(0, <7i ), and X2 ~ N(0, 02). Since 

h n x\ = t\ 

h.2\X\ +h22X2 = £2, 

and var(£i) = 1, var(g2) = 1, cov(ei, £2) = 0, we have equations 

Var(Anxi) = 1 

Var(/i 2 ixi +h 2 2X2) = 1 (2.5) 
Cov(huxi,h2ixi +I122X2) = 0. 

Because x\ ~ N(0, <7i), and X2 ~ N(0, 02), equations (2.5) are equivalent to 

hu = — 

^ 1 1 2 +^ 2 El + 2/j 2 i/j 2 2ai2 = 1 

h 2 iol + h 2 20l2 =0. 
The solution for this equation system is 



'12 
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(2.6) 



The elements of e are uncorrelated, thereby giving 

l = E{ee 1 } 
= E{Hxx*H'} 
= HE{xx 4 }H t 
=: HI. X H' 

Equation(2.6) gives 

Z- l =H'H. (2.7) 
Taking the determinant of both sides, equation(2.6) leads to 

\Z x \ = \H\- 2 = \H n \- 2 . 

Since x = H~ l e and e is Gaussian white noise , x is also multi-Gaussian. Plugging |E X | and E~' into the 
multivariate Gaussian p.d.f. yields the p.d.f. of the autoregressive process 

(2^)-^ 2 |E T r 1/2 exp{-^E- 1 4. (2.8) 



When unsealed s is used 



Equation(2.6) gives 



I = E{ee<} 

- -., (2.9) 
= E{H§§H'}. 



E7 1 =(J- 2 H'H. 



Taking determinant of both sides, equation(2.9) leads to 

\Z s \=o 2K \H u \- 2 . 

2.3.1 When sample size T > observation window size K 

Equation (2.2) is the approximate density function for s. We present an example with dimension equal to 3 
to illustrate the difference between Equation (2.2) and Equation (2.8). We get E v from Equation (2.7), then 
compute the p.d.f function from Equation (2.8). We only show part of computation results as 

/*Mathematica code */ 
input : 

H = {{nil, 0, 0}, {h21, h22, 0}, {a2, al, 1}}; 

x = { xl , x2 , x3 } ; 

x . Transpose [H] . H . x // Simplify 

output : 

32-^2 xl A 2 + hll"2 xl A 2 + h21 A 2 xl A 2 + 2 h21 h22 xl x2 + 
al A 2 x2 A 2 + h22 A 2 x2 A 2 + 2 al x2 x3 + x3 A 2 + 
2 a2 xl (al x2 + x3) . 

Comparing the expansion of x'Y,~ l x with Equation (??), we can see the cross terms of a, and x, are missing 
in Equation (??). The assumption for this approximation is that the correlation of the first K observations 
doesn't affect the whole output, which is true when sample size T is much larger than observation window 
size K. 
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2.3.2 When sample size T > observation window size K doesn't hold 

Based on Equation (2.8), We can compute accurate form of density function for s as follow: 

1. Compute £j = E(ss r ) withs = {ii,...,^} 



2. Use Eigenvalue Decomposition to get 



B T ^B = P 



( A) 



\ 



V ••• $ K -i J 

where B is an upper triangular matrix, the diagonal elements of which are all unity. 



3. Get the probability density 



f p -\ 



fix | E ? ) = {2K)- K '\a^ K -^ I J] 4 ] e X p{-///'H.?/(2(T 2 )} 



(2.10) 



2.3.3 Numerical example: testing integral of density function 

This numerical test is to examine whether 



X[=-oo Jx 2 = 



typ- 



hoids, where f(x) are p.d.f. functions in Equation (2.2) and (2.10). We set two sets of parameters as 
a = [1,0.5, 0.3], p = 2, K = 3, T = 3, a = 0.2 and a= [1,0.8, 0.4], p = 2,K = 3, T = 5, G = 0.1. The results in 
Table (1) confirm our argument that density function (2.2) doesn't hold when length of observation window 
K is not significantly smaller than data size T. Our new density function (2.10) passes the integration test. 

Table 1: Integration of density function of observation x over {— °o,°°}. 



density function (2.2) density function (2.10) 



parameter set 1 
parameter set 2 
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2.4 Improved density function with linear autoregressive structure imposed on first 
p sample data 

To address the problem of (2.1) being undefined for the first p samples, we may introduce some ghost 
variables and rewrite (2.1) as 

X\ +a\Xo +a2JC-i = £\ 
X2 +aix\ +a2XQ = £2 
X3 +01x2 +ci2X\ = £3 

XK + Cl\X K - 1 + 02XK-2 = £k 

where £,■ are i.i.d. N(0, 1). 

The parametres are {a\,a2, - ■ ■ ,a p ,xo,x_{, . . . ,x- p , a}. Variables xq and X-\ are ghost variables, which 
can be treated as scalars. We compare the degrees of freedom between (2.3) and (2.1) in Table (2), which 
shows the degree of freedom for the method with linear structure increases much slower than the one without 
linear structure as autoregressive order p increases. Small number of degree of freedom makes our model a 
parsimonious model which is preferred. 

Table 2: Comparison of degree of freedom between with and without linear autoregressive structure imposed 
on first p sample data. 





Equation (2.3) Equation (2.1) 


p = 2 
P = 3 
p = 4 


^p + P + l 2p+l 
6 5 
10 7 
15 9 



We show the steps to get the density function in what follows. After normalization of Equation (2.1), we 



have 



x\ = —aiXQ — ci2X-\ + £1 
X2 + Cl\X\ = -#2*0 + £2 
X3 +a\X2 + CI2X1 = £3 



(2.11) 
(2.12) 
(2.13) 



Let £ be 



£ := £ 



f —a\XQ — ci2X_\ \ 
-a2XQ 




= £+jli, 
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therefore e ~ N(ju, 1). We denote by H the coefficient matrix 



/ 1 




\ 


a\ 


1 




a 2 


A] 1 







«2 CL\ 1 




V o 


fl2 a \ 


1 / 




Hx = e 




H)(e- 


\-pCf =ee' + 


He' + 



so 

Taking the expectation of 

ee' = 
yields 

E(ee') =E{ee')+Hfl' =I + jUjU f . 
On the other hand, taking the expectation of (2.1 1) leads to 

HE(xx')H' = E(ee') = ^ +1, 

therefore 



Since 



M2 + 1 ■■■ 



we have 



V ... 1 / 

I E,- 1 = |Z/- 1 1 1 fan' + 1) 1 1 (H< ) - 1 1 = I fifi' + 1 1 = + 1 ) (M 2 2 + 1 ) - 2m m . 

3 Estimation of transition matrix 

The Baum-Welch algorithm is a particular case of a generalized expectation-maximization (EM) algorithm, 
which can compute transition and emission probabilities for a hidden Markov model, when only emission 
probabilities are given. This algorithm is introduced in Baum et al. [1970], Welch [2003], Baggenstoss 
[2001] and Jelinek [1998]. The modified algorithms have been applied to estimate parameters of hidden 
Markov model with discrete and Gaussian mixture observations (Bilmes et al. [1998]). In this section, we 
discuss our improved Baum-Welch algorithm for the autoregressive hidden Markov model. 
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3.1 Improved Baum- Welch algorithm for the autoregressive HMM model 

The Markov system can be described at any time by two variables: observation o t and state S t . Variable o t 
is observable and S t is latent. The parameters for the HMM are {A,B, n}, where A = {a,j} is the transition 
matrix, B = {bi(x t )} is emission probability and 7T, is the initial distribution. Two intermediate variables 
need to be defined first: 

a,{i) =P(oi =xi,...,o t =x t ,S t = i) 

and 

PtU) =P{ot+\ =x t+ i,...,o T =x T \S t = in- 
variable (Xt(i) can be calculated with the forward method (Rabiner [1990], Frey [2010]) with two steps: 
initialization step 

cei(i) = K{i)bi{xi) 

and induction step 

N 

<Xt+i(j) = (Y, a t( i ) a ij) b j( x t+i) for t = l,...,T-\. (3.1) 
Variable f5 t (j) can be calculated with backward method also with two steps: initialization step 

MO = 1 

and induction step 

N 

ftC/) = (£ft+i(Oay)fy(*+i) for f = T-h...,0. (3.2) 



Then with the E-step, we can get 



Zt(iJ) = p (% = i,qt+\ = j \ x ,0) 
P(q t = i,q t+i =j,X | 0) 



P{X | 0) (3.3) 

<Xt(i)Pt+i(j)aijbj(xt+i) 



and 



Y,(i)=P(q t = i\X,0) 
at{i)Pt(i) 



(3.4) 



The second equation holds because 



N 

Pt(j) = (L^+iWa^k/C^+i)- 

i=l 
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After computing those intermediate variables, we estimate mean vector jU f - and covariance matrix E, from 
sample data as 



and 

v _ E t =i(* -/*■•)(* -fr-y^o n « 

Li — T ... , \->-J) 

E/=i7f(0 

then use algorithm (4) to estimate //, from E*. The density function for observation x is defined by Equa- 
tion (2.8), so the emission probability is 

b t (i) = (27r)-^ 2 |E,r 1/2 exp{-^Er 1 x}, 

where 

E^ 1 =H-Hi and |E;| = \Hi\- 2 . 
The pseudocode below presents the algorithm of applying Balm Welch to autoregressive HMM. 

Algorithm 1 HMM Forward. 



Initialize: t <— 0, fly, bj, visible sequence o, 0/(0) 
repeat 

t 4-t + l 

0/(0 <-6;(or) I^i <%(»-l)^ 
until f = T 

return a/ (r) for the final state 



Algorithm 2 HMM Backward. 

1: Initialize: t <—T, aij, bj, visible sequence o, j3/(T) 
2: repeat 

3: ti-t—l 

5: until t = 1 

6: return /3,-(0) for the known initial state. 



3.2 Implementation Issues 

The first issue is how to select the number of states. The Bayesian Information Criterion (BIC) is the log 
likelihood penalized for the number of free parameters (McLachlan and Peel [2000]). The model of the 
smallest BIC is preferred. As BIC gives whole information of the model, we choose BIC to decide number 
of states. 

The second issue is how to initialize and terminate the algorithm (Biernacki et al. [2003] and McKenzie 
and Alder [1993]). This has three sub-issues: generating an initial estimate of the parameters, terminating 
the algorithm, and avoiding local maxima of the log likelihood. 
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Algorithm 3 HMM EM algorithm. 

1: Initialize: ay, bj, training sequence x, convergence criterion 6, z <— 

2: repeat 

3: Z^Z+l 

4: Compute a,(f) by forward algorithm (1). 

5: Compute Pi(t) by backward algorithm (1). 

6: Compute sufficient statistics %ij(t) from a,-(f), j3,(f) and b(z— 1) by Eq. (3.3) 

7: Compute sufficient statistics Yi{t) from a,-(f), /3,(f) and b(z — 1) by Eq. (3.4) 

8: Update transition matrix a(z) from a(z — 1), %ij(t) and yj(f) by Eq. (??) 

9: Estimate covariance matrix E, for each state / by Eq. (3.5) 

10: Compute Hj for each state i by Algorithm (4) 

11: Compute emission probabilities b(z) by Eq (3.1) 

12: untilz = r 

13: return 



The EM algorithm starts with an initial guess of the parameters. The algorithm can get stuck in a local 
maximum, so the choice of an initial parameter is more than just an issue of efficiency. Several approaches 
have been suggested. Most termination criteria do not detect convergence per se but rather lack of progress, 
and the likelihood function has "flat" regions that can lead to premature termination. 

Therefore, it makes sense to make the termination criteria reasonably strict, and it also makes sense to 
start the algorithm at multiple starting points. An approach suggested in Karlis and Xekalaki [2003] is to run 
multiple starting points for a limited number of iterations, pick the one with the highest likelihood and then 
run that choice using a fairly tight termination tolerance. This is the approach taken in the demonstrations 
below. 

The third issue is the scaling issue. Considering the forward recursion 

(Xt+l U) = ^E a < (i) a ij^J b i O'+i ) for t = l,...,T-l, 

repeated multiplication by bj at each time step can cause serious computational problems. The solution, as 
discussed in Rabiner [1990], is to scale the computations in a manner which will still allow one to use the 
same forward-backward recursions. 



3.3 Numerical example: performance of Balm- Welch estimator 

Assume the transition matrix is [ ^ ^ ^ l ). We set up our testing cases as: p\ = (0.95,0.8,0.5), 

V 1 — P2 P2 J 

p 2 = (0.8,0.5,0.3), fi = (0.5,-0.3), a = (0.5,0.8) and sample size T = 10000. 

Figure (2) shows a boxplot of Balm- Welch estimates for the hidden Markov driven Gaussian mixture 
model from replications 100 with sample size T = 10000 with parameters Ci = 0.5, 02 = 0.8, jJ.\ — 0.5, 
ji2 = —0.3, {pi,P2} G P- P is a set of combinations of {p\,pi}- Let 

P:={0.95, 0.8}, {0.95, 0.5}, {0.95, 0.3}, {0.8, 0.8}, {0.8, 0.5}, 
{0.8,0.3}, {0.5,0.8}, {0.5,0.5}, {0.5,0.3}. 

We see that the estimator performs well for p\, P2, <Ti and 02, but tends to have some bias for fi{ and 
fi2- Although this bias exists, it still delivers reasonable estimates for a number of observation as small as 
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100. We can also see cases with symmetric parameters, for example, p\ — 0.5, p2 = 0.5, have superior 
estimations. Figures (5a) to (5c) show number of observations = (25,50,200,3000) for each combination. 
It also demonstrates that models with symmetric parameters converge better under our algorithm. 
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Figure 2: Boxplots of estimated pi, p2, <J\, 02, \li for number of observations = 100 with parameters 
a x = 0.5, C7 2 = 0.8, Mi = 0.5, jx 2 = -0.3, {pi,p 2 } € P. 



4 Estimation of autoregressive coefficients 

We develop three estimation methods for autoregressive coefficients. The MLE method needs approximation 
of the p.d.f. to some extent, thus we apply the MLE method to problems with large sample size T. The 
ordinary least square (OLS) method doesn't give information of distribution of data, therefore we use it 
to generate an initial guess. The Frobenius norm minimization method is parsimonious, stable, and shows 
high resolution precision according to our tests. We choose Frobenius norm minimization method as the 
estimation method for our model. Due to data errors, the correlation matrix we get from real data is not 
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(a) Estimated p 1 and p 2 : p\ = 0.9, p 2 = 0.8, II = (0.8, -0.8), cr = (0.5,0.8). 
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(b) Estimated p\ andp 2 : pi = 0.9, p 2 = 0.5, /x = (0.8, -0.8), cr = (0.5,0.! 
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(c) Estimated p! and p 2 : pi = 0.9, p 2 = 0.3, ]l = (0.8, -0.8), a = (0.5,0.8). 
Figure 3: Boxplots of estimated p\ and p 2 with number of observations = (25,50,200,3000). 
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h r> --i 



(a) Estimated pi andp 2 : Pi = 0.8, p 2 = 0.8, jll = (0.8, -0.8), cr = (0.5,0.! 



^1 ' 



(b) Estimated Pl and p 2 : Pi = 0.8, p 2 = 0.5, jU = (0.8, -0.8), cr = (0.5,0.1 



(c) Estimated Pl andp 2 : Pi = 0.8, p 2 = 0.3, fi = (0.8, -0.8), cr = (0.5,0.8). 
Figure 4: Boxplots of estimated p\ and p 2 with number of observations = (25,50,200,3000). 
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(a) Estimated p l and p 2 : pi = 0.5, p 2 = 0.8, \i = (0.8, -0.8), cr = (0.5,0.: 



(b) Estimated p\ andp 2 : pi = 0.5, p 2 = 0.5, = (0.8, -0.8), cr = (0.5,0.! 



(c) Estimated Pl and p 2 : p\ = 0.5, p 2 = 0.3, fl = (0.8, -0.8), cr = (0.5,0.8). 
Figure 5: Boxplots of estimated p\ and p 2 with number of observations = (25,50,200,3000). 
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always positive definite, thus we further provide the correlation matrix adjustment method and numerical 
examples. 

4.1 MLE estimation with approximate expression of p.d.f. 

One method to calibrate a and <J The p.d.f. function (2.2) is defined by parameter a and a. Given a 
data observation vector s = (xq,x\ ,Xk-i), we can determine the maximum likelihood estimate of a and 
a that best characterizes the observed s (Boyd and Vandenberghe [2004] and Nocedal and Wright [1999]). 
The log likelihood function is 

log/(?|a,a) = -f logger 2 )- 8{la) 



2 6V ' 2a 2 ' 

Instead of searching for optimal values in two dimensions, we search in one dimension first, then search 
in the other dimension. 

h{a,a) :=log/(?| a, a) 
g a (a) := h(a,a) 
&{a) — argmaxg CT (fl) 

a 

a = argmax/i((7,fl). 

o 

Therefore, the ML estimate is 

a M L = argmaxlog/(i | a, a) 

a 

= argmin5(?,a) 

a 

= argmin(a'7?fl) 

a 

where R = [ry] with ry = r(\i-j\). 

If there is no constraint for a, since R is symmetric positive definite, we have optimal result a'Ra = 
with a — 0, however, with constraint «o = 1, rriin f 7/(a) = min fll , a2 ) .. _, f(a), which can be solved with 
Lagrangian multipliers. 

Furthermore, we optimize object function log/(? | <J,d) over a 

minlog/(i| a, a) <^>min [ -^log(2a:(7 2 ^ d s lf 



2 6V ; 2a 2 
Taking the derivative with respect to 8 and letting x = <J 2 ,x > 0, 



The estimated a is then 



Gml = argminlog/(i I a, a) 

o 

= 8{s,a)/K. 
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Alternative method to calibrate the model When p = 2, the objective function is 

K 

maxlog ri/Ke/) 



a l ,a 1 



^>maxVlog/?(e ( ) 



<^max Klog —= — ^ 



^min£e 2 . 



This is equivalent to maximizing the probability of error term e, appearing around mean 0. When K = 10, 



/ e\ \ / (x 2 +a\x\ +a 2 xo) 2 ^ 

+ (x3+fliX2+fl2-«l) 2 



mm 

a l, a 2 



+4 



V +4> / 



=: y(a 1 ,fl 2 ,xo,...,x 1 0) 



\ +(xio + fliX9+a 2 -«8) 2 / 



Take 4^ = and |f = 0, we can get 



with 



a 2 



A:- 



b 2 



m\ m 2 
n\ n 2 



mi = x\+x 2 + ■ ■ -+Xg 
9 

=1*?, 

i=l 



OT2 = XoXi +X1X2 + . . . +X8X9 
9 

i=l 



and 



fo] = X\X 2 +x 2 xi + ... +X9X10 
9 
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In similar way, we can get 



i=\ 
8 

!=0 

8 

^2 = 



then we have estimated 



«2 



*1 
fo 2 



With estimated {a\ , S2}, we can get e. We find the optimal a by searching in the other direction: 



max [ A' log — -L x ;;1 

° \ V2na 2a 2 - 



2a 2 



<=>min K\og \J2na 
&o = ( )'/3 

^riogV^ 




4.2 Estimation of coefficients matrix with ordinary least squares 

This section discusses the application of ordinary least squares (OLS) (Lawson and Hanson [1995] and 
Montgomery et al. [2012]) to estimate autoregressive coefficients. For example, suppose the order of regres- 
sion p — 2, observation window size K = 5, sample size T = 10, observations of stock returns x\,X2, ■ ■ ■ ,*io- 
We wish to predict tomorrow's stock return based on today's and yesterday's return. Thus we write this 
problem as 



*3 
X4 



-G1X3 — 02X2 + 64 



We want to minimize 



-a\x<) — ci2X% + eio- 



( * ^ 




( x 2 


X\ \ 




/ X3 








X3 


X2 




X4 


















V *10 J 




V x 9 






\ Xio 


) 



:= Xa —x. 



Let a be the solution of the least square problem, which is also the estimated autoregressive coefficients. We 



still need to estimate a for our model. We get estimated a ■ 



where <7, mp is implied volatility from one 



year European option. The next example justifies this estimation method. 
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For example, s is daily return of stock, a is standard deviation of daily returns, Oi mp is implied volatility 
of one year option, T = 250, Af = 1/250. Since 



ds 



\idt + adW, , 



therefore 



St-s t -i 

St-l 



J imp 



Atz t , 



mean jj, is not stochastic but determinant, Af = 1 /250 = 0.004, \/Af = 0.0632, so the first term on the right 
hand side can be ignored. In other words, return of stock r t = — s ~ Zt with standard deviation <7 rmp VA7- 
The shortcoming of this estimation method is that it doesn't give information about the distribution, 
therefore it is used to provide an initial guess. 



4.3 Estimation of coefficients matrix H by minimizing Frobenius norm 

The assumption for this method is that x are correlated multivariate normal variables and e are i.i.d. N(0, 1) 
random variables. We have 



Hx = e 



with 





f h n 










\ 


H = 


















fl2 


a\ 


1 






V o 





a.2 


a\ 


1 / 



First, we estimate covariance matrix E A from sample data x. 
Then, based on equation(2.6), we know 



so we use Cholesky decomposition to get E x 



E7 1 =H'H, 



U'U = Chol(E v ) 
H 1 = U'. 



Last, we minimize the Frobenius norm of H — H 



Eij—Hij-Hij 



a* = min(V, . .^„e, 2 ,) 
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Algorithm 4 Estimation of autocorrelation coefficients. 

l: Given x = , • • • , , Xg . 

2: Estimate covariance matrix E x from x. 

3: t/^Chol(E x ) 

4: H = (u- X y 

5: V, j I'lij Hi l 

6: a* •«-min aiifl2 (£ 1<i)i<x e?) 



4.4 Numerical examples 

Numerical example: accuracy test We begin with 



After taking 





/ h u 

h 2 \ 




hn 







\ 


H = 


















C12 


a\ 


1 






V o 







a\ 


1 / 




= H 




-t 





we generate scenarios x with covariance E A and expectation E(x) = 0. Having x, we use our method Algo- 
rithm (4) to find H, then make a comparison of Frobenius norms between Hu and Hjj to see if 

\\ti-H\\jr~0, 

where 

A F :=\\H-H\\ 2 F = ^(Hij -H^jf. 

i,j 

Table (3) shows estimation errors measured by Ap with respect to 6 sets of parameters. We can see when 
a = {ao,ai,a2} with ao = 1, \a\\ < 1 and |fl2| < 1, errors Af is less than 0.02. When ao = 1, |ai| > 1 and 
\a.2\ > 1, errors Ap is larger than 0.03. From the model definition, we know qq = 1, \a\\ < 1 and |fl2| < 1 is 
a reasonable assumption, which means yesterday's price has less impact than today's price, the day before 
yesterday's price has less impact than both yesterday's and today's price. Table (4) shows when \a\ \ < 1 and 
|fl2| < 1, this method can get errors less than 0.02 with simulation number 5000. 

Table 3: Errors Ap with respect to different parameters, with 10000 simulations. 





{^11,^21,^22} 


a 


{0.02,0.01,0.05} {0.2,0.1,0.5} 


{1,5,3} 


0.0548 0.0345 


{1,0.5,0.3} 


0.0015 0.0046 


{1,0.5,-0.3} 


0.0030 0.0065 
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Table 4: Errors Ap with respect to different simulation numbers. 



numer of simuation 
100 
1000 
5000 
10000 



{huMiM = {0.2,0.1,0.5} 



« = {1,5,3} a = {1,0.5,037 
0.4146 0.0871 
0.1050 0.0381 
0.0845 0.0197 
0.0319 0.0056 



Numerical example: stability test We add a small value i to zero entries in H with | < to make it 
more realistic 



h%\ h.22 



H = 



a 2 
l 



\ 



a\ 1 
a2 a\ 1 / 



With new H, we apply the same algorithm as in Section (4.4). Compared with Table (4), results in Table (5) 
show that with perturbation, this method can also get errors less than 0.02 with simulation number 5000 
when |ai| < 1 and la^l < T To summarize, this is a stable method. 



Table 5: Errors Ap with respect to different simulation numbers with perturbations. 



numer of simuation 


{hn,h 2 i,h 2 2} 


= {0.2,0.1,0.5} 


a = {1,5,3} 


a = {1,0.5,0.3} 


100 


0.7477 


0.1595 


1000 


01657 


0.0334 


5000 


0.0759 


0.0178 


10000 


0.0278 


0.0083 



4.5 Correlation matrix adjustment method 

Given a symmetric matrix A, we construct a positive semi-definite matrix A by using eigendecomposition of 
A (Harville [2008]). We begin with normalizing A so that it has unit diagonal elements. 
Let 

A=DA W D, 

where D is diagonal matrix, A^ is symmetric and has unit diagonal elements. Let 

A (0) -fiAg', 
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be the symmetric eigendecomposition of A 1 - ' into orthogonal matrix Q of eigenvectors and diagonal matrix 
A. Let A + be the diagonal matrix consisting of the elements max(A,,0). Let 

A (1) =QA+Q', 

This matrix A is positive semi-definite, but we normalize it so it has unit diagonal elements. Define a 

— 1 /2 

diagonal matrix S to have diagonal elements s„- = a^' , where ap are the diagonal elements of AW. 
Then the matrix 

A^=SA^S 

is a positive semi-definite symmetric matrix with unit diagonal. Let 

A=DA [2) D 

is the desired semi-definite symmetric matrix close to our original A. 



Numerical example: speed and accuracy test We perform some tests where we measured the time taken 
for each method along with the distance from the original A and the fixed-up matrix A. To measure the 
distance we use the L 2 ~ norm, i.e. we want to minimize the quantity 

X 2 = \\A-A\\ 2 L2 =l j (a Lj -a I . J ) 2 . 

i,j 

For each matrix size N we computed around ^jjp random symmetric matrices with unit diagonal and non- 
diagonal elements between —1 and 1. For the ones we fixed up, we looked at the average distance % 2 - We 
also recorded the time taken for different methods. Table (6) also shows normalized distance i.e. % 2 
divided by A^ 2 where N denotes the size of matrix. The times are in milliseconds. 

Table 6: Speed and accuracy test for correlation matrix adjustment. 



Size 


Time 


x 1 


Xn 


5 


0.1 


0.67 


0.027 


10 


0.455 


7.01 


0.070 


15 


1.25 


22.17 


0.098 


20 


2.55 


47.61 


0.119 


25 


4.6 


84.23 


0.134 


30 


8.0 


132.5 


0.147 


60 


50 


685.5 


0.190 


100 


225 


2174.1 


0.217 
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5 A numerical example 

To clarify our new estimation method for our model, consider a two-state autoregressive HMM model with 
autoregressive order p = 2, length of observation window K = 5, Coefficients matrices for each state are 



and 





( 0.1 
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V 



0.3 0.5 j 



for each state. The transition probability matrix between two states is ( ^Pi ^ 

\ 0.8 0.2 



The observation 




Figure 6: Illustration of overlapped observation window. 



window with length 5 moves along time axis as in Figure (6). The autoregressive coefficients matrix H t 
describes dependence within each observation window 

H t x t = e, 

with x t = {x t ,x t+ i,x t+ 2,x t+ 3,x t +4.}. Since two states of H occurs, H t £ {H\,H2\, so there are two sets of 
dependence relationships within each observation window. Matrix H t is driven by hidden state variable z t . 
Thus distribution of observation x t not only depends on previous observations, in this example, x t _\ and 
Jt(_2> but also depends on hidden state z t . We study this example through simulation. 

1 . Initialize the process at t = with initial state i drawn from the distribution n; 

2. Call the current state i, simulate the new state j: simulate a discrete random variable with probability 
distribution given by the i-th row of the transition matrix, i.e., qij/qi,j ^ i\ 

3. Given current state i, simulate a multi-gaussian random variable with mean H~ 1 e, variance H^^ee' + 
\)H-> 



106 



ZHANG ET AL 84-110 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 

Zhang, Frey, Goode 



Algorithm 5 Estimate parameters of Autoregressive HMM model 

1 . Estimate of transition matrix Estimate A with Balm-Welch algorithm. 

2. Fix correlation matrix If correlation matrix is not positive semi-definite. 

3. Estimate autoregressive coefficients matrix Estimate H with our Frobenius norm minimization 
method. 

4. implementation issues 

• Initialization: Randomly initialize the parameters, use multiple restarts, and pick the best solu- 
tion. 

• Termination: Set maximum iteration number — 100, Tolerance of convergence = le — 6. 



4. If t is less than a preassigned maximum time T max , return to step 2. 

We estimate parameters of this example with Algorithm (5), and get estimated transition matrix 



0.2023 0.7977 
0.8026 0.1973 



and two autoregressive coefficients matrix 



Hi 



( 0.0994 
0.9187 0.2040 
0.1018 0.5978 1.0000 









0.1018 0.5978 1.0000 

0.1018 0.5978 1.0000 / 



and 



H 2 = 



( 0.8053 
0.2099 0.7954 
0.2955 0.5031 1.0000 









0.2955 0.5031 1.0000 

0.2955 0.5031 1.0000 / 



Errors are still quantified by Ap = \\H — H\\ F . We have 



A$ ) = \\H 1 -6 1 \\ 2 P = 0.0154 



and 



i(2) 



\\H 2 - H 2 1|| =0.0198, 



both of it are less than 2%. We consider these to be good estimation results. 
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6 Conclusion 

Although the regime-switching autoregressive model is a popular topic in economic literature, the estimation 
of this model with small sample sizes has rarely been addressed in financial areas. This kind of model, also 
described as an autoregressive hidden Markov model, and its associated estimation method can also be 
located in speech recognition literature. After careful examination of this estimation method, we learn that 
a non-ignorable approximation occurs, which can only be justified under the circumstances of extremely 
long data sequences in the field of speech recognition. For this reason, we develop an original parsimonious 
estimation method for autoregressive linear regime-switching models in economic fields. The positive semi- 
definite correlation matrix issue is considered and addressed in our estimation method. Stability and accuracy 
is also examined. 

This paper examines existing autoregressive hidden Markov model and associated estimation methods in 
the speech recognition literature and discovers a significant approximation which is unstated in the original 
literature. This approximation can only be justified within the context of speech recognition which usually 
has extraordinarily long data sequences. In contrast, this estimation method is not applicable since financial 
data size is often limited. In a second step, we introduce a new accurate density function for this kind 
of model, which doesn't need any approximation and be able to function with small sample sizes. This 
property makes it suitable for financial and economic data. This density function passes integration check 
for p.d.f. functions. We also give different variations of this p.d.f function under different assumptions of 
first segments of data sequences, which can be used for initialization or estimation. 

This paper also develops an original parsimonious estimation method to estimate autoregression coef- 
ficients matrix and transition matrix which is based on an improved Baum- Welch algorithm, Cholesky de- 
composition and Frobenious norm minimization. For Baum-Welch estimates of the hidden Markov driven 
Gaussian mixture model, our study shows that the estimator performs well for transition matrix and variance 
but tends to have some bias for means. Although this bias exists, it still delivers reasonable estimates for 
as few as 100 observations. We can also see that cases with symmetric parameters, for example, p\ = 0.5, 
P2 = 0.5, have better estimation performance. For Cholesky decomposition and Frobenious norm minimiza- 
tion of the autoregressive coefficients matrix, our numerical accuracy study shows this method can produces 
errors less than 0.02 with 5000 simulations. The stability test demonstrates it is a stable method for the 
reason that with perturbation, this method can achieve errors less than 0.02 with 5000 simulations. We also 
provide a method to fix non positive semi-definite covariance matrix by using eigendecomposition. These 
findings could be a basis for future research to investigate the information content provided by time series 
information and option prices with respect to regime-switching autoregressive models. 
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Abstract: Volatility is a very important parameter in financial economy, it is necessary to 
accurately measure it in portfolio selection, asset pricing and risk management. Determining the 
implied volatility is a typical PDE inverse problem. In this paper, we propose the total variation 
regularization model for determining the implied volatility and make a rigorous mathematical 
analysis for this inverse problem. We not only discuss the existence and uniqueness to the 
solution, but also give the necessary optimality conditions for the related minimization problem. 
Furthermore, the stability analysis for this regularized approach are presented. 
Key Words: Implied volatility; Tikhonov regularization; Total variation regularization; Euro- 
pean option; Black-Scholes model 



1 Introduction 

Latest revolution of option pricing theory began in 1973, Black and Scholes [1] published their classic 
option pricing paper "Option Pricing and Corporate Debt" , established the Black-Scholes model, obtained 
the partial differential equation depicting the option price change-the Black-Scholes equation: 

au i 2q2 d 2 u du 



U\ t =T = 



(S — K) + , call option, 
(K — S) + , put option, 



here U denotes the option price, S denotes the price of underlying assets, K denotes the strike, T denotes 
the maturity and r denotes the riskless interest rate. 

The option prices obtained from the Black-Scholes pricing framework are functions of five parameters: 
S, strike K, r, T and a. Except for the volatility parameter, the other four parameters are observable 
quantities. In the traditional Black-Scholes formula and the emerging American options pricing formula 
statistical inference of the stock price volatility has a very important application in finance so that many 
people have been working on these problems. There exists an assumption in the Black-Scholes world that 
the volatility of the underlying asset is a constant, however, in the actual market volatility is changing [7, 9]. 
The volatility of underlying assets derived from a single option is called the implied volatility. 
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The volatility of underlying assets obtained from the option prices with different strikes and different 
maturities is a binary function of S and T, i.e. a = cr(S, T). How to use the quotation of the options market 
to get the information about the volatility of the future underlying assets is a typical PDE inverse problem, 
called the IPOP (inverse problem of option pricing). Regularization method is a class of important methods 
for solving the inverse problem. The most widely applied regularization method is Tikhonov regularization 
method [14]. 

In the case a = cr(S), Isakov [10], Jiang and Tao [11, 12], Deng et al. [5] established the Tikhonov 
regularization model for solving the implied volatility and analyzed the existence, uniqueness and stability 
of the solution. Chiarella et al. [2], Crepey [3, 4] considered the case a = cr(S,t) and established the 
Tikhonov regularization method for determining the implied volatility. However, the traditional Tikhonov 
regularization method may over-smooth the solution. In image processing, these shortcomings will blur the 
edge of the restored image. Based on the advantage that the total variation regularization can preserve the 
edge of the image, Rudin et al. [13] proposed the following TV — L 2 model (also called the ROF model): 

Taking into account the advantages of the total variation regularization, our research is mainly focus on 
how to use the Black-Scholes theoretical framework to reconstruct the underlying assets price under the risk 
neutral probability by the information obtained from the options market, i.e., how to deduce the implied 
volatility of the underlying asset. 

The paper is organized as follows. In the next section we transform the inverse problem of the option 
pricing into an optimal control problem. In Section 3, we focus on the mathematical analysis of the existence 
and the necessary conditions. The stability of the optimal control problem is analyzed in Section 4. In 
Section 5, we prove that there exists the only partial solution under appropriate assumptions and some 
concluding remarks are given in the last Section. 



2 Total variation regularization model 

In this paper, we only discuss the case of a(S, t) = cr(S) on European call options. Under the sense of the 
risk neutral measure, the random process of the underlying assets price evolution can be modified by 

= {r- q )dt + a(S)du t , 

where q is the constant continuous dividend yield paid by the underlying asset, then the European call 
option U(S, t, K, T) satisfies the Black-Scholes equation: 

% + 2 a2{s)s2 S + {r - q)s %~ rU = ' (S,t)en+x[0,T\, (l) 

U(S, T) = max(5 - K, 0) = (S - K) + . 

This inverse problem was first proposed by Dupire in [6] . He obtained a formula of the local volatility 
with all possible strikes and maturities, but the formula was ill-posed. It is impossible to be used in practice 
unless we make some appropriate amendments. 

Taking into account the average price of options which includes more market information, so the above 
problem expressed as: 
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Let U(S,t, K,T) be the price of a European call option which satisfies the Black-Scholes equation (1). 
Assume that when S = Sq, t = 0, 



^ [ T ° U(S ,0,K,T)dT = U*(K), K G R + , 
J o Jo 



rT 

To 

is given, where Tq > and U*(K) is a given function of K, how to determine the function a = a[S)1 

The signification of ^ J U(Sq,0, K,T)dT is the average premium corresponding with a fixed strike 

price and all different maturities time from to To, i.e., the average price of options. By following Dupire's 

idea and using the well-known property of Green function, we reduce the above inverse problem of the 

option pricing to an inverse parabolic problem with the terminal observation. 

Let U = U(S, t, K, T) be the price of a European call option and set G(S, t, K, T) = then G satisfies 

dG 1 2n2 d 2 G . . n dG „ n 

m + 2™m + t r - q)s ds- rG=0 > (2) 

G(S,t) = 5(K-S), (3) 

where 5{x) = 5{—x). G(S,t, K,T) is the basic solution of equation (2) with terminal data at t = T. It 
follows from Dupire's theory [6] that G(S, t, £, rj), as a function of £ and 77, is the basic solution of the adjoint 
equation of the Black-Scholes equation (1). Set v(£, rj) = G(S,t,£,rj), then v(£,rf) satisfies 

r * dv a 2 d 2 _ 2 . , . d , A . 

where < £ < 00, < »S < 00, t < rj. The adjoint operator L* of the operator L is defined by 

n d 2 n d 



where 



and both L* and L satisfy 



dxidxj ^— ' dxi 

i,3=l J i=l 



Lu= ^a ij (x)-^-^ + }^b i (x)— + c(x)u, 

i,j=l 1 3 i=l 



/ (wLu - uL*v)dx = 0, Viz, u G C^{n). 
Jn 



Then G as a function of K and T is the basic solution of (2)'s conjugate problem 
f)C 1 8 2 f) 

df = 2dK 2 ^ K2u2{K)G "> ~ (r-q) M (KG)-rG, (T, K) G (t,+oo) x (0,+oo), (4) 
G(S,t,K,T)\ T=t = 8(K-S). (5) 

By integrating the equation (4)-(5) twice with respect to K, we deduce that U(S,t,K,T) as a function of 
(K, T) satisfies the PDE 

U T = l -K 2 a 2 {K)U KK - (r - gJtfEfr - gl7, (T, K) G (t, +00) x (0, +00), 
[/(S,t,K,T)| T=i = (,S-K) + , 
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which implies that U (K, T) = U(So, 0, K, T) as a function of (K, T) satisfies 

U T = l -K 2 a 2 {K)U KK - (r - q)KU K - qU, (T, K) G (0, +oo) x (0, +oo), 
U\ T=0 = (S - K)+. 

If the average price of options ^ J U(So, 0, K, T)dT = U*(K) is known, how to determine the function 
a = a(S) ? 
Set 

. K U(S ,0,K,T) 
V = ln -^i t = T, V{y,T) = , 

Do Do 

and a(y) = ^a 2 (K)(we replace To by T for convenience sake). In the actual market, the strike price of the 
call option is neither much lager than S nor far less than S, so in this paper, we shall assume that y £ [A, B] 
and record this interval by 0, then V satisfies the following PDE with the terminal observation: 

LV = V T -a(y)(V yy -V y ) + (r-q)V y + qV = 0, yen, rG(0,T], (6) 

v( y ,o) = (i- e y) + , yen, (7) 

±J V(y,r)dr = V*(y), 

where V*(y) = ^ff 1 . 

We shall assume that V*(y) satisfies the following conditions: 

0<Hi,)<i(l-e-« r ). (8) 

To reconstruct the unknown implied volatility, we hope that the average price of options ^ J Q T V(y, t)cIt 
is as close as possible to the known function V*(y). We regard V as a nonlinear operator on a. 
Consider the following optimal control problem: Find a G A such that 

T(a) = mm -/ -/ V(y, r)dr - V*(y) dy + - J(a) + |G(a), (9) 

^ J Q J 

where 



J(a) = f \Va\dy, G(a) = [ \Va\ 2 dy, 
Jn Jn 

N and [i are coefficients of the regular items, A = {a(y)\0 < a(y) < C, Va G L 2 (17)}, C is a constant, 
V(y,t) is the solution to equations (6) and (7) for arbitrary given a G A. To avoid the case |Va| « in the 
flat area, we replace |Va| with \Va\p = \/\^JaY^\-JP , where (3 is a very small number. According to the 
definition of 1? norm, the problem (9) is equivalent to 

T{a) = min \ \\ 1 C V(y, r)dr - V*(y) \\ 2 L2{n) +^ I ^\Va\ 2 + J 2 dy + \ [ \Va\ 2 dy. (10) 

This problem is completely different from the traditional Tikhonov regularization, because the regular 
item J Q y^Val 2 + f3 2 dy is related to the total variation regularization proposed by Rudin et al. [13]. 
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3 Existence of regularized solution 

Lemma 3.1. Under the above assumptions about the optimal control problem (10), if {a n } — ^ a*, then 
{V(a n ,y, r)} — 1 V(a*,y,r), where V(a*,y,r) is the solution to (6) related to a = a*. 

The following lemma is easily obtained from the Banach-Steinhaus Theorem. 

Lemma 3.2. Let 1 < q < oo, {/&} weakly convergent to f in L q {yt), if and only if 

(1) {fk} is bounded in L q {VL); 

(2) lim f E fkdx = f E fdx for any measurable set E CO. 

By Lemmas 3.1 and 3.2, we easily deduce the following corollary. 

Corollary 3.3. Under the above assumptions about the optimal control problem (10), if {a n } has a sub- 
sequence {a ni } which weakly converge to a*, then {J Q V n (y,T)dT} related to {a n } also has the subsequence 
{Jq V n[ (y, r)dr} which weakly converge to {J^ V*(y,T)dr}. 

With the previous lemmas and corollary the main result of this section can be proven: 

Theorem 3.4. Under the above assumptions, there exists at least a minimum a £ A in the following 
problem 

T(a) = mm^£v( y ,r)dr-V%y)\\l Hn) + ^Jp{a) + |G ( a). 
Set W(y,r) = J V(y,rj)dr], then the optimal control problem (10) can be transformed into 
T{a) = mm ^ J q \W(y, T) - TV*{y)\ 2 dy + ^ J V|Va| 2 + /3 2 dy + | J \Va\ 2 dy. 

Set V = ve~ qT , then v satisfies the following system of equations: 

v T = a(y)(v yy - Vy) ~(r~ q)v y , yen, t G (0, T], 
v(y,0) = (l-e J/ ) + . 

Similarly to the proof of Lemmas 3.1, 3.2 and Theorem 3.4 in [11], we can deduce the following results. 
Lemma 3.5. Under assumption (8), we have 

[ 1^ [ T V(y,T)dr-V*(y)\ 2 dy<oc, Vy G a 
Jn 1 Jo 

Theorem 3.6. For any y GO, we have 

[ V y 2 dy\ M < e c \ [ T [ V 2 ydydr < e c ' T . 
Jn Jo Jn 

Noticing that W(y,r) = J Q T V(y,r])dri, the following corollary can be deduced directly from Theorem 

3.6. 

Corollary 3.7. For any y G f2, we have 

[ W 2 dy\ (y , T) < e c \ [ T [ W 2 y dydr < e c \ 
Jn Jo Jn 

5 
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Now we turn to the necessary optimality conditions which have to be satisfied by each optimal control 
a for the related minimization problem. 

Theorem 3.8. Necessary optimality conditions: Let a be a solution of the optimal control problem (10). 
Then there exists a triple of functions (w,cf),a) satisfying the following equations: 



and 



W T = a(y)(W yy -W y )-(r-q)W y -qW + (l-ey) + , (y, r) G X (0, T], 
W\ T=0 = 0, 

-4> T - (a(f>) yy - {a4>) y - (r - q)(f> y + q4> = 0, (y, r) G U x (0, T], 
( j ) \ T=T = W(y,T)-TV*(y), 



h £ L m ™ - Wy){h - a)dydT + t i Tmkw • v{h ~ a)dy 



(ii) 

(12) 



(13) 



t2Jq j^„ yy ,. v/v . 2 J n v /|Va|2 + /3 2 

+ n / Va ■ V(/i - a)dy > 
Jn 

for any h G A. 

Proof. The equation (11) can be deduced directly by integrating equation (6) from to r. For all /i G 
A, A G [0,1], set 

a A = (1 - A)a + A/i G A 
and W\ be the solution to equation (11) with given a = a\. We have 

r A = T(a A ) = -^ / |^ A -TV*(y)| 2 ^ + ^ / ^Va^ + /Fdy + | /" | V a A | 2 dy. 

The above functional reaches the minimum at A = 0, so 



+ /x / Va • V(/i - a)dy > 0. 
Jn 



(14) 



Set W\ = by direct computation, we have 

= «A (-^- - w ) ~ (r - q)-^- - Q W X + (h - a) - — ) , ^ 

W X \ T=0 = 0. 



Let £ = Wa|a=0j then £ satisfies 



£r = a(y)(£ ro - Z v ) - (r - - g£ + (h - a)(W yy - W y ), 

ek=o = o. 



(16) 
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Set L£ = £ T — a(y)(^ yy — £ y ) + (r — q)£ y + g£ and suppose <\> is the generalized solution of the following 
problem: 



L*4> = -4> r - {a4>) yy - (a(f)) y - (r - q)4>y + # = 0, 
<P\ T=T = W(y,T)-TV*(y), 



(17) 



where L* is the adjoint operator of the operator L. From (16), (17) and Green formula we have 

f m\r=Tdy= f T [ (4>L^-CL*<p)dydr= f [ ^(W yy - W y )(h - a)dydr. (18) 
Jn Jo Jn Jo Jn 



So 



^ u =° = ^L L m ™ - w " >lh - a)dydT + t L vivJp+y ■ v(ft - a)iy 

+ ii / Va ■ V(/i - a)dy > 0. 
This completes the proof. □ 

4 Stability 

Theorem 4.1. Tne minimization of (10) is stable with respect to perturbations in the data, i.e., if{V k *(y)} — > 
V*(y) and {a^} denotes the solution to the problem (10) with V*(y) replaced by {V£(y)}, then {a^} — > a, 
Jpi^k) —> Jp(a) o-nd G{ak) — ► G(a) m L 2 (S7). 

Proo/. {V" fc *(y)} — > F*(y) in L 2 (f2) implies that (a^, J Q T T4(y, T)dr) satisfy 

/\fo,T)dr-V£(y)||£ a(n) + yJ/3(a fe ) + ^G{a k ) 
2 TJ ^2 2 (19) 

-1 11 tJ V (y,r)dT-V k *(y)\\l Hn) + ^Ma) + ^G(a), Va G L 2 (tt). 



Since {a^} is bounded in A, there exists a weakly convergent subsequence {a m } of {a&} such that {a m } — 1 a. 
Similarly, there exists a subsequence J Q T V^(y, r)dr} related to {a m } such that J Q T V^(y, r)dr} — 
^ Jq V(y,r)dT. By the weak lower semi-continuity of Jg and 1 1 • | \i 2 (n) we S e t 

d/3(d) < lim sup Jp(a m ), (20) 



1 1 

2 "r 



J V(y,r)dr - V*(y)\\ 2 LHn) + f ||Va||| 2(n) 

< limsu p{^H^ v m(y,T)dr - V^(y)\\ 2 L 2 {n) + |||Va m || 2 :2(Q) }. 
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Combined with (19), we have 



V(y,T)dr - V*(y)\\ 2 L2n + ^Jp(a) + |G(a) 

< 



liminf J V m (y,r)dr - V^(y)\\ 2 L2n + *J {a m ) + \ G(a m )} 

<limsup|^||^ f V m (y,T)dT-V^(y)\\l 2n + ^Jp(a m ) + ^G(a m )} 
^ J^ooi^f [ Tv ^r)dr - Vl{y)\\l 2n + ^Jp{a) + |G(a)} 

= ^4 [ v ^^ dT ~ v ^y)\\l^ + f + f G(a) 

for any a £ L 2 (S7). This implies that d is a minimizer of the optimal control problem (10) and that 
m lim^|d / V m (y,T)dT-V^(y)\\ 2 L2(Q) + ^-J f3 (a m ) + ^G(am)} 

J 

= \ ll f£ V ^ T)dT - V *^\\Uo) + + f G(a). 

If {a m } did not converge strongly to a with respect to || • | |z,2(n) j then 

C := hmsnp {\\\^ £ V m (y,T)dr-V*(y)\\ 2 L2{n) + f G(a m )} 
and there exists a subsequence {a„} of {a m } satisfying 



a n a, K V, Jp(a) < lirn^ Jp{a n ), 
2 



(21) 



^ll^ T K(y,r)dr - V*(y)\\l 2(n) + |G(a n ) - C. (22) 



'o 

This combined with (21), implies 

| Jim J p {a n ) = *J {a) + \\\^ ^ V{y,r)dr - V*{y)\\\ 2n + |G(a) - C < *Jp(a), 
which is a contradiction to (22). This shows a n — > a, lim Jp(a n ) = Jb(ci) and G(a n ) — > G(a). □ 

n— +oo 

5 Uniqueness 

There exists a unique minimum in (10) if its objective functional is strictly convex. Generally speaking, 
5 1 1 T Jo V{Vi T )^ T ~ V* (v) I li 2 (f}) ^ s not strictly convex or even non-convex. In a modified case we can prove 
that the solution to (10) is locally unique. We further assume Va 6 L°°(0,) and change the integral measure, 
then the problem (10) has the only partial solution when T is sufficiently small. Suppose J n -dy is replaced 
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by J n -dujy, where dcoy = p(y)dy (p(y) > 0) is a measure in $7. For the following modified optimal control 
problem 

T p (a)= mm ^\\W(-,T)-TV*(-)\\l 2{n) + ^ [ y/\Va\* + (3 2 du,y + \ [ \Va\ 2 duy, (23) 

it is easy to see that Theorem 3.4 and the necessary conditions (11)-(14) are still true, i.e., there at least 
one optimal control a G A and any optimal control a G A satisfies 

i / / <fi(Wyy-Wy)(h-a)duydT+^ f V< * .V(h-a)dujy + fi [ Va-V(h-a)duy > (24) 
1 Jo Jn 2 Jn \f\Va\ 2 + f3 2 Jn 

for any lie A, where {W, (/>} is a solution of the forward-backward parabolic system in the following: 

W T = d(y)(W yy - W y ) - (r- q)W y - qW + (1 - e*0 + , (y , t) enx (0,T], 



r=0 



and 



- </> r = (a(p) yy - {a4>) y + (r - q) (f> y - q<f>, (y, r) G ft x (0, T], 

0| T =T = ^(y,T)-ry*( y ). 

Set = we~ qT , 4> = e qT ip, we have 

u; r = o(y)(«; ro - w y ) - (r - q)w y + e ?r (l - e»)+ (y, r)e!!x (0, T], 

tt)| T =0 = 0, 

- Vv = (aVOjw ~ + ( r ~ (y> t) G x (0, T] , 
Y>| T=T = [W(y,T)-TF*(y)]e-« T 

The following lemma comes from [11]. 

Lemma 5.1. If < oo, then for any bounded continuous function f{y) G (7(17) we Ziawe 



(25) 



(26) 



max|/(y)| < |/(X )|+C(^|V/| 2 ^) 5 , 



where yo is a fixed point and C 2 = f n 

Suppose ai(y), a2(y) be two minimizers of the modified control problem (23) and {Wi,4>i}(i = 1,2) be 
solutions of system (25)-(26) with a = ai(i = 1,2). Set = a\4>i — a2(p2, W = W\ — W2, A = a\ — 02, 
* = aiV>i — 02^2 and u? = w\ — W2, then w and ^ respectively satisfy 

w T - ai(y)(wyy - w y ) + (r - q)w y = A{w 2y y - w 2y ), ^ 

W\ T= = 0, 



and 



*r + * ra + (r - q) (—) =(—-—) (a 2 ^2)r + (r - q) \(— - — )(a 2 Y> 2 ) 



1 /* 

— *r + * w + (r-9)(— # 
ai Vai/y va2 ai- 

*| r=T = [ ai W(y,T) + A(W 2 (y,T) - TV*(y))] e - qT '. 



(28) 
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Lemma 5.2. For problem (27) we have the estimate 

I I \w yy - w y \ 2 dydT < C(max\A\) 2 / \w 2yy - w 2y \ 2 dydT, (29) 
jo Jn Jo Jn 

where C is a constant, independent ofT. 

Since W = e~ qT w and T is sufficiently small, we can deduce that 

f [ \W yy - W y \ 2 dydr < C(max|,4|) 2 f [ \W 2yy - W 2y \ 2 dydT, (30) 
Jo Jn Jo Jn 

where C is a constant, independent of T. 
Setting 

H X = (Dyy ~ Dy)W 1 , H 2 = (Dyy - Dy)W 2 , 

then (30) can be rewritten as 

f [ iHi- H 2 \ 2 dydr <C(max\A\) 2 [ [ \H 2 \ 2 dydr. (31) 
Jo Jn Jo Jn 

Now set <& = max ^| T , <fi = ^. The next lemma was proved in [5] and will play an important role in the 
proof of uniqueness. 

Lemma 5.3. For (f> and we have estimate 

T [ \4>\ 2 dydr <C, f [ \4> y \ 2 dydT < C, (32) 
o Jn Jo Jn 



[ [ \{a^) y \ 2 dydT <C, [ [ \{a^)yy\ 2 dydr<C, (33) 
Jo Jn Jo Jn 

f T [ \4> T \ 2 dyd T <C, [ T [ $ 2 dydT <C [ T [ ^\H 2 \ 2 dydr + C, (34) 
Jo Jn Jo Jn Jo Jn 1 



where C is a constant, independent of T . 

From lemmas 5.1, 5.2 and 5.3, it is not difficult to get the following result. 

Theorem 5.4. Suppose ai(y),a 2 (y) be two minimizers of the modified optimal control problem (10). If 
there exists a point yo G ^ such that 

oi(yo) = a 2 (y ) 

and 

p(y) > Po > 0, / ~r^dy < oo, 

Jn p{y) 

then we have a\(y) = a 2 (y) for sufficiently small T. 
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Proof. Take h = a 2 with a = a\ and h = a\ with a = a 2 in (24), we have 



^ Jo J n ^ Wlyy ~ Wly ^ a2 ~ ai ^ duJydT + ~J J Q 



V(a 2 — a\)dujy 



^ Jo Jn ^ W2yy ~ W2y ^ ai ~ a i) duj y d 



N 



n VlVai| 2 + /3 2 (35) 

+ H Vai • V(a2 — a\)dwy > 0, 
Jn 

2i !iN ^TO- V(< "- <1 ^ ! ' (36) 

+ H Va2 • V(ai — a 2 )dwy > 0. 
Jn 



Combining equations (35) and (36), when /3 — ► we have 
r T r rT 



max I 

n 



where C 2 = J n 



(37) 



/ / <t>i{W2yy - W 2y )(a\ - a 2 )dwydr + / (f>i(Wi yy - W\ y )(a 2 - ai)dwydr 
Jo Jn Jo Jn 

>fiT 2 [ \V(a 2 - ai )\ 2 dujy, 
Jn 

which yields 

fiT 2 |V \a 2 - a\)\ 2 dujy < J / [0iifi(a 2 — a±) + (f>2H 2 (ai — a 2 ]\dojydr 
Jn Jo Jn 

= / [a 2 (j)iHi - a\<\>\H\ + cp 2 H 2 ai - 4> 2 H 2 a 2 ]dujydT 
Jo Jn 

= / / \a 2 </>iHi - aifaHx - —<p 2 Hi + a 2 4> 2 H x - 2a 2 2 #i + — <hH\ 
Jo Jn «i a i 

+ a\4> 2 Hi + ai4> 2 H 2 - a\4> 2 B\ - a 2 (f> 2 H 2 + a 2 (j) 2 Hi]du>ydT 

= T f [(a 1 1 -a202)(--l)^i + a2^(--l + --l)^i 
Jo Jn 1 vai / vai a 2 / 

+ «2^2 - l) (#2 - #i)] dwydr 

= / [ -$(—)H 1 dujydT+ [ [ (f> 2 A(H 2 - Hi)duydT + / / —A 2 H 1 dujydT. 
Jo Jn Va i7 Jo Jn Jo Jn a i 

From the assumptions in Theorem 5.4, there exists j/o £ ^ such that 

^(yo) = ai(yo) - 02(2/0) = 0. 

It follows from Lemma 5.1 that 

:|^|<c(^|VA| 2 da;y)", (39) 



(38) 



in p(y)- 

In the following we make use of the Schwarz inequality: Set f(x),g(x) are integrable in [a, b], then 

f(x)g(x)dx < / f 2 (x)dx ■ / g 2 {x)dx. 
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Combined with (38) and (39), we get 

T 2 [ \V(a 2 -a 1 )\ 2 dujy = T 2 [ \VA\ 2 du;y 
Jn Jn 



<c{max\A\^J^ J <S> 2 dydT • y J H 2 p 2 {y)dydT 
+ max \A\ J £ fidydr ■ J £ £h 2 - H{) 2 p\y)dydT 



+ (max \A\) 2 ^ £ jf fidydT ■ ^ £ jf fl?p2 (j/)dj/dr j. 
By (31) we have 

T 2 [ \VA\ 2 duy < Cmax(A)J [ [ ^ 2 dydr ■ J [ [ H 2 p\y)dydT 
Jn V Jo Jn V Jo Jn 



+ Cmax(A) 2 J £ J cftdydr ■ J £ £h 2 + H 2 )p 2 (y)dydr, 



io Jn V •'O Jn 

dividing both sides of the above inequality by T 2 yields 

J n NA\ 2 dLuy < CmaxL4|W £ J^fdydrJ £ j^p 2 (y)dydr 



+ ct^Jfl (£) Wjf / q [(ff + (f )> W 



Noticing 



H 1 f T H 1 

~Y = f J o ( Vl yy ~ v iy) dT > ~Y = f J ^ 2yv ~ F2 ^ dr ' 

by Schwarz inequality we get 

{j\v lyy -V ly )dr) 2 <^£(V lyy -V ly ) 2 dr, 



Hi\ 2 = J_ 
T / T 2 



/o - 1 Jo 

cT s <? 1 rT 



^) 2 = ^(^ (V 2yy -V 2y )dr) 2 <^l^ (V 2yy -V 2y ) 2 dr, 



so 



/ T / (^)V(y)^r< / T / - V ly ) 2 p 2 (y)dydr, 
Jo Jn v 1 J Jo Jn 

j T [ ( I p j 2 p 2 {y)dydT< f T I {V 2yy -V 2y ) 2 p 2 {y)dydr. 
Jo Jn v 1 ' Jo Jn 
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Take p(y) = 1 + y k , k > 1. By substituting (32)-(34), (41) and (42) into (40), and follows from Theorem 
3.6 we can deduce that 

/ \VA\ 2 dtoy < C (max \ A\) 2 [V CT + C ■ Vcf + VC ■ Vcf] < C(max \A\) 2 \jT 2 + T, (43) 
Jn 

where C is independent of T. Since max \A\ < C( J n \VA\ 2 dwy) 2 we have 

I \VA\ 2 dujy < C^T 2 + T (max \A\) 2 < C^/T 2 + T [ \VA\ 2 dcoy. 
Jn Jn 

Choosing T <C 1 such that 

c^t 2 + t < e<i, o<e<i, 

so we get 

/ |VA| 2 ^y = 0, 
Jn 

which implies A(y) = a\(y) — a2(y) = 0. The proof is complete. □ 

6 Conclusion 

In this paper, based on the Black-Scholes theoretical framework we studied how to recover the prices of 
underlying assets under the sense of risk neutral measure by using the information obtained from options 
market. We proposed the total variation regularization model for determining the implied volatility and 
gave the related necessary optimality conditions. Not only the existence and uniqueness for the solution 
are discussed, but also the stability is analyzed. 
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Abstract. In this paper, we prove the superstability and the Hyers-Ulam stability of J*-homomorphisms and 
■/"■-derivations associated with the following generalized Cauchy-Jensen functional equation 

'(^)+£'(^n-J -£'<■* « 
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Jensen functional equation; J*-derivation. 
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1. Introduction and preliminaries 

Consider the functional equation (1). It is clear that the simplest case of (1) is f{x+y) + f(x — y) + f(y — x) = 
f(x) + f(y)- In this paper, in order to investigate the functional equation (1), we will suppose that p > 2. 

The notion of J*-algebras has been posed by Harris [15] in 1974. In general, by a J*-algebra we mean a 
closed subspace A of a C*-algebra such that xx*x € A whenever x € A [15]. For more study about J*-algebras, 
one can refer to [6, 15, 16, 17, 18]. Throughout this paper, A and B denote J*-algebras, with norms |j • ||a and 



Definition 1.1. ([9, 12, 27]) A C-linear mapping h : A — > B is called a J* -homomorphism if 

h(xx*x) = h(x)h(x)*h(x) 
for all x £ A, and a C-linear mapping S : A — > A is called a J* - derivation if 

5(xx*x) — 8(x)x*x + xS(x)*x + xx*5(x) 

for all x G A. 

We say a functional equation (£) is stable if any function g satisfying the equation (£) approximately is near 
to true solution of (£). We say that a functional equation is super stable if every approximately solution is an 
exact solution of it [31]. 
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J*-homomorphisms and ./"-derivations 

Very often instead of a functional equation, we consider a functional inequality and one can ask the following 
question: "when can one assert that the solutions of the inequality lie near to the solutions of the equation?" [2] . 
The classical problem of this kind had been formulated by Ulam [33] in 1940 for the first time. In 1941, Hyers 
[19] affirmatively answered to this question of Ulam for Banach spaces. Aoki [1] generalized the theorem 
of Hyers for approximately additive mappings in 1950, and Rassias [30] generalized that by considering the 
stability problem with unbounded Cauchy differences in 1978. Theorem of Rassias was generalized again by 
Gavru^a [14] in 1994, by control function tp(x,y). He proved the following: 

Theorem 1.2. ([14]) Let G be an abelian group and E a Banach space. Denote by <p : G x G — > [0, oo) a 
function such that 

cf>(x,y) := J2 2 ' (n+1) ^ n x,2 n y) < oo 

n=0 

for all x,y G G. Suppose f : G — > E is a mapping satisfying 

\\f(x + y)-f(x)-f(y)\\ <<p(x,y) 
for all x,y G G. Then there exists a unique additive mapping A : G — > E such that 

\\f{x)-A(x)\\<<f>{x,x) 

for all x G G. 

The stability problems of several functional equations have been extensively investigated by a number of 
authors and there are many interesting results, containing different kind of homomorphisms and derivations, 
concerning this problem (see [3, 4, 5, 7, 8, 9, 10, 12, 13, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 32]). 

Throughout this paper, assume that n is a fixed positive integer. 

2. Superstability of J* -homomorphisms 

In this section, we prove the superstability of J*-homomorphisms associated with functional equation (1). 
The following lemmas will be used in the proof of the theorems. 

Lemma 2.1. ([22]) Let X and Y be linear spaces and let f : X — > Y be an additive mapping such that 
f(fj.x) = fif{x) for all /i G T 1 := {A G C : |A| = 1} and all x G X . Then the mapping f is C-lmear. 

Lemma 2.2. Let f : A — > B be a mapping such that 

for all x,y G A. Then f is additive. 
Proof. Letting :r = y = 0in(2.1),we get 

||n/(0)|| B < ||0|| B =0. 
So /(0) = 0. Letting x — u + v and y — (n + l)(u + v) in (2.1), we get 

/ ((„ + !)(„ + «)) = nf ( (n + 2) n (M + t ' ) ) + f(-u - v) 
for all u, v € A. Letting x = (n + 2)(u + v) and y = — (u + v) in the above equality, we have 

f(x + y) = nf(^j+f(y) 
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for all x,y € A. Letting y = 0, we obtain that f(x) — nf(x/n), and so f(x + y) = f(x) + f(y) for all 
x,y £ A. 



□ 



Lemma 2.3. Let f : A — > B be a mapping such that 

|| /x + y + z\ fx + z-y\ fx + y-z\ , . . J| 

Ik I — 2 — ) + (—5— j + 1 (. — a — j - /<») - «*>!, 
s|/w-/(^)|. 

/or a// x,y,z € A. Then f is additive. 

Proof. Letting z = in (2.2), we get (2.1) for n = 2. Applying Lemma 2.2, we get the desired result. 
Lemma 2.4. Let p be a fixed integer with p > 2. iet f : A —t B be a mapping such that 



(2-2) 



□ 



/ 



~1 



(2.3) 



/or all Xi, - ■ ■ ,x p £ A. Then f is additive. 



Proof. The case p = 2 is the case n = 1 in Lemma 2.2. 

For the case p > 3, letting xi = • • • = x p = in (2.3), we get /(0) = 0. Letting 2:3 = • • • = x p = in (2.3), 
we obtain 



(P-1)/ 



P-1 



+ / 



Xl — X2 
P-1 



-/(*2) 



< 



X2 — X'l 
P-1 



for all xi, xi £ A, which is the case n = p— l>2in Lemma 2.2. 
Theorem 2.5. Let <p : A p — > [0, 00) be a function such that 

lim b- an cp{b n x,--- ,b n x) = 
for all x £ A, where b / 1 is a real number. Let f : A — > B be a mapping satisfying 



□ 



£m/« 



< 



/(/xxi) -flu 



Ej=2 % 2:1 
P-1 



\\f(xx*x) - f(x)f{x)*f(x)\\ B < <p(x,-- ■ ,x) 
for all /i £ T 1 and all G A. TTien f/ie mapping f : A B is a J* -homomorphism. 



(2.4) 
(2.5) 



Proof. Let // = 1 in (2.4). By Lemma 2.4, the mapping / : A — > B is additive. Letting xi = x and X2 = px 
and X3 = • • • = x p = in (2.4), we get 



P\\f(v x ) - nf(x)\\ B 



(p - i)f {^~z\' J ^j + !{-^ x ) - v.f(p x ) 



< 







for all /j, € T 1 and all x £ A. Hence f(fix) = fJ.f(x) for all fi € T 1 and all x £ A. By Lemma 2.1, the mapping 
/ : A -> B is C-linear. 
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J*-homomorphisms and ./"-derivations 
By (2.5) and the assumption on (p, we have 

\\f(xx*x)-f(x)f( X yf(x)\\ B = lim ^\\f(p n xb n x*b n x)-f(p n x)f(p n xrf{b n x)\\ B 

< lim -L v (b"x,--- ,b n x)=0 
for all x G A. Therefore, the mapping / : A — > B is a J*-homomorphism. □ 

Corollary 2.6. Let 6 be a nonnegative real number and qi,- ■ ■ ,q p 7^ 3 be positive real numbers. Let f : A — > B 
be a mapping satisfying (2.4) and 

\\f{xx'x) - f(x)f(xyf(x)\\ B <0(\\xn+- + \\xC) 

for all x £ A. Then the mapping f : A — > B is a J* -homomorphism. 

Proof. Defining <p(xi, ■■ ■ ,x p ) = 9{\\x\ \\ q ^ + • • • + ||a; p ||5 > ) and applying Theorem 2.5, we get the desired result. 

□ 

Corollary 2.7. Let 6 be a nonnegative real number and qi, - ■ ■ ,q p be positive real numbers such that qi + - ■ ■ + 
q v 7^ 3. Let f : A —¥ B be a mapping satisfying (2.4) and 

\\f(xx'x) - f{x)f{x)'f{x)\\ B < e\\x\tt + - +q > 

for all x £ A. Then the mapping f : A — > B is a J* -homomorphism. 

Proof. Defining tp(xi, ■ ■ ■ ,x p ) = 6* ( | j as 1 1 1 ^ ■ • • II^pIIa) an( ^ applying Theorem 2.5, we get the desired result. □ 

3. Hyers-Ulam stability of J*-homomorphisms 

In this section, we prove the Hyers-Ulam stability of J*-homomorphisms associated with functional equation 
(1). Initially we will suppose that p > 4. The cases p = 2, 3 will be investigated separately. 
For convenience, given / : A — > B, we define the following 

/ T p r \ p ( £)j=i _ p 

^f( X1 , ■ ■■,x P )-.= f (n^frr) + E / 1 m 3 *i_ x — J - E /*/(**) 

for all /x G T 1 and all xi, ■ ■ ■ , x p G A. One can easily show that a mapping / : A —¥ B satisfies J^f(xi , • • • , x p ) = 
for all /iGT 1 and all xi, ■ ■ ■ ,x p G A if and only if f(fix + Xy) = fif(x) + Xf(y) for all fi, A G T 1 and all 
x,y G A. 

Lemma 3.1. A mapping f : A — » B is a C-linear mapping if and only if 

7m/(;ei,--- ,x p ) = 

for all /16T 1 and all xi, ■ ■ ■ , x p G A. 

Proof. The proof follows from Lemma 2.1 and the initial descriptions of this section. □ 

Theorem 3.2. Let (p : A p —¥ [0, 00) be a function with <p(0, • • • , 0) = and p > 4. Denote by <j> a function 
such that 

oc 

<t>(xi, • • • , x p ) := d r ip (d'xi, • • • , d t x p ) < 00 (3-1) 
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for all xi, ■ ■ ■ ,x p G A. Here d = |— j < 1, r — n, t = — (n + 1) or t — n, r = — (n+1), ana! lim n ^oc a! 3n y>(d rL x, 
• • • , a! n :r) = 0. Suppose that f : A — >• B is a mapping satisfying 

Wlnfixi,--- ,x p )\\ B < <p(xi,--- ,x p ), (3.2) 
\\f(xx*x)-f(x)f(x)*f(x)\\ B < <p(x,---,x) (3.3) 

for all fi G T 1 and all G A. Then there exists a unique J* -homomorphism h : A — > B such that 



\\f{x)-h{x)\\ B < 



P-1 



(a;,-- - ,a;,0) 



(3.4) 



/or all x £ A. 



Proof. Assume that r = n and t = —(n + 1). 

Letting xi = ■ • • = x p = in (3.2), we get /(0) = 0. Letting /i = 1 and xi = • • • = a?j,_i = x and a; p = in 
(3.2), we obtain 



f(x) + {p- l)f 



p-1 



* + f(x) - (p - !)/(*) 



< (^(a;, ••• ,a;,0), 



!'<*>-* GDI * ^&-'5' ) 



for all x £ A. Using the induction method, we get 



n-l 

k<*> - dn/ (J) II s * p^i ? dV (^"^ • • • - d_(s+1)a; ' °) 



(3.5) 



for all n > 1 and all x £ A. Now assume that m, I are positive integers, with m > I. By (3.5) for m — I > 
and 37-, we have 



S 



l^(a-^(l)IL - rf 



1 z 

lm — l rfl 



/(I) 

< E d > (^ (S+1) ^, • • • , oT (s+1) *, 0) 

1 CO 

< • ■ • , aT (s+1) x, 



for all x £ A. By (3.1) the right side tends to as I — > oo. Thus the sequence {d n /( J^)} is a Cauchy sequence. 
Since A is a complete space, the sequence {d n f(-§r)} is a convergent sequence. Therefore, we can define, for 
all x £ A, the mapping h : A — > B by 



ft(a;) := lim d" f I — 

K ' n-xx> \d n 

Passing the limit n — > oo in (3.5) and by (3.1), we obtain (3.4). 
It follows from (3.1) and (3.2) that 



\\lnh(xi,--- ,x p )\\ B = lim d" 7m/ ( 

n— >-GO \ 



d n ' 



d n 



for all fi G T 1 and all xi, ■ ■ ■ , x p G A. Hence by Lemma 3.1, h is C-linear. 



129 



SHIN ET AL 125-134 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



J*-homomorphisms and ./"-derivations 



By (3.1) and replacing x by -~ in (3.3) and since d < 1, we obtain 



\\h(xx*x) — h(x)h(x)* h(x) 



= lim (f 



f /x_x_x_ )_ f (JL) f (JLY f (±) 

J \d n d n d n ) J \d n J J \d" J J \d n J 



< lim * ... ,-§-) < lim d>f^,-.- ,1-) =0 

- n-t-oo \d n d n ) ~ n^oo V d n d™ / 



for all x £ A. Hence h(xx*x) = h(x)h(x)* h(x) for all x £ A. 

Let 77 : A — > B be another J*-homomorphism satisfying (3.4). Then we have 

m x)-H(x)\\ B < <T ||/ (£) - | b + ( T [/(J) -H (J) J 



X X 

p - 1 ^ V d n ' " ' d n ' 



< -fT E d > (^ <S+1) ^, • • • - d- (3+1) x, 0) 



P 

for all x £ A. By (3.1), the right side tends to as n —¥ oo. Therefore, h is unique. 
Assume that r = — (n + 1) and £ = n and lim™-^ d~ 3n <p (d n x, ■ ■ ■ , d n x) — 0. 
It follows from (3.2) that 



f(dx) - f(x) 



< 

b P-3 



for all a; £ A Using the induction method, we get 

1 



d; 



-f(d n x)-f(x) 



< — l — d- (s+1 V(d s a;, • • • , d a x, 0) 

for each n > 1 and all x £ A. 

Now by the same method as in the proof of the previous part, one can obtain a C-linear mapping h(x) 
limj^oo (d n x) satisfying (3.4). By (3.1) and replacing x by d n x in (3.3), we obtain 

\\h{xx*x)-h{x)h{x)*h{x)\\ B = lim \\f(d n xd n x*d n x)-f{d n x)f{d n xyf{d n x)\\ B 

n— too u 

< lim -^-tp(d n x,--- ,d n x) = 

for all x £ A. Hence h(xx*x) = h(x)h(x)* h(x) for all x £ A. Thus / is a J*-homomorphism. 
The rest of the proof is similar to the proof of the last part. 



Corollary 3.3. Let 8 be a nonnegative real number and 91, • • • ,q p positive real numbers such that 91, • • • 
or qi, ■ ■ • , q p > 3. Let f : A —¥ B be a mapping satisfying 

|| 7 „/>i,--- ,x P )\\ B < + • • • + ll*X p ) , 

\\f(xx'x)-f(x)f(x)'f(x)\\ B < 0{\\x\\%+- + \\x\\%) 
for all fi £ T 1 and all x,xi, ■ ■ ■ ,x p £ A. Then there exists a unique J* -homomorphism h : A — > B such that 



□ 
< 1 



\\f{x)~h{x)\\ B <Y J 



(p-i)** e\\x\\ q i 



J |(p-l)(p-3)^ _(p-l)?i(p-3)| 



/or a// x £ A. 



Proof. Defining ip(xi, ■ ■ ■ , x p ) = 0(\\xi H^ 1 +■ • --I-II^pIIa ) an d a PPly m g Theorem 3.2 with r = n and i = — (n+1), 
for the case 91, • • • , 9j, < 1, and with r = — (n + 1) and t = n and limn-,.^ d~ 3n <p (d n x, ■ ■ ■ , d n x) — 0, for the 
case 91, • • • , q p > 3, we get the desired result. □ 
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Now we investigate the cases p — 2, 3. 
Theorem 3.4. Let <p : A 2 — >• [0, oo) be a function. Denote by <f> a function such that 

oc 



for all x,y G A, with r — n, t = — (n+ 1) ort — n, r = — (n + 1), lim„ 
/ : A — > B is a mapping satisfying 



~ 3 > (2 n x, 2 n x) = 0. Suppose that 



\\f([ix + [iy) + f(fix - fiy) + f(fiy - fix) - fi[f(x) + f(y)]\\ B < <p(x,y), 

\\f(xx*x) - f(x)f(x)*f(x)\\ B < <fi(x,x) 

for all /i € T 1 and all x,y G A. Then there exists a unique J* -homomorphism h : A — > B such that 

\\f(x)-h(x)\\ B <<f>(x,x) 

for all x £ A. 

Proof. Letting /i = 1 and x = y in (3.6), we get \\f(2x) — 2/(x)|| < ip(a;,x), and so 
1 



(3.6) 



(3.7) 



< 



i^x), ||/(*)-2/(f)|| fl <^(f,|) 



for all x £ A. Using the induction method two times, we obtain 

71-1 



2" 



f(2 n x) - /(*) 



< ^2- (s+1 V(2 s a;,2 s a ; ), 



s=0 
n-1 



|/W-2"/(J))| s < ^r<p(2- (s+1) x,2-^x) 



for each n > 1 and all x £ A. Now, by the same method as in the proof of Theorem 3.2, from the above two 
inequalities, one can obtain two C-linear mapping h(x) = lim n ^oo ^f(2 n x) and h(x) = lim n ^oo 2 n f (■§;) 
satisfying (3.7) and get the desired result. □ 

Corollary 3.5. Let 9 be a nonnegative real number and qi,q2 be positive real numbers such that qi,q2 < 1 or 
9i, 92 > 3. Let f : A —¥ B be a mapping satisfying 

\\f( P x + fiy) + f(jix - ny) + f{w - fix) - fi[f(x) + f(y)]\\ B < 9 (||a;||« + ||y||«) , 

\\f(xx*x)-f(x)f(xyf(x)\\ B < 9(\\x\\<% + \\x\\%) 

for all fi € T and all x,y G A. Then there exists a unique J* -homomorphism h : A — > B such that 



\\f(x)-h(x)\\ B < 



Ml? 



;291 - 21 12^ - 21 



for all x £ A. 



Corollary 3.6. Let 9 be a nonnegative real number and 91,92 be positive real numbers such that 91 + 92 < 1 
or 91 + 92 > 3. iei / : A — > B be a mapping satisfying 

\\f{nx + fiy) + f{fix - fiy) + /( ra - /«;) - M [/(x) + /(y)]|| B < 9 (\\x\\^ \\y\\%) , 

\\f(xx*x)-f(x)f(x)*f(x)\\ B < 9\\x\\% + ™ 
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for all fi G T and all x,y G A. Then there exists a unique J* -homomorphism h: A^t B such that 

ll/(»)-M»)llB< |2 f^_ 2| 

for all x £ A. 

Theorem 3.7. Let <p : A A — > [0, oo) be a function. Denote by <f> a function such that 



(x,y,z / 



Entn / r, — tn n — tn r, — tn \ . 
2 ip [2 x,2 y,2 z) < oo 



for all x,y,z G A, with t = - or t = 1, lining 2~' in ip {2 n x, 2 n x, 2 n x) = 0. Suppose that f : A -> B is 

an odd mapping satisfying 



|/(V 



x + y + z 



y + z- x 



2 J ' V 2 ) J X 2 

l*[f(x) + f(y) + f(z)]\\ B < v(x,y,z), 



i f ( x + z-y\ ( x + y- z\ 



(3.8) 



||/(a;a;*a;) - f(x)f(x)*f(x)\\ B < ip(x,x,x) 
for all fi G T 1 and all x,y, z G A. Then there exists a unique J* -homomorphism h : A —¥ B such that 

\\f(x) - h(x)\\ B <4>(x,0,0) (3.9) 

for all x G A. 

Proof. Note that /(0) = and f(—x) = —fix) for all x G A, since / is an odd mapping. Letting /i = 1 and 
y = z = in (3.8), we have ||3/ (§) + / (-§) - f{x)\\ B < ip(x, 0, 0) and so 



fix) - -f(2x) 



||2/(|) -f(x)\\ g <<p(x,0,0), 
for all x £ A. Using the induction method, we obtain 

n-l 

|| 2 "/(|r)-/W|L ^ E 2 V(2-x,o,o) 



< -v»(2a;,0,0) 



f{x) - ^/(2"z) 



s=0 
n-l 

< ^2- (a+1 V(2 (s+1) S; ,0,0) 

for each n > 1 and all a; G A. By the same method as in the proof of Theorem 3.2, from the above two 
inequalities, we can obtain two C-linear mappings h(x) = linin^oo 2 n f (^) and h{x) = limn-^oo ^fi2 n x) 
satisfying (3.9), which is the desired result. □ 

Like Corollaries 3.3, 3.5 and 3.6, that obtained from Theorems 3.2 and 3.4, we can get similar corollaries 
from Theorem 3.7, and also we can put qj = q in all of the corollaries of this paper to obtain better and simpler 
results. 

The whole of the above theorems and corollaries that already are said, hold also for ./"-derivations. To 
clarify this point, we will just express an important theorem for ./"-derivations. The reader can also investigate 
the validity of the another results for ./"-derivations. Assume that A is a J*-algebra with norm || ■ || and p > 4. 

Theorem 3.8. Let tp : A p — > [0, oo) be a function. Denote by <j) a function such that 

oc 

4>ix\ , • • • , x p ) := d r ip {d l Xi , • • • , dfxp) < oo 
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for all xi,--- ,x p £ A. Here d — |5r < 1, r = n, t = — (n + 1) or t = n, r = — (n + 1), and 
linin-^oo d~ 3n ip (d n x, ■ ■ ■ , d n x) — 0. Suppose that f : A — > A is a mapping satisfying 

I|7m/0i,--- ,x P )\\ < <fi(xi,--- ,x p ), 
\\f(xx*x) — f(x)xx — xf(xyx — xxf(x)\\ < <p(x,---,x) 

for all /i € T 1 and all x, xi, ■ ■ ■ , x p £ A. Then there exists a unique J* -derivation 8 : A — > A such that 

||/(*)-*(*)|| < ^j^x,--- ,1,0) 

for all x £ A. 

Acknowledgments 

D. Y. Shin was supported by Basic Science Research Program through the National Research Foundation 
of Korea funded by the Ministry of Education, Science and Technology (NRF-2010-0021792), and C. Park was 
supported by Basic Science Research Program through the National Research Foundation of Korea funded by 
the Ministry of Education, Science and Technology (NRF-2012R1A1A2004299). 

References 

[1] T. Aoki, On the stability of the linear transformation in Banach space, J. Math. Soc. Japan 2 (1950), 
64-66. 

[2] P. Czcrwik, Functional Equations and Inequalities in Several Variables, Word Scientific Publishing Com- 
pany, New Jersey, Hong Kong, Singapore and London, 2002. 

[3] A. Ebadian, N. Ghobadipour, H. Baghban, Stability of bi-9 -derivations on J B* -triples, Int. J. Geom. 
Methods Mod. Phys. 9 (2012), No. 7, Art. ID 1250051, 12 pages. 

[4] A. Ebadian, N. Ghobadipour, M. Eshaghi Gordji, A fixed point method for perturbation of bimultipliers 
and Jordan bimultipliers in C -ternary algebras, J. Math. Phys. 51 (2010), No. 10, Art. ID 103508, 10 
pages. 

[5] A. Ebadian, I. Nikoufar, M. Eshaghi Gordji, Nearly (9i,02,03, 4>)- derivations on C -modules, Int. J. Geom. 

Methods Mod. Phys. 9 (2012), No. 3, Art. ID 1250019, 12 pages. 
[6] M. Elin, L. Harris, S. Reich, D. Shoikhet, Evolution equations and geometric function theory in J* -algebras, 

J. Nonlinear Convex Anal. 3 (2002), 81-121. 
[7] M. Eshaghi Gordji, A. Fazeli, C. Park, 3-Lie multipliers on Banach 3-Lie algebras, Int. J. Geom. Methods 

Mod. Phys. 9 (2012), No. 7, Art. ID 1250052, 15 pages. 
[8] M. Eshaghi Gordji, M.B. Ghaemi, B. Alizadeh, A fixed point method for perturbation of higher ring 

derivationsin non-Archimedean Banach algebras, Int. J. Geom. Methods Mod. Phys. 8 (2011), 1611-1625. 
[9] M. Eshaghi Gordji, M.B. Ghaemi, S. Kaboli Gharetapeh, S. Shams, A. Ebadian, On the stability of 

J* -derivations, J. Geom. Phys. 60 (2010), 454-459. 
[10] M. Eshaghi Gordji, N. Ghobadipour, Stability of (a, /3,y)- derivations on Lie C* -algebras, Int. J. Geom. 

Methods Mod. Phys. 7 (2010), 1097-1102. 
[11] M. Eshaghi Gordji, G.H. Kim, J.R. Lee and C. Park, Generalized ternary bi- derivations on ternary Banach 

algebras: a fixed point approach, J. Comput. Anal. Appl. 15 (2013) 45-54. 



133 



SHIN ET AL 125-134 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



J* -homomorphisms and ./'-derivations 

[12] M. Eshaghi Gordji, A. Najati, Approximately J* -homomorphisms: a fixed point approach, J. Geom. Phys. 
60 (2010), 809-814. 

[13] Z. Gajda, On stability of the additive mappings, Int. J. Math. Math. Sci. 14 (1991), 431-434. 

[14] P. Gavrutja, A generalization of the Hyers-Ulam-Rassias stability of approximately additive maooings, J. 

Math.l Anal. Appl. 184 (1994), 431-436. 
[15] L.A. Harris, Bounded Symmetric Homogeneous Domains in Infinite-Dimensional Spaces, Lecture Notes in 

Mathematics 364, Springer, Berlin, 1974. 
[16] L.A. Harris, Operator Siegel domains, Proc. Roy. Soc. Edinburgh Sect. A. 79 (1977), 177-197. 
[17] L.A. Harris, Analytic invariants and the Schwarz-pick inequality, Israel J. Math. 34 (1979) 137-156. 
[18] L.A. Harris, A generalization of C* -algebras, Proc. London Math. Soc. 42 (1981), 331-361. 
[19] D.H. Hyers, On the stability of the linear functional equation, Proc. Natl Acad. Sci. U.S.A. 27 (1941), 

222-224. 

[20] D.H. Hyers, G. Isac, Th. M. Rassias, Stability of Functional Equations in Several Variables, Birkhauser, 
Basel, 1998. 

[21] M. S. Moslehian, Almost derivations on C* -ternary rings, Bull. Belgian Math. Soc. -Simon Stevin 14 
(2007), 135-142. 

[22] A. Najati, C. Park, J. Lee, Homomorphisms and derivations in C* -ternary algebras, Abs. Appl. Anal. 

2009, Art. ID 612392, 16 pages (2009). 
[23] C. Park, Isomorphisms between C -ternary algebras, J. Math. Phys. 47, Article ID 103512, 12 pages 

(2006). 

[24] C. Park, C* -ternary homomorphisms, C* -ternary derivations, J B* -triple homomorphisms and J B* -triple 
derivations, Int. J. Geom. Methods Mod. Phys. 10 (2013), No. 4, Art. ID 1320001, 11 pages. 

[25] C. Park, Sh. Farhadabadi, Ternary Jordan C* -homomorphisms and ternary Jordan C* -derivations for a 
generalized Cauchy- Jensen functional equation, (preprint). 

[26] C. Park, Sh. Farhadabadi, On the superstability of ternary Jordan C* -homomorphisms, (preprint). 

[27] C. Park, J. Lee, D. Shin, Stability of J* -derivations, Int. J. Geom. Methods Mod. Phys. 9 (2012), No. 5, 
Art. ID 1220009, 10 pages. 

[28] J. M. Rassias, On approximation of approximately linear mappings by linear mappings, J. Funct. Anal. 46 
(1982), 126-130. 

[29] J. M. Rassias, Solution of the Ularn stability problem for the quartic mapping, Glasnik Math. 34 (54) 

(1999) , 243-252. 

[30] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72 
(1978), 297-300. 

[31] Th. M. Rassias, On the stability of functional equations and a problem of Ulam, Acta Appl. Math. 62 

(2000) , 23-130. 

[32] Th. M. Rassias, P. Semrl, On the behavior of mappings which do not satisfy Hyers-Ulam stability, Proc. 

Amor. Math. Soc. 114 (1992), 989-993. 
[33] S. M. Ulam, A Collection of Mathematical Problems, Interscience Tracts in Pure and Applied Mathematics, 

no. 8, Interscience, New York, USA, 1960. 



134 



SHIN ET AL 125-134 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



NEW IDENTITIES ON GENOCCHI NUMBERS AND 
POLYNOMIALS 



SEOG-HOON RIM, JOOHEE JEONG, BONG JU LEE, AND DONG HYUN RIM 



Abstract. In [4], Kim investigated Frobenius-Eulcr polynomials arising from 
non-linear differential equations. Using Kim's idea in [4], Rim, Jeong and Park 
studied Eulcr polynomials arising from non-linear differential equations, in [8]. 
From these non-linear differential equations, we derive some new identities 
among the sums of products of Genocchi polynomials and Genocchi polyno- 
mials of higher order. 



1. Introduction 

As is well known, the Genocchi polynomials are defined by the generating func- 
tion as follows: 

(1) — -e xt = e G ^ = Gn{x)-, (see [3,5,6,9]). 

6 ~t~ 1 II. 

with the usual convention of replacing G n (x) by G n (x). 

In the special case x — 0, G„(0) = G„ are called the n-th Genocchi numbers. 
The Genocchi polynomials are also given by 

(2) G n (x) = (G + x) n = (") Gix n ~ l , (sec [3,5,6,9]). 

Thus, by (1) and (2), we get the recursive relation for G n as follows: 

2 if n = 1 



(3) G o = 0, and (G + 1)™ + G n 



if n > 1, 



with the usual convention of replacing G k, s in the binomial expansion of (G + 1)" 
by G fe 's. 

Using the idea in [1,2] or [7] we are able to obtain a formula for the product of 
two Genocchi polynomials G n (x) and G m (x) as follows: 



G m (x)G n (x) = 2mn^ 



r=l 



m — Y\ G r+ i B m+n - r -i(x) 
r + lm + n — r — 1 



+ 2mn ^2 ( 7 

s=l ^ 



n — 1 \ G s+ i B m+n - s -i(x) 



s J s + lm + n — s — 1 



+ ( 1)" +1 2 m!n! Gm+n 
(m + n) \ m + n 



1991 Mathematics Subject Classification. Primary 05A30, 11B37. 
Key words and phrases. Genocchi polynomial, Genocchi number. 
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where B m (x)'s are the well-known Bernoulli polynomials. (See [3,5,6,9].) 

For r e N, the Gcnocchi polynomials G^} (x) of order r are defined by generating 
functions as follows: 

( 4) (^■■■( e ^)«'=E«i' , Ws.(»wt 

n=0 

r-timcs 

In the special case x = 0, G^(0) = G^ are called the n-th Genocchi numbers 
order r. (see [6,9]) 
In this paper we set 

(5) F = F U=lh- 

Then, by differentiating (5) fc-times with respect to t, we get a non-linear differential 
equation with unknown coefficients Ofe(iV) as follows: 

JV-l 

(6) (N-1)\F N = ^a fc (iV)FW,(see[4,8]), 

k=0 

where F^(t) = and F N (t) = F(t) x ... x F(t) . 

S V ^ 

AT— times 

From (5) and (6), T. Kim was able to obtain an explicit formula for dk(N) as 
follows: 

V ; ii+...+( fe+ i=iV 1 + i 

By (6) and (7), we get a non- linear differential equation with a solution F(t) = j^—t 
as follows: 

N-l 

In this paper, using the idea in [4], we derive some new identities among the sums 
of products of Genocchi polynomials and Genocchi polynomials of higher order. 



2. Some Identities involving Genocchi polynomials 
From (4), we recall that the Genocchi numbers of order r is given by 
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From (5) and (9), we get 

■ 1 \ N 



(10) ^( t)= (_^_j t ? 



2 N Ve* + 1 

oo 



N 

t N 



i ' 4-n 

By differentiating both sides of F(t) = jt-c fc-times with respect to t, we get 

(ii) t N F^(t)^ly Gn + k+ \ t lt N . 

v ' w 2 ^ n + fc + 1 n! 

From (8), (10) and (11), we get 

k=0 y 1 h + ...+l k+1 =N 1 fc+i 

N— l -, , , oo „ n 

f^ (k + l)\ fJ .^ Zi.../ fc+ i2<£-;n + fc + lnl 

fe=0 ii + ...+Z fc+ i=A r n=0 

— f N — A/ 1 \ " 1 Gn+k+1 t n 

2 ^^(Hl)! ^ h...l k+1 n + k+ln\ 

n=0 k=0 y ' h + ...+l k+1 =N K + 1 

"2"^ " n! ' 

n=0 

Therefore, by (12), we obtain a new identity for Genocchi numbers of higher order. 
Theorem 1 . For N,n eN, we have 

N-l r 
f-f(iV) _ niV-l AfiW \ " 1 \ " 1 'Jn+fc+l 

S(* + 1 ) , , 1+ ..X^ il -^ in + fc+1 ' 

The following identity is well-known — we can get this identity by using the gener- 
ating function for Genocchi numbers of order N. 

n=0 n=0 \Zi+...+Jjv=n V ' ' ' 7 / 

From Theorem 1 and (13), we get the following identity. 
Corollary 2. For TV, n <G N, we have 



^ (hJ 2 ,...,J GhGh --- Gh 

i + ...+ijv=n 



fro( fc + 1 ) ! il+ ..X 1 ^ /l -^ 1 " + fc + 1 ' 
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We use the following notation 



(14) F(t,x) = — t e*t 



1 

H 

F N (t,x) = F(t) x ■■■ x F(t) e xt . 



N times 



Now by multiplying e tx on both sides of (8), we have a non-linear differential 
equation, which has a solution F{t,x) — Y^t eXt as follows: 

Using (11), we obtain the following equations: 

(15) t N F^{t)e xt = -Y Gm + k +\ * e xt t N 

2 ^ m + fc + lm! 

m— 

m + Hlm!^(! 



m=0 

2 m=0 "" ' '" ' " """ 1=0 

2 ^ \ ^ m\l\n\m + k + l X j 

n=0 \m+;=n / 

- ^ I ( n \ G*m+fc+l n-m ) ^ 

n=0 \m=0 v 7 / 

By (8) and (15), we get the value of t N F N (t,x) as follows: 

fie, t " F "«.,)^E^ £ d^ F " ,(( '*" 

fc— Zi+...+Zfc-)-i=iV 

1 oo ~ m 

_ £ _^m+k+]_l_ e xt t N 

2 ^ m + Hlm! 

771 = 

i 00 /-> j-m 00 j-l 

~ 2 ^ m + /c + l ra! ^ H 

m=0 ;=o 

_ \ ^ I \ ^ n! ££ Gro+fc+i j | 
2 ^ \ ^ m\l\n\m + k+l X J 

n=Q \m+l=N I 
f N N-l 



oo / n 

EE 



"A C m+fc+ i m \ 
mj m + k + 1 ] n\ 



n=0 \m=0 

By (10), we can represent Genocchi polynomials of order N as follows: 
(17) 2^" M = £GW(^. 

n=0 
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From (16) and (17), we obtain a new identity for the n-th Genocchi polynomial of 
order N as given in the following theorem. 

Theorem 3. For JV,neN, we have 
G< h N \x)=2 N - 1 Nt N x 



n\ Gm+k+l 



- X 

(k + l)\ l\...lk+i ^ \mlm + k + l 

fe=0 v ' h+...+l k+ i=N 1 K+i m=0 v 7 

From the generating function of Genocchi polynomials of higher order, we have 
the following well-known identities: For N, n € N, 



(18) G^{x)=^l)G\ N) x-\ 

(19) Gi N \x)= Yl (, i n , )G h G l2 ...G lN x m . 

From Theorem 3, (18) and (19) we have the following identities on Genocchi poly- 
nomials of order N with coefficients, sums of Genocchi numbers, product of sums 
of Genocchi numbers and Genocchi numbers of higher orders. 

Corollary 4 . For JV,neN, we have 

(=0 x ' li + ...+l N +m=n x ' 

N-l 

= 2 N - i m N y — i — 



, ( fc + 1 ) ! 



i 

^ h-h+i ^-C \mj m + k + 1 



«\ G m+k +l x n-m 
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SOME IDENTITIES OF HIGHER ORDER GENOCHI 
POLYNOMIALS ARISING FROM HIGHER ORDER GENOCCHI 

BASIS 

DONG JIN KANG, 1 , JOO-HEE JEONG 2 , BONG JU LEE 3 , SEOG-HOON RIM 4 , 

AND SUN HEE CHOI 5 



Abstract. In [9], D. Kim and T. Kim established some identities of higher 
order Bernoulli and Eulcr polynomials arising from Bernoulli and Euler basis 
respectively. Using the idea developed in [9], we present a study of some 
families of higher order Genocchi numbers an polynomials. In particular, by 
using the basis property of higher order Genocchi polynomials for the space 
of polynomials of degree less than and equal to n, we derive some interesting 
identities for the higher order Genocchi polynomials. 



1. Introduction 

As is well known, the n-th Genocchi polynomials of order r are denned by the 
generating function to be 

(^) r ^ = °* rH '» = f:<%Hx) t ^ (r€R) (1-1) 

^ ' n=0 

with the usual convention about replacing [G^(x)) n by Gn\x) (see [1-22]). In 
our discussion we restrict r to be nonnegative integers. In the special case of x = 0, 
are called the n-th Genocchi numbers of order r. 
By (1.1), we easily get 

e«M = i:(!) G < <r| z""' 

= ( ) G ni G n2 ■ ■ ■ G n x m . 

J—* \ni,n 2 ,. ■ ■ ,n r ,mj 

ni+n 2 -\ \-n r +m=n \ ' ' ' 

From (1.2), we note that the leading coefficient of Gn \x) is ^ = j^~y and 

G [ :\x) is a polynomial of degree n — r with integer coefficients. 
From (1.1), we have 

G^(x) = x« and = (n- r )G«(4 
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Let P„ = {p(x) € Q[x] | degp(x) < n} be the (n + 1) dimensional vector space 
over Q. Probably {1, x, . . . , x n } is the most natural basis for P„. But wc consider 

jG^^a;), G^^x), . . . , G^„(x)| as a basis for P„ for our purpose of arithmetical 
applications of Genocchi polynomials. 

If p{x) € P„, then p(x) can be expressed by 

p(x) = b G<?\x) + hG^ix) + ■■■ + b n G ( ;l n (x). 

In this paper, follow the idea in [10], we compute bi from the higher order Genoc- 
chi basis for P„. And apply such results to arithmetically and combinatorially 
interesting identities involving Gi r \x), G^ 1 (x), . . . , G^+ n {x). 



2. Higher order Genocchi polynomials 



Let us assume that p(x) e P„. Thcnp(a;) can be generated by Gi r \x), G^ 1 (x), . . ., 
G^l n (x) to be 

n 

P (x) = j2hG { ;U x )- (2- 1 ) 

fe=0 

Now we consider two linear operators A and D by 

Ap{x) =p(x+l)+ p(x) and Dp(x) = . (2.2) 

Then we see that 

AD = DA (see [9]). 
Then, by (2.1) and (2.2), we get 

Ap(x) = f> (G { ;l k {x + 1) + G%{xj) . (2.3) 

k=0 

From (1.1), wc note that 



^{GM(x + l)+GM(,)} 



n=0 



A f >W=yji 1 AG<' H ) l (x) 

fc=0 

= j2h2(r + k)G^ k 1 l 1 (x) 



(2.4) 



By simple calculation on (2.4), we get 

G£\x + 1) + GP(x) = 2nG^\x). (2.5) 
Thus, by (2.3) and (2.5), we get 



(2.6) 



k=0 

n 

fe=0 

and 

n 

A 2 P (x) = h2 2 (r + k)(r + k l)G^ k %(x). (2.7) 

k=0 
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Continuing this process, we have 

n 

A r p(x)=J2 b k2 r (r + k) r G ( j°\x) 



fe=0 



= bk2 

Let us take the operator D k on (2.8), then 



r! 

fe=0 



r {r + k)\ xK 



(2.8) 



D k A r P ( x ) = 2 r J2bi ( ^ ± ^x l - k - (2.9) 



Let us take x = on (2.9), we get 

D k A r p(0) = 2 r b k (r + k)\. 

Thus, we have 

Therefore, by (2.1) and (2.10), we obtain the following theorem. 
Theorem 2.1. For n,r£Z + = NU {0} and p(x) e V n , we have 



,)D k p(j)\G'-;l t (x). 



Let us take p(x) = x n e P„. Then we can see that D k x n = ^ k y X n k . Thus, 
by Theorem 2.1, we get 



Let p(x) = B ( n s) {x), s e Z + . Then, we have 



DfcB - )(s)= (^fc)! B »-* (a!) - (2 - 12) 



By Theorem 2.1, we get 



Therefore, by (2.13), we obtain the following corollary. 
Corollary 2.2. For n, r, s G Z + , we /icwe 
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where Bn\x) are the n-th Bernoulli polynomials of order s. 
It is well known that 



x °° j-n 9 „,n 



n=0 n=0 



In the special 0, let B n (0) = B n , E n (Q) = E n . From (2.14), we easily 

derive the following identity: 

B n (x) = (l) B kE n -k(x) G P„ (see [8]). (2.15) 

fc=0, fe^l ^ ' 

Let us take p(x) = B n {x). Then, we have 

D k B n (x) = n(n - 1) ■ ■ ■ (n - k + l)B n _ k (x) = — B n _ k (x). (2.16) 

(n — k)\ 

Therefore, by Theorem 2.1, (2.15), (2.16) and [9], we obtain the following theorem. 
Theorem 2.3. For n,r e Z + , we have 

*.<*> = t m G) Q^oxew- 

Let us consider p(x) = XX=o B k {x)B n ^ k (x). Then, we have 

I I i "i i n 

Dkp{x) = (n k + iy X Bl - kix)Bn - l{x) - (2 - 1?) 
Thus, by Theorem 2.1, (2.17) and [9], we obtain the following theorem. 
Theorem 2.4. For r,n e Z +) we /lave 

Y,B k {x)B n _ k {x) = — -J2 { k )B n _ k B k (x) + {n + l)B n (x) 

k=0 k=0 ^ ' 

4 1 1 ± Q (" t ') ^ A-^OX^W- 



Let m, n e Z + with n > m, n > 2. Then, from [9], we have 

- I { (™) (» - m) + (" " ")»} < 3 ^#Vd 



m+1 

(")" 

(2.18) 

Let us take p(x) = B m B n ^ m (x) e P„. Then, we have 

- g { © <- - »> + (" ,'")"•} - 5^^«W. 

(2.19) 

for 1 < fc < n. 

Therefore, by Theorem 2.1 and (2.19), we obtain the following theorem. 
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Theorem 2.5. For m,n € Z + with n > m, n > 2, we have 
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HIGHER-ORDER BERNOULLI, FROBENIUS-EULER AND 
EULER POLYNOMIALS 



DAE SAN KIM 1 , TAEKYUN KIM 2 , AND JONG JIN SEO 3 



Abstract. In this paper, wc give some interesting identities of higher-order 
Bernoulli, Frobcnius-Eulcr and Eulcr polynomials arising from umbral calcu- 
lus. From our method of this paper, we can derive many interesting identities 
of special polynomials. 



1. Introduction 

For a € K, the Bernoulli polynomials of order a are defined by the generating 
function to be 

{-T^l) eXt = H B( n\x)- v (see [1,7,8,12,17,18]). (1.1) 

n=0 



In the special are called the n-th Bernoulli number of 

order a. By (1.1), we easily get 



with the usual convention about replacing (£?("))" by Bn*\ 

As is well known, the Euler polynomials of order a are also defined by the 
generating function to be 

^ ! z Xt = H E{ n\*)-, : (see [11,12,13]). (1.2) 

' n=0 



e* + 



In the special CMSC, X — 0, Et\0) = E n a) are called the n-th Euler numbers of 
order a. From (1.2), we note that 

E^\x) = Y j ( n \E^x n - 1 , (sec [1-18]). 



For A e C with A ^ 1, the Frobenius- Euler polynomials of order a are defined by 
the generating function to be 

/ i \ \ a oo „ 

brr e« = Y,H£Xx\\)- (see [1,9,10,16]). (1.3) 

^ ' n=0 
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In the special case, x = 0, M a) (0|A) = H { *\\) are called n-th Frobenius-Euler 
numbers of order a. By (1.3), we get 

H<?\x\\) = J2 (see [1,9,10,16]). 

Let P be the algebra of polynomials in the variable x over C and let P* be the 
vector space of all linear functionals on P. The action of the linear functional L on 
a polynomial p{x) is denoted by (L\p(x)). We recall that the vector space on P* 
are defined by (L + M\p{x)) = (L\p(x)) + (M\p(x)), (cL\p(x)) = c(L\p(x)), where 
c is a complex constant. 
Let 



OO 



k\ 

k=0 



a k € C }. (1.4) 



For f(t) € J 7 , we define a linear functional on P by setting 

(f(t)\x n ) = a n , for all n > 0, (see [13,15]). (1.5) 
From (1.4) and (1.5), we note that 

(t k \x n ) = n\6 n , k , (n, k > 0), (see [13,15]), (1.6) 
where d n _k is the Kronecker symbol. 

For f L (t) = £~ „ ^JT- tk > we have Udt)\x n ) = (L\x n ). So the map L ^ f L (t) 
is a vector space isomorphism from P* onto J 7 . Henceforth, T is thought of as both 
a formal power series and a linear functional. We shall call T the umbral algebra. 
The umbral calculus is the study of umbral algebra. 

The order o(f(t)) of the non-zero power series f(t) is the smallest integer k for 
which the coefficient of t k does not vanish (see [13]). If o(f(t)) = 1, then f(t) is 
called a delta series. If o(f(t)) = 0, then f(t) is called an invertible series (see [15]). 
Let o(f(t)) = 1 and o(g(t)) = 0. Then there exists a unique sequence S n (x) of 
polynomials such that (g(t)f(t) k \S n (x)') = n\S n _k (n,k > 0). The sequence S n (x) 
is called Sheffer sequence for (g(t), f(t)), which is denoted by S n (x) ~ (g(t),f(t)) 
(see [13, 15]). Let f(t) e J 7 and p(a;) G P. Then, by (1.6), we easily see that 
{e*\p{x)) =p(y), (f(t)g(t)\p(x)) = (f(t)\g(t)p(x)) = (g(t)\ f(t)p(x)). 

For f(t) e T and p(x) e P, we have 

m -±tt<^e,M-±@g^ (see [«,,,,. 

fe=0 fc=0 

By (1.7), we easily get 

P «(o) = (; fc b(x)) , (i | P «(x) ) = P ( fe )(o). (1.8) 

From (1.8), we have 

t k p(x) - pW(x) = (fc > 0), (see [13,5]). (1.9) 

For S n (x) ~ (g(t), f(t)), the generating function of Sheffer sequence SV^x) is 
given by 

9 4) e, '" ,= £^*' torallseC ' (L10) 
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where f(t) is the compositional inverse of f(t) (see [15]). Let us assume that 

S„(x)~(l,/(t)), t n (x)~(l,g(t)). (1.11) 

Then, we note that 

S n (x) = x (^£^J x-H n (x), (see [13,15]). (1.12) 

By (1.6), we easily see that x n ~ (l,i). 

In this paper, we give some interesting identities of higher-order Bernoulli, Frobenius- 
Eulcr and Euler polynomials involving multiple power and alternating sums which 
are derived from umbral calculus. By using our methods of this paper, we can 
obtain many interesting identities of special polynomials. 



2. Higher-order Bernoulli, Frobenius-Euler and Euler polynomials 
Let S n (x) <~ (g(t), f(t)). Then we see that 

g(t)S n (x) ~(1, /(*)). (2.1) 

From (1.12), (2.1) and x n ~ (l,t), we note that 

Sn(x) = -^-x (-^) x n ~\ (2.2) 



g(t) \f(t)J 

The equation (2.2) is important to derive our results in this paper. From (1.1), 
(1.2), (1.3) and (1.10), we can derive the following lemma: 

Lemma 2.1. For n > 0, m <G N 7 we have 

m"4 a) (-) ~ ((^) ,*), ro »tf<»>(*|A)~((^) a ,t). 
Let us consider the following Shcffer sequences: 

Sn(x) ~ (l, e ^ T ) , t n (x) ~ (l, em ^ T ) • (2.3) 
From (2.2), we have 

S n (aO =x a:" -1 - (zTn)! 52 ^ + ^ ^ 

n-1 (n-l\ 

= x J27M S2{l+n ' n)xn ~ 1 ~ l (2 - 4) 

Z=0 V n ) 
n-1 ('n-l\ 

=X 



E72^Y^(2n-l-r,nK, 

r=0 V n / 
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and 



— ) x n - 1 =x S P - U ' , < S 2 (l + n,n)m l+n t l x n - 1 

t ) j-^{l + n)\ 



71—1 , 

n\ 



. 1(^1) 

1=0 V n ) 
n— 1 /«— 1\ 



(2.5) 



=* E 72&iiy^(2n - 1 - r, n)™ 2 "" 1 -^ 

r=0 V n I 

where S 2 (n, k) is the Stirling number of the second kind. 
For n > 1, by (1.12) and (2.3), we get 



/e mt -l\" / -A \™ 

t n (ar) =a; gt _ 1 j aT 1 ^) = a; I e -* ^ e" J aT 1 ^) 

^ \vi,...,v m J 



--xe~ nt 



< V! , . . . , v m < n 
vi-\ Yv m = n 



OO ( S , 

E E(:)(-r fe E 



< ui,. . . ,v m < n 
Vi-\ Vv m = n 



n 

V!,...,Vr, 



t s 1 

x (vi + 2v 2 H h mw m ) fe — \ x^S^x). 



Let us define multiple power sum S^\m) as follows: 



(2.6) 



S { k\™)= E ( U \v 1 + 2v 2 + --- + mv m ) k . (2.7) 

\ u l > ■ ■ • j v m / 



< ui,. . . ,v m < n 
Vi-\ lv m = n 



By (2.5), (2.6) and (2.7), we get 

00 S / \ J-S 



S=0 fc = 

ro—l r s 



E E E ^SP (-^) S - fc g 2 (2n - 1 - r, n)S^ (m)*' 

r=0 s=0 fe=0 V n / 



(2.8) 
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From (1.12) and (2.3), we can also derive 

t n {x) —x [~t~Y) X S n( x )= x [ 1 (^j— j-J & S n (a:) 

— Y,lh^S 2 {2n-l-r,n)B^{x) (2 . 9) 

' r=0 V n / 
n—l r /r\ (n—l\ 

= x E E (s+nlL'-L^ s + n, n)S 2 (2n 1 - r, n)m"+*B^ (or). 

r=0 s=0 V n A n / 

Therefore, by (2.8) and (2.9), we obtain the following theorem. 
Theorem 2.2. For n > 1, we have 

n-l jr s fr\ (n-l\ ( s\ 

E E E ^L^ i-nY-'S^n - 1 - r, n)Sjf> {m)aT' 

r=0 s=0 fe=0 V n ) 
n-l r Sr\/n-l\ 

= E E ( s+£L r -L r) S2(s + n, n)S 2 (2n - 1 - r, n)m n +> B™.{x). 

r=0 s=0 \ n I \ n ) 

Let us consider the following Sheffer sequences: 

S n (x) ~ (1, e 4 - l) , ~ (l, e mt - l) , (2.10) 

where m €E N and n > 0. 
For n > 1, by (2.2), we get 

S n (x)=x(^Yx n - 1 =xB^ 1 (x), (2.11) 



and 



By Lemma 2.1 and (2.12), we get 

kw-s'SMs)- (213) 

From (1.12) and (2.10), we can derive 

S n {x) =x y - _ - j x 1 t n (x)=a;le * E e " ) ^ 

see : <-»)-*^<-)3«(3 



m 

s =a k=o 

n—l s / \ / i 

s \ n—l 



ee ; rr 



=x 

s=0 fe=0 

Theorem 2.3. Forn,m > 1, we have 

n—l r s (r\ ln—l\ Is 



B^iix) = E E E ( 2^-rP (-n) s - k S 2 (2n - 1 - r, n)S^\m)^ 

r=0 s=0 k=0 V n ) 
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6 DAE SAN KIM 1 , TAEKYUN KIM 2 , AND JONG JIN SEO 3 

Let us assume that 

S,;.<-:- ( l -'( V , '))• *n(*)~ ('•(' V ')' (2 - r,) 
where n > and m e N with m = 1 (mod 2). By (2.2), we get 



2 



S «(*) = ^^lJ ^ 1= ^-iW. (2-16) 
and 

*»(*) = ^f^TrV*"- 1 - (2-17) 



v e mt + 1 

From Lemma 2.1 and (2.17), we note that 

t n (x) = m- 1 ^) (^) . (2.18) 

By (1.12) and (2.15), we see that 

5„(x) 



/e mt + l\™ / -A \™ 

=X ( e * + 1 J z -1 ^) = * |-e~' 2_J(-e')M x-H n 

=(-l) n xe- nt J2 ( 



(x) 



0<vi,...,v m <n 
v\ H hw m =n 



n 

K vi,...,v„ 



X ( — 1 ) ^1 + 2t, 2 H \-mv m e {vx+2v 2 ^ ^ mVm ^ t x^ 1 t n {x) 

={-i) n xe- nt jr( v ( n ) 



< t>i, . . . , v m < n 
Vi H ht) m =n 



x ( _ 1) „ 1+ 2„ 2 +...+ mBm ( Wl + 2t, 2 + • • • + m, m ) 4 ) ^ x-Hjx). 
Let us define multiple alternating power sums (to) as follows: 



rW(m)= E 

< ui, . . . ,v m < n 
vi H h» ra =n 



n 

ui, . . . ,v m 



x ( _ 1) , 1 +2„ 2 +...+m, m ^ + 2 ^ + . . . + mVm) k 



By (2.19) and (2.20), we get 



=0 k=0 
n—1 s 



s n ( X) =(-ir*£E PH-^w^-e (£) 



(2.19) 



(2.20) 



s=0 fc=0 \ / \ / 

(2.21) 

Therefore, by (2.16) and (2.21), we obtain the following theorem. 
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Theorem 2.4. For n, m > 1 with m = 1 (mod 2), we have 

l(-n)-*lfV)m-- ^i-i-s©- 



; r; 1 



^ ) 1 (*)=(-i)»x;e 

s=0 fc=0 

Let us consider the following Shcffcr sequences: 



S n (x) ~ l,t 



t„(a;) ~ 1,< 



1-XJJ ' w V ' V !- A " 

where to e N and A e C with A 7^ 0, A™ 7^ 1. By (2.2), we get 
S n (x) = x ( l^Ay i x-i = a^^A), 



and 



1 - A" 1 

mt \m 



From Lemma 2.1 and (2.24), we have 

t n (x)=m n - 1 xH£> 1 (^|A m ). 

By (1.12) and (2.22), we get 

S n (x) 

\ \ n / „mt \ rn \ n 



=x 





A m 




-A 




A m 




-A 




A m 


1- 


M 



l-A \" fe mt -X 



e*-A 



/ \ / 
\mn-n / A / e 



n 

x^t^x) 



1 - A" 



< Ul , • • • , » m < n 
v\ H hti m =n 

X ^-("i+^aH hmi) m ) e (u i+2u 2 H hm» m )t ;1 ,-lj 

l-A \" 



n 

1>1,.. .,«„ 



0^) »-*ee (:>-»)-* 



(2.22) 



(2.23) 



(2.24) 



(2.25) 



x A-(" 1+2 ^+-+ m ^)(i; 1 + 2« 2 + ---+TO Wm ) fc |TO"- 1 ^ I ! ) 1 (^| A m ) . 



E 

< v\ , . . . , v m < n 
v\ H hw m =n 

f 

si '" * vm 



n 

Vi,...,V m 



(2.26) 
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Let us define A-analogue of multiple power sums S^(m|A) as follows: 



n 

i>i,...,u„ 



E 

< ui,. . . ,u m < n 

v\ H hf ra =fi 

x r (» 1 +2, 2+ ...+™ m )( !)i + 2w 2 + • • • + mw m ) fc . 

From (2.26) and (2.27), we have 



(2.27) 



S n (x) 



1 - A™ 

1 - A 
1 - A™ 

n — 1 



n— 1 s 



A 



EE 

s=0 fc=0 
n— 1 s 

a™* EE 



s=0 fc=0 



^-*Si n) (m|A) 



(-») 



,S! 



-lrr(") ( X \m\ 



(-n)'- k Sj?\m\\) 



(2.28) 



Therefore, by (2.23) and (2.28), we obtain the following theorem. 
Theorem 2.5. For m, n > 1, A e C wit/i A 7^ 0, A m 7^ 1 , we Ziaue 



1-A 



n— 1 s 
s=0 fc=0 



1 - A 



n — 1 
s 



(-n) 
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Abstract. In this paper, we introduce the concepts of lacunary statistical r- 
convergence, lacunary statistical r-bounded and lacunary statistical r-Cauchy for 
double sequences by using the double lacunary density in the framework of locally 
solid Riesz spaces. We also introduce the notion of S^(t )-convergence of double 
sequences in this setup which seems to be a quite new and interesting idea and 
prove some interesting results related to these notions. 

Keywords and phrases: Double sequences; statistical convergence; statistical Cauchy; 

lacunary sequence; locally solid Riesz space. 

AMS subject classification (2000): 40A35, 40G15, 46A40. 



1. Background, notations and preliminaries 

The concept of lacunary statistical convergence as a generalization of statistical 
convergence, and any concept involving statistical convergence plays a vital role not 
only in pure mathematics but also in other branches of science involving mathemat- 
ics, especially in information theory, computer science, biological science, dynamical 
systems, geographic information systems, population modelling, and motion plan- 
ning in robotics. 

The idea of statistical convergence was formerly given under the name almost 
convergence by Zygmund in the first edition of his celebrated monograph published 
in Warsaw in 1935 [51]. The concept was formally introduced by Steinhaus [48] 
and Fast [13] and later was introduced by Schoenberg [47], and also independently 
by Buck [4] . Over the years and under different names statistical convergence has 
been discussed in the theory of Fourier analysis, ergodic theory and number theory. 
Later on it was further investigated from various points of view. For example, statis- 
tical convergence has been investigated in summability theory by (Cakalli and Khan 
[7], Fridy [15], Prullage [40], Salat [43]), topological groups (Cakalli [5], [6]), topo- 
logical spaces (Di Maio and Kocinac [22]), function spaces (Caserta and Kocinac 
[10], Caserta et al. [9]), locally convex spaces (Maddox [21]), locally solid Riesz 
spaces ( Albayrak and Pehlivan [1], Mohiuddine et al. [24, 28]), intuitionistic fuzzy 
normed spaces (Mohiuddine and Lohani [30]), fuzzy 2-normed spaces (Mohiuddine 
et al., [33]). Mursaleen and Edely [34] extended the above idea from single to dou- 
ble sequences by using two dimensional analogue of natural density and established 
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relations between statistical convergence and strongly Cesaro summable double se- 
quences. Mursaleen and Mohiuddine [35] denned this notions for double sequences 
intuitionistic fuzzy normed spaces. Recently, Mohiuddine et al. [27] introduced this 
notions for double sequences locally solid Riesz spaces and proved some interesting 
results. Fridy and Orhan [16] introduced the concept of lacunary statistical con- 
vergence for real sequences. Sava§ and Patterson ([45, 46]) extended the notion of 
lacunary statistical convergence from single to double sequences of real numbers and 
proved some interesting results. For more details, related concepts and applications, 
we refer to ([3, 8, 11, 16, 17, 19, 23, 25, 26, 29, 32, 36, 37, 38, 44, 49].) 

Now we recall some of the basic concepts related to statistical convergence and 
lacunary sequence. 

Let BCN. Then the natural density of E is denoted by 5(E) and is defined by 
5(E) = lim —\{k G E : k < n}\ exists, 

n^oo n 

where the vertical bar denotes the cardinality of the respective set. 

The number sequence x = (xk) is said to be statistically convergent to the number 
£ if for each e > 0, 

lim -\{k < n : \x k - i\ > e}\ = 0. 

n^oo n 

In this case, we write st — limx^ = £. 

By a lacunary sequence 9 = (k r ), where ko = , we shall mean an increasing 
sequence of non-negative integers with h r : k r — fc r -i — > oo as r — > oo. The intervals 
determined by 9 will be denoted by I r = (k r -\, k r ] and the ratio -^-^ will be defined 
by q r (see [14]). 

Let 9 be a lacunary sequence and I r = {k : fc r _i < k < k r }. Let K C N. The 
number 

5g(K) =lim — \{i £l r :i£K}\ 

is said to be lacunary density i.e. 9-density of K, provided the limit exists. 

The idea of statistical convergence for single sequences in topological spaces has 
been introduced in ([22]). Now we introduced the concept of lacunary statistical 
convergence in topological spaces as follows: 

Let 9 be a lacunary sequence. A sequence x = (xt) in a topological space X is 
said to be lacunary statistical convergent or S$- convergent to t provided that for 
each neighborhood V of £, the set 

K(V) = {k G N : x k £ V} 

has ^-density zero. In this case we write Sg-limx = £ or (xt) — £■ 

By the convergence of a double sequence we mean the convergence in the Pring- 
sheim's sense [39]. A double sequence x = (x^j) has a Pringsheim limit L (denoted 
by P — limx = L) provided that given an e > there exists an n G N such that 
\xk,i — L\ < e whenever k,l > n. We shall describe such an x = (xk,i) more briefly 
as "P — convergent". 

Let K C N x N and K(m, n) denotes the number of (i,j) in K such that i < m 
and j < n, (see [34]). Then the lower natural density of K is defined by 5 2 (K) = 
liminf mw _ >00 l^( m -'")l - j n case) the sequence ( Jt "( m '") ) \i as a limit in Pringsheim's 
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sense, then we say that K has a double natural density and is defined by P — 

The double sequence 9 = 9 rjS = {(k r ,l s )} is called double lacunary sequence if 
there exist two increasing sequences of integers such that (see [45] ) 

k Q = 0, h r = k r — &v_i — ► oo as r — ► oo 

and 

l Q = 0, h s = l s — l s -i — > oo as s — > oo. 
Notations: fc r , s = fc r Z s , fo r s = /i r /i s and 9 r ^ s is determined by 

Ir,s = {(&, : kr-i < k < k r and Z s _i < I < l s } , 
fc I 



k r —i ls—i 

Let = {(k r , l s )} be a double lacunary sequence. Let K C N x N. The number 
= P - lim-L|{(z, j) G l r , s : G K}| 

is said to be double lacunary density [8] i.e. 9- density of JT, provided the limit exists. 



2. Locally solid Riesz spaces 

On the other hand, a Riesz space is an ordered vector space which is a lattice 
at the same time. It was first introduced by Riesz [42] in 1928 and we refer to 
([1, 2, 18, 20, 50]) for more details. Now, we recall some basic definitions and 
notions related to the concept of locally solid Riesz spaces. Let X be a real vector 
space and let < be a partial order on this space. Then X is said to be an ordered 
vector space if it satisfies the following properties: 

(i) if x, y £ X and y < x, then y + z < x + z for each z G X. 

(ii) if x, y £ X and y < x, then ay < ax for each a > 0. 

If, in addition, X is a lattice with respect to the partial order, then X is said to 
be a Riesz space (or a vector lattice)(see [50]), if for each pair of elements x, y G X 
the supremum and infimum of the set {x, y} both exist in X. We shall write 

xVy = sup{x, y} and x A y = inf{x, y}. 

For an element x of a Risez space X, the positive part of x is defined by x + = 
x V = sup{x, 0}, the negative part of x by x~ = (—x) V and the absolute value of 
x by |x| = x V (— x), where is the zero element of X. 

A subset S of a Riesz space X is said to be solid if y G S and \y\ < \x\ implies 
x G S. 

A topological vector space (X, r) is a vector space X which has a topology (linear 
) r, such that the algebraic operations of addition and scalar multiplication in X are 
continuous. Continuity of addition means that the function / :IxI->I defined 
by /(x, y) = x + y is continuous on X x X, and continuity of scalar multiplication 
means that the function / :lxX-»I defined by f(a, x) = ax is continuous on 
1x1. 

Every linear topology r on a vector space X has a base TV for the neighborhoods 
of 9 satisfying the following properties: 
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(1) Each Y £ N is a balanced set, that is, ax £ Y holds for all x £ Y and for 
every o£K with \a\ < 1. 

(2) Each Y € N is an absorbing set , that is , for every x £ X, there exists a > 
such that ax € F. 

(3) For each Y £ N there exists some E £ N with i?|EC7, 

A linear topology r on a Riesz space X is said to be locally solid (see[41]) if r has 
a base at zero consisting of solid sets. A locally solid Riesz space (X, r) is a Riesz 
space equipped with a locally solid topology r. 

Recall that a topological space is first countable if each point has a countable 
(decreasing) local base. 

Throughout the article, the symbol N so i we will denote any base at zero consisting 
of solid sets and satisfying the conditions (1), (2) and (3) in a locally solid topology. 
Also we assume 9 is a double lacunary sequence. 

3. Double lacunary statiatical convergence in LSR-spaces 

Throughout the article X will denote the Hausdorff locally solid Riesz space, 
which satisfies the first axiom of countability. For our convenience, here and in what 
follows, we shall write an LSR-space instead of a locally solid Riesz space. Quite 
recently, Mohiuddine and Alghamdi [24] introduced the concept of lacunary statis- 
tical convergence in locally solid Riesz spaces as follows. 

Definition 3.1 [24]. Let (X, r) be a LSR-space and let 9 be a lacunary sequence. 
A sequence x = (x&) in X is said to be lacunary statistical r -convergent or Sq(t)- 
convergent to the element £ £ X if for every r-neighborhood V of zero, the set 

K(V) = {k£N:x k -£(£V} 

has ^-density zero. i.e. 5g(K(V)) = 0, or 

lim — \{k £l r :x k -£4V}\=0. 

r^oo h r 

In this case we write 5^(r)-limx = £ or (xk) S -^-> £■ 

Definition 3.2 [31]. Let (X, r) be a LSR-space. Then, a double sequence (x^) of 
points in X is said to be double lacunary statistical r -convergent or <%(r)- convergent 
to an element xo of X if for each r-neighborhood V of zero, 

<%({(&, I) £ N x N : x k ,i - x iV}) = 

i.e., 

P - lim — \{(k, I) £ I r>s : x k: i - x ^ V}\ = 0. 

S—(t) 

In this case, we write Sq(t) - lim fc ,/^oo x k ,i = x or (x k ,i) x . 
Now we define: 

Definition 3.3. Let (X, r) be a LSR-space. Then, a double sequence (x/y) of 
points in X is said to be double lacunary statistical r -bounded or <%(r)- bounded in 
X if for each r-neighborhood V of zero, there is some a > 0, 

S s ({(k,l)€NxN:ax k>l $V}) = 0. 
159 

ALOTAIBI 156-165 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Theorem 3.1. Let (X,t) be a LSR-space and x = (x k j) be a double sequence 
in A. Then, every S*g(r)-convergent sequences in X has only one limit. 

Proof. Assume that x = (xkj) is a double sequence in X such that Sq(t)- 
lim fcj / x k ,i = x and S , g(r)-lim fcj / x k ,i = yo- 

Let V be any r-neighborhood of zero. Also for each r- neighborhood V of zero 
there exists Y G N soi such that Y C V. Choose any W G N soi such that W + W C.Y. 
We define the following sets: 

A 1 = {(k,l)€NxN:x kt i-xo€W} 

A 2 = {(k,l)eNxN:x kil -y eW}. 

Since <%(r) — limx k i = x$ and <%(r) — limxfc/ = yo; we get <%(Ai) = 1 and 

Now, let A = A\ n A2. Then, we have 

xq-Vq=xq- x k ,i + x k j -y £W + WCYCV, 

for every (fe, I) G A. Hence for each r-neighborhood V of zero we have xo — yo G V. 
Since (A, r) is Hausdorff, the intersection of all r-neighborhoods V of zero is the 
singleton set {0}. Thus, we get xq — yo = 0, i.e., xq = yo. □ 

The following theorem establish an algebraic characterization of double lacunary 
statistical convergence in locally solid Riesz spaces. 

Theorem 3.2. Let (A, r) be a LSR-space and (x k j) and (y k j) be two double 
sequences in A. Then, we have the following: 

(i) If S^(r)-lim fc)J x k ,i = x and ,S^(r)-lim fc)J y k j = y then Sg(T)-lini kjl (x kj i+y kj i) = 
xo +yo- 

(ii) If Sg(T)-lim k} i x k j = x then 5gi(r)-lim fe ^ ax fcj / = ax for a G R. 

Proof, (i) Assume that F is an arbitrary r-neighborhood of zero. Then there 
exists Y G N so i such that Y C V. Choose W G A so/ such that W + W QY. Since 
S^(r)-lim fcjJ x fe ,i = x and 5g(r)-lim fe) ; y k j = y . We write 

Bi = {(fc,0€NxN:x fci i-s o G ^} 
B 2 = {(fc ) l)€NxN:jft il - tt) €n 
Then we have <%(Bi) = 1 = <%(B 2 ). 

Let B = Bi C\ B 2 . Hence we have <%(.£>) = 1 and 

(xk,i + Vk,i) ~ {xo + y ) = {x k ,i - xo) + {y k ,i - yo) £W + W CY CV, 
for every (k,l) G B. Therefore 

P- hm — \{(k,l)eI r ,s-(x k ,i + y k ,i)-(x + yo)eV}\ = l. 
Since V is arbitrary, we have <%(r) — lim(xfc i / + y k j) = xq + yo- 
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(ii) Assume that V is an arbitrary r-neighborhood of zero and S , g(r)-linifc ) / x k ,i = 
xq. Then there exists Y G N so i such that Y CV and we have 

P- lim —\{(k,l)€l r ,s:x k ,i-x €Y}\ = l. 

r,s~^<x> fi r s 

Since Y is balanced, x k> i —xo £ Y implies that a(xk t i — xo) G Y for every a£l with 
\a\ < 1. Hence 

G N x N : x M -x G 1"} 
C {(jfe, /) G N x N : ax fc>J - ax G Y} C {(jfe, /) G N x N : x fc>J - x G V}. 
Thus, we have 

P- lim -r—\{(k,l)€l r ,,:x k ,i-x €V}\ = l 

r,s->oo /i r s 

for each r-neighborhood V of zero. Now, let \a\ > 1 and [|a|] be the smallest integer 
greater than or equal to \a\. Then there exists W G N so i such that [|a|]W C Y. Since 
S'g(r)-limfc ) / = xo we have the set 

K = {(k, I) G N x N : x M - x G VF} 

has ^-density 1. Therefore 

\ax k ,i - ax | = \a\\xk,i - x \ < [\a\]\x k ,i - x | G [|a|]W CFCF, 

for every (k, I) G K. Since V is solid, we have ax k j — axo G Y for every (A;, I) G if. 
This implies that ax k j — axo G V for every (A;, Z) G K. Thus, 

P- lim -— | {(A;, I) G 7 rs : ax k i - ax G V}\ = 1, 

for each r-neighborhood V of zero. Hence Sg(T)-lim k j ax^,/ = axo- □ 

Theorem 3.3. Let (X, r) be a LSR-space. If a double sequence (x^,/) in X is 
S^r)- convergent, then it is S*g(r)-bounded. 

Proof. Assume that {x k: i) is 6*g(r)-convergent to a point xo in X and V is 
an arbitrary r-neighborhood of zero. Suppose that there exists Y G N so i such that 
Y CV. Choosing W G N so i be such that VF+VF C Y. Since Sq(t )-limfc i i_ >00 x k j = xo, 
the set 

A = {(k,l)eNxN:x kil -x $ W} 

has ^-density zero. Since W is absorbing, there exists a > such that axo G W. 
Let 6 be such that \b\ < 1 and b < a. Since W is solid and \bxo\ < |axo|, we have 
6xo G VF. Also, since W is balanced, x^/ — xo £ W implies b(x k j — xq) G W. Then, 
we have 

bx k = b(x k ,i - x ) + bx G W + W C V, for each (fc,l)eMxN-A 

Thus 

P- lim i{(*,0€/ r ,,:te w ^}|=0. 
Hence (x^) is S*g(r)-bounded. □ 
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Theorem 3.4. Let (X, r) be a LSR-space and (x k j), {y k ,i) an d (zk,i) be three 
double sequences of points in X such that 

(i) x k ,i < yk,l < z k ,i for all fc.lGN, 

(ii) S^(r)-lim fejJ x k ,i = x = S^(r)-lim fc)J z fc)J . 
Then S , g(r)-lim fcj / y M = x . 

Proof. Let V be an arbitrary r-neighborhood of zero, there exists Y G N so i such 
that Y C V. We choose If G iV so ; such that If + If C F. From given condition (ii), 
we have <%(A) = 1 = <%(P), where 

A = {(M)€NxN:s fci ,-z G ^} 

and 

B = {(k,l) £ N x N : z kjl - x £ W}. 
Also from the given condition (i), we have 

Xk,i ~ x Q < y k ,i -x < z k ,i - x 
=> \Uk,l ~ x \ < \x k ,i - x \ + \z k ,i - x \ G W + W C Y, 
for every (fc, I) 6 AnB. Since V is solid, we have y k j — xq G V C V. Thus, 

P- lim _L|{(fe,Z) G J r , s : y fc) , - x G f}| = 1, 

r,s->oo s 

for each r-neighborhood V of zero. Hence Sg(T)-lim k j y k j = xq- □ 



4. Double lacunary statistically t-Cauchy and double lacunary 

^(^-convergence 

In this section we define the notions of lacunary statistically r-Cauchy sequence 
and a new type of convergence, that is, S^(r)-convergence in the framework of LSR- 
space and determine prove some related results. 

Definition 4.1. Let (X, r) be a LSR-space. Then, (x k j) of points in X is said 
to be double lacunary statistically T-Cauchy sequence or Sg(r)-Cauchy in X if for 
each r-neighborhood V of zero, there are an integers m, n G N, 

%({(&, I) G N x N : x k ,i - x m , n £ V}) = 0. 

Theorem 4.1. Let (X, r) be a LSR-space. If a double sequence (x k j) is >%(t)- 
convergent to Xo in X then it is double lacunary statistically- r-Cauchy. 

Proof. Let x = (x^,/) be a sequence in X such that Sq(t) — limfc i ;_ i . 0O x k j = xq. 
Let V be an arbitrary r-neighborhood of zero. Then there exists Y G N so i such that 
Y C V. Choose If G iV soZ such that If + If C Y Then 

P - lim — \{(k, I) G I r , s : x M - x £ If }| = 0. 

r,s tl r>s 

Also, we have 

x k ,l-x m ,n = x ky i-x +xo+x m) n G Vf+Pf C Y C V . for all (k,l),(m,n) G NxN-K, 
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where 

K = {(k, I) G N x N : x k ,i - x ^W}. 

Therefore, we have 

{(k, I) G N x N : x k j - x m , n iV} C K. 
For every r-neighborhood V of zero, there exists m, n G N such that 

P-lim — |{(M)€NxN:s fc ,,-a; min $V}\ = 0. 

Hence (xfc,z) is a double lacunary statistically r-Cauchy. □ 

Now, we define ^(-^-convergence in locally solid Riesz spaces. 

Definition 4.2. Let (X, r) be a LSR-space. Then, a double sequence x = (xk,i) 
in X is said to be 6'i(r)-convergent to xo if there exists a set K = {(k, I)} C N x N, 
fc, / = 1,2,..., with Sq(K) = 1 such that lim^-joo x k ,i = xo- In this case we write 
5|(r)-limx = xq. 

Theorem 4.2. Let (X, r) be a LSR-space. If a double sequence x = (x k j) in X 
is 5^(r)-convergent to xo, then it is S*g(r)-convergent to the same limit. 

Proof. Assume that ^(rj-lim^j x k j = xq. Let V be an arbitrary r-neighborhood 
V of xo- Since 5|(r)-limfe ; ; x k j = xq, there is a set K = {(&,/)} C N x N, fc, I = 
1, 2, 3, • • • with &q(K) = 1 and no = uq(V), mo = mo(V) such that k > no, I > mo 
and (k, I) e K imply x k ,i — xq G V. Then 

= {(M) GNxN:x fci /-x g V} C N x N- {(fe„ 0+ i, i rao+ i), (fc„ 0+2 , W). • • • }■ 
Therefore 

$e(K v ) < 1 - 1 = 0. 
Hence x is S*g(r)-convergent to xq. □ 

We remark that the converse holds for a first countable space. 

Theorem 4.3. Let (X, r) be a first countable LSR-space and x = (x^) be a 
double sequence in X. Then, x = (x^) is S'|(r)-convergent to xo if it is <%(r)- 
convergent to xo- 

Proof. Let x be double lacunary statistically r-convergent to a number xo- Fix 
a countable local base V\ D Vi D V3 D ■ • ■ at Xo- For each i G N, put 

i<Q = {(fc,Z) GNxN:x M -x i Vi). 

By hypothesis, 6g(Ki) = for each z. Since the ideal 2 of all subsets of N x N having 
^-density zero is a P-ideal (see for instance [12]), then there exists a sequence of 
sets ( Jj)j such that the symmetric difference KjAJj is a finite set for any i G N and 
J := U^Ji G T. 

Let K = N x N \ J, then &q{K) = 1. In order to prove the theorem, it is enough 
to check that lim( fe : i)^k x k,l = xo. 
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Let i G N. Since AjAJj is a finite, there is (ki, U) G N x N, without loss of 
generality with (fcj, U) G K, fcj, > i, such that 

(NxN\Ji)n{(fc, I) G NxN : k > ki,l >k} = (NxN\Ki)n{(k, Z) G NxN :k>k h l> Q. 

(4.1) 

If (fc,Z) G K and > fc;,Z > Z i5 then /) £ J*, and by (4.1) (k, I) <£ K,,. Thus 
Xk,i — xq G Vi. So we have proved that for all i G N there is (ki, k) G K, ki, U > i, 
with Xk,i — xo G Vi for every k > ki,l > li : without loss of generality, we can suppose 
fcj+i > ki and li + \ > Zj for every i G N. The assertion follows taking into account 
that the V(s form a countable local base at xo- □ 
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ON THE STABILITY OF STATES IN EFFECT ALGEBRAS 

CHOONKIL PARK, GANG LU, AND DONG YUN SHIN* 

Abstract. In this paper, the M-cffect algebra is defined. We prove the Hyers-Ulam 
stability of states in effect algebras. 



I. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam 
[14] in 1940, concerning the stability of group homomorphisms. Let (G±, .) be a group 
and let (G 2 , *) be a metric group with the metric d(.,.). Given e > 0, does there exist 
a SO, such that if a mapping h : G\ — > C7 2 satisfies the inequality d(h(x .y) , h(x) * 
h(y)) < 5 for all x,y G G\, then there exists a homomorphism H : G\ — > C7 2 with 
d(h(x), H(x)) < e for all x G G±? In the other words, Under what condition does there 
exists a homomorphism near an approximate homomorphism? The concept of stability 
for functional equation arises when we replace the functional equation by an inequality 
which acts as a perturbation of the equation. In 1941, Hyers [7] gave the first affirmative 
answer to the question of Ulam for Banach spaces. Let / : E — > E' be a mapping 
between Banach spaces such that 

\\f(x + y)-f(x)-f(y)\\<6 

for all x,y G E, and some 5 > 0. Then there exists a unique additive mapping T : E — >■ E' 
such that 

\\f(x)-T(x)\\<5 

for all x G E. In 1978, Th.M. Rassias [11] proved the following theorem. 

Theorem 1.1. Let f : E — >■ E' be a mapping from a normed vector space E into a 
Banach space E' subject to the inequality 

\\f( x + y )-f( x )-f( y )\\ <e(||*r+||y|n (1.1) 

for all x,y G E, where e and p are constants with e > and p < 1. Then there exists a 
unique additive mapping T : E — > E' such that 

ii/(*)-n*)ii<^Nr (i.2) 

for all x G E. If p < then inequality (1.1) holds for all x,y ^ 0, and (1.2) for x ^ 0. 
Also, if the function t h-> f(tx) from R into E' is continuous in t G R for each fixed 
x G E, then T is R-linear. 
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In 1991, Gajda [6] answered the question for the case p > 1, which was raised by Th.M. 
Rassias. More generalizations and applications of the Hyers-Ulam stability to a number 
of functional equations and mappings can be found in [l]-[4], [8]-[10] and [12, 13]. 

We recall some basic facts concerning effect algebra. A structure (L, ©, 0, 1) is called an 
effect algebra if 0, 1 are two distinguished elements and © is a partially defined operation 
on L which satisfies the following conditions for any a, b, c G L ([5]): 

(1) b @ a = a @b if a@b is defined (it is said that a and b are orthogonal elements). 

(2) (a © 6) © c = a © (b® c) if one side is defined. 

(3) For every a G L there exists a unique b G L such that a © b = 1 (we denote b by 
a ). 

(4) If 1 © a is defined then a = 0. 

Let F = {ai : 1 < i < n} be a finite subset of L. If a± © a2, (ai © 02) © 03, . . . (ai © 
02 © • • • © a n -i) © dn are defined, we say that F is orthogonal and we denote F — 
(a\ © <22 © • • • © a n _i) © a„. Let L be an effect algebra and let p G L. We define Op = 
and lp = p. More generally, if n is a positive integer and (n — l)p is defined, we say that 
np is defined if and only if {n — l)p © p is defined, in which case np := {n — l)p © p. 

If G is an arbitrary subset of L, we will say that G is orthogonal if each finite subset 
F C G is orthogonal. 

If G is orthogonal and the supremum \J {@ F : F C. G, F finite} exists, then 
0G = \/{0 F : F <zG, F finite} is called the ®-sum of G. 

L is said to be complete if ^ G exists for each orthogonal subset GCL 

L is a-complete if ® G exists for each countable orthogonal subset G C L. 

We say that an effect algebras L is a-orthocomplete (resp. orthocomplete) if © ig/ 
exists for any countable (resp. arbitrary) orthogonal system {a^ : % G /} of elements of L. 
We recall the an effect algebra is cr-orthocomplete if and only if for every nondecreasing 
sequence {a^};^ there is a supremum a = VieN a «- 

A function s : L — > [0, 1] from L to unit interval [0, 1] of real numbers is a state on L 
if (i) s(l) = 1, (ii) s(a © 6) = s(a) + s(b) whenever a © 6 exists in L. It is clear that 
s(0) = 0. A state s : L — > [0, 1] is said to be a-additive, or completely additive if the 
equality 



holds for any countable, or arbitrary index set /, respectively, such that @ ie/ a« exists 
in L. 

In this paper, we investigate the following the problem: 

Let L be an effect algebra, and L be completely additive. Given e >, does there exist 
a 5 > 0, such that if a function s : L — > [0, 1] (resp. M.) satisfies the inequality d(f(a © 
b), f(a) + /(&)) < 5 for all a,b G L and a @b, then there exists a state s : L — > [0, 1] 
(resp. M.) with d(h(a), s(a)) < e for all a G L? 



Theorem 2.1. Let f : L — > [0, 1] be a function for which there exists a function (p : 
L x L — > [0, 00) such that 




2. Hyers-Ulam stability of states 




i=o 
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\f(a®b)-f(a)-f(b)\ <<p(a,b) (2.1) 
for all a,b G L with a © b G L. Then there exists a unique state s : L — > [0, 1] snc/i £/ia£ 



|/(a) - s(a)\ < -<p(a,a) 

for all a G L. 

Proof. Letting b = a in (2.1), we get 

\f(a®a)-2f(a)\<<p(a,a) 

for all a e L. So 



(2.2) 



/(a) - */(a©a) 



1 / X 



for all a E L. Hence one may have the following formula, for positive integers m, I with 
m > I, 



i/(2'a) - ^/(2™a) 



m— 1 



11 

< 2 E^( 2,fl - 2 * a ) 



(2.3) 



It follows from (2.3) that the sequence {^/ (2 fc a) } is a Cauchy sequence for all a £ L. 
Since [0,1] is a bounded closed set, the sequence {^kf {2 k a) } converges. So one may 
define the function s : L — > [0, 1] by 



1 



s(a) := lim -/ (2 k a) , Va G L. 



By (2.1), 



|s(ae6)-s(a)-s(6)| < lim ~ k \f(2 k (a © 6)) - /(2 fc a) - f(2 k b)\ 

< lim \^{2 k a,2 k b) = 

for all a,b E L with a © 6 G L. So 

s(a © 6) = s(a) + s(6) 

for all a,b E L with a © 6 G L. Moreover, letting I = and passing the limit m — > oo in 
(2.3), we get (2.2). 

Now, we show that the uniqueness of s. Let T : L — >■ [0, 1] be another state satisfying 
(2.2). Then one have 



\s(a) — T(a) 



(2'a)-4r(A) 



2 k v 7 2 fc " 



< ^ (| S (2 fc a) - / (2 k a) | + |T (2 fe a) - / (2 fc a) |) 

< ^(2 k a,2 k a), 

which tends to zero as k — > oo for all a G L. So we can conclude that s(a) = T(a) for 
all a e L. □ 
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Corollary 2.2. Let f : L — > [0, 1] be a function 

\f(a®b)-f(a)-f(b)\<e 
for all a,b G L with a © b G L. Then there exists a unique state s : L — > [0, 1] such that 

\f(a)-s(a)\<e 

for all a G L. 

3. Hyers-Ulam stability of states in R 

In this section, we introduce the abstract unit product on L as follows. 

Let o be a binary operation on R x L, i.e., o : R x L — > L, if it satisfies the following. 

(1) For any a, (3 G R, if a, b G L with a © b is defined, then a o a © /3 o b. 

(2) For any a G 1, if a, & € L with a © 6 is defined, then ao(a©&) = ao a® uob. 

(3) For any a, (3 G K, if a o a is defined, then (3 o (a o a) = a/3 o a. 

If L has a binary operation o satisfying the conditions (1) and (2), then (L, 0, 1, ©, o) is 
called an M-effect algebra. For the sake of simplicity, ao a has been simplified aa. 

Next, we discuss that the Hyers-Ulam stability of states in R. A function s : L — > R 
from L to real numbers is an R-state on L if (i) s(l) = 1, (ii) s(a © b) = s(a) + s(b) 
whenever a © b exists in L. 

Theorem 3.1. Let f : L — >■ R be a function for which there exists a function if : Lx L -+ 
[0, oo) such that 



lp(a, b) := rrjV a3h ) < °°> 



i=o 



|/(aa © (3b) - af\a) - 0/(6)1 < <p{a, b) (3.1) 
/or all a,b G L w?£/i a © 6 G L. T/ien Z/iere exzsfe a unique state s : L — > K. swc/i £/iat 



|/(a)-s(a)| < o ^(a,0) 
|a| 

for all a G L. 

Proof. Letting 6 = in (3.1), we obtain 

\f(aa) - af(a)\ < ip(a,0) 

for all a G L. So 

/(a)--/H < - 0) 



(3.2) 



for all a & L. Similarly, we may get 



f(b) ~ pWb) 





1 


< 






a 




1 


< 









tp(0,b) 



for all b G L. Hence 



1 ■/(a'a) - 4r/(« m «) 



or 



a' 



m— 1 



3+1 



^(oPa, 0) 



(3.3) 



for all nonnegative integers m and I with m > Z and all a E L. It follows from (3.1) 
and (3.3) that the sequence f(a n a)} is a Cauchy sequence for all a & L. Since R is 
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STATES IN EFFECT ALGEBRAS 



complete with | • |, the sequence {\f{a n a)} converges. So one can define the function 
s : L -> R by 

s(a) : = lim — f(a n a) 

for all a G L. 

Now, by (3.1), we prove that s is an R-state. 



\s(a © b) - s(a) - s(b)\ < lim 



1 





1 


< lim 


n— >oo 




+ \af(a 


n-l 


< lim 


1 




a n 


= 





a n b 



\f(a n a © a n b) - f\a n a) - f(a n b)\ 

a n b" 



af(a n - l a) - fif 



fif 



a n b 



f{a n b) 



r ( a n -\^-b) +ip(a n - 1 a,0) - r ( 0. 



a n b 



for all a,b E L with a © 6 G L. So 

s(a © b) = s(a) + s(b) 

for all a,b G L with a ©6. Moreover, letting / = and passing the limit m — > oo in (3.3), 
we get (3.2). 

Now, let T : L — y R be another state satisfying (3.2). Then we have 



\s(a) -T(a)\ < 
< 

a Ll 
1 1 

r<£(a n a, 0), 



s(a n a) - T(a n a) 



< 2-, 



{\s(a n a) - f(a n a)\ + \T(a n a) - f(a n a)\} 
1 1 



\a\ n \a\ 

which tends to zero as n — y oo for all a G L. So we can conclude that s(a) = T(a) for 
all a G L. This proves the uniqueness of s. □ 

Corollary 3.2. Let f : L —y R 6e a function which satisfies 

\f(aa®(3b)-af(a)-(3f(b)\<e 

for all a,b G L toit/j a © o G L and a// a |a| > 1. T/ien i/iere exzsfo a unique state 
s : L — y R swc/i i/ia£ 



|/(a)-*(a)|< 





ft 




ft 




- 1 



for all a G L. 
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ABSTRACT 

We discuss in this paper the form of the solutions of the following recursive sequences 

^n(,±J- ± Xn— 3%n— 4) 

where the initial conditions are arbitrary real numbers. Moreover, we study the dynamics 
and behavior of the solutions. 

Keywords: difference equations, recursive sequences, stability, periodic solution. 
Mathematics Subject Classification: 39A10 



1 Introduction 

In this paper, we obtain the form of the solutions of the following recursive sequences 

Xn+l = 7— — r, 71 = 0,1,..., 1 

X n (±l ± X n - 3 X n -4) 

where the initial conditions are arbitrary real numbers. Moreover, we study the dynamics and 
behavior of the solutions. 

Here, we recall some notations and results, which will be useful in our investigation. 
Let I be some interval of real numbers and let 

/ : I k+1 - /, 

be a continuously differentiable function. Then for every set of initial conditions x-k,x_ k+1 , ...,x e 
I, the difference equation 

Xn+i = f{x n , x n —i, x n —}~), n = 0, 1, (2) 

has a unique solution {x n }%L_ k [32]. 
Definition 1. (Equilibrium Point) 
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A point x g I is called an equilibrium point of Eq.(2) if 

x x) . 

That is, x n = x for n > 0, is a solution of Eq.(2), or equivalently, x is a fixed point of /. 
Definition 2. (Stability) 

(i) The equilibrium point x of Eq.(2) is locally stable if for every e > 0, there exists 8 > such 
that for all x-k, x-k+i, x-i, x g / with 

\x-k — x\ + \x-k+i -x\ + ... + \x — x\<6, 

we have 



Xn, X 



< e for all n > -k. 



(ii) The equilibrium point x of Eq.(2) is locally asymptotically stable if x is locally stable solution 
of Eq.(2) and there exists 7 > 0, such that for all x-k, z-fc+i, ...,x-i, x g / with 

\x-k — x\ + \x-k+i — x\ + ••• + \xq — x\ < 7, 

such that 

lim x n = x. 

n^oo 

(iii) The equilibrium point x of Eq.(2) is global attractor if for all x-k,x-k+i, -,x-i, x g /, we 
require 

lim x n = x. 

n^oo 

(iv) The equilibrium point x of Eq.(2) is globally asymptotically stable if x is locally stable, and 
x is also a global attractor of Eq.(2). 

(v) The equilibrium point x of Eq.(2) is unstable if x is not locally stable. 

The linearized equation of Eq.(2) about the equilibrium x is the linear difference equation 



Edf(x,x,...,x) 
7h~. Vn - 



i=0 "~>--- 

Theorem A [33]: Assume that pi g R, i = l, 2, k and k is non-negative integer. Then 

k 



i=i 

is a sufficient condition for the asymptotic stability of the difference equation 

X n +k + PlXn+k-1 + ••• + PkX n = 0, 71 = 0, 1, ... . 

Definition 3. (Periodicity) 

A sequence {x n }^_ fe is said to be a periodic with period p if x n+p = x n for all n > -k. 
The study of asymptotic stability and oscillatory properties of solutions of difference equations 
is extremely useful in studying the behavior of mathematical models of various biological sys- 
tems and other applications. This is due to the fact that difference equations are appropriate 
models for describing situations where the variable is assumed to be a discrete set of values. 
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These values arise frequently in studying biological models, formulation and analysis of dis- 
crete time systems, the numerical integration of differential equations, deterministic chaos, and 
etc. For example, Ladas [34] discussed the oscillation of positive solutions about the positive 
steady state N in the delay logistic difference equation 



N n +i = N n exp 



3=0 



where r, p m e (0, oo),po,pi, ■-,Pm-i e [0, oo) and m + r ^ 1, which describes situations where 
population growth is not continuous but seasonal with non-overlapping generations. This leads 
to the study of oscillations about zero of a linear difference equation of the form 

m 

x n +i - x n + ^pjx n _ fci = 0, n = 0, 1, ... . 

i=0 

Furthermore, difference equations are appropriate models for describing situations, where pop- 
ulation growth is not continuous but seasonal with overlapping generations. 
El-Metwally et al. [16] investigated the asymptotic behavior of the population model 

x n +i = a + f3x n -ie~ Xn , 

where a is the immigration rate and (3 is the population growth rate. 

Ding et al. [10] studied the following discrete delay mosquito population equation 

X n +1 = (dX n + f3x n -l) e~ Xn . 

The generalized Beverton-Holt stock recruitment model had been investigated in [7,9]: 

x n+1 - ax n -t- 1+CXn _ 1+dXn - 

See also [29, 32]. The long term behavior of solutions of nonlinear difference equations of 
order greater than one has been extensively studied during the last decade. For example, 
various results about boundedness, stability and periodic character of solutions of second- 
order nonlinear difference equation, see [1-20]. 

Many researchers have investigated the behavior of the solution of difference equations. For 
instance, Agarwal et al. [2-3] investigated the global stability, and periodicity character and 
then gave solutions of some special cases of the difference equations 

x n +i = a+ b - CXn _ s , x n+ i = ax n + CXn ^ 2+dXn _ 3 - 
Aloqeili [4] has obtained solutions of the difference equation 

Xn+1' 1 



a x n x n —\ 



While, Cinar [8] investigated solutions of the following difference equation 

ax n -i 
X n +1 - i +bXnXn _ 1 ■ 
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Later, Elabbasy et al. [14] investigated the global attractivity of equilibrium point and asymptotic 
behavior of solutions of the following difference equation 

™, ax n — l X 7i — k 

uu-ii — p l^i> n — q 

what is more, they also gave the solution of some special cases of the difference equation. 
In [22], Elsayed dealt with the dynamics and found the solution of the following rational recur- 
sive sequences 

Karatas et al., [31] got the form of the solution of the difference equation 

Other related results on rational difference equations can be found in references [21-39]. 

2 On the Recursive Sequence x n+1 = *"~ 3Xn ~ 4 s 

In this section, we give a specific form of the solution of the equation in the form 

Xn— 3 x n— 4 n Ir .\ 

x n +i = — 7T— r, n = 0, 1,..., (3) 

Xn\L i Xn—3Xn—4) 

where the initial values are arbitrary positive real numbers. 

Theorem 2.1. Suppose that the sequence {i n }" = _ 4 be a solution of Eq.(3). Then for n = 

0,1,... 



%4n-3 



XAn-2 



X-3X"L 4 T-rV (1 + iX- 2 X- 3 ) (1 + IX-iXq) 



"0 i=Q 



n 71 



A J - V ( l + (i + l)x_ 3 x_4) (1 + ix-iX-2) J ' 



X-2Xq -r-r / (1 + (i + l)x_ 3 X_4) (1 + IX-1X-2] 

M ITT 



i=0 
n-1 



(1 + (i + l)x_ 2 X_ 3 ) (1 + IX-iXq) 

X-\x n _ A '-jpp 1 / (1 + (i + l)x- 2 X- 3 ) (1 + ix-ixp) \ 
X4n ^ 1_ U (1 + (i + l)x_ 3 x_ 4 ) (! + (?+ l)x_ix_ 2 ) ) 



XAn 



i=0 

x +1 TT ( (1 + ^-3^-4) (1 + «X_iX_ 2 ^ 



x™, 11 V (1 



x -4 ~,q V (! + «a;-2X-3) (1 + ix-ixo) 



Proof: For n = the result holds. Now, suppose that n > and that our assumption holds for 
n-1. That is; 



X4n-7 



xsx^ 1 ^-r / (1 + ix_2X- 3 ) (1 + ix-ixo) 



"0 i= o 

n-1 n-2 
^-2 X TT 

X4n-G = —^n—[[ 

„n— 1 n— 2 



(1 + {i + l)X-3X-4) (1 + iX-lX-2) / ' 



£-22;o~ -r-r /(! + (« + l)x_3X_ 4 ) (1 + ix_ix_ 2 ) 



1 + (i + l)x_ 2 x_ 3 ) (1 + iz-izo) 
Z-1Z-4 1 y=r" / (l + (i + l)x_ 2 x- 3 )(l + ix-ixo) 

X4n ~ 5 x r l t=o v(i + (*+ i)^-3x_ 4 ) (1 + (i + i)*-i*- 2 ; 
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Xq 'i-r / (1 + IX-3X-4) (1 + IX-IX-2) 



XAn—4 



"-4 i=0 
.1 n-2 



(1 + IX-2X-3) (1 + ZX_iX ) 

Xq~ l "y4 ( (1 + 3x_ 3 x_ 4 ) (1 + ix-ix_ 2 ) \ 

X4n ^ 8 x n _- 4 2 ij wi + ^- 2 x- 3 ) (1 + iz-ixo) ; 



-4 j=0 

Now, it follows from Eq.(3) that 



X4n-3 



X4n-7X4n-8 



X4n—4 

(1 + X 4n -7X4n-8) 
n-2 _ n-2 

TT / (l+ia:-2a;_3)(l+ix_ix ) \ xg "I T / (l+ix_ 3 j;_4)(l+»x_ix_2) \ 
11 V(l+(i+l)x_ 3 x_ 4 )(l+ix_ia;_ 2 ) y / 11 ^ (l+ia:_2X_3)(l+ia:_iXo) ) 



i=0 i=0 



n-1 



Xq TT / (l+ia_3X_4)(l+ia_ia;_2) \ 
x™-, 1 11 V (l+»x-2a;-3)(l+ix-ixo) J 
i=0 



n-2 n-2 

3^-4 TT / (1+ix 2X- 3 )(l+ix-ix ) \ x™ TT / (l+iijf-iKW^iM ^ 

11 ^(l+(i+l)a;_3a;_4)(l+ia;-ia;_2) J 11 I (l+ix_2X-3)(l+jx_ix ) J 

i=0 i=0 

n" 2 / (1 + ix_ 3 x_ 4 ) \ 
^{(l + (i + l)X- 3 X-t)) 

n" _1 7 (1 + ix- 3 X-4) (1 + ix-iX- 2 ) \ J yrf (1 + ix_ 3 X- 4 ) 

, V (1 + ^-2X- 3 ) (1 + iX- lXQ ) ) y l+X - 3X - 4 11 ^ (1 + (i + l)x_ 3 X_ 4 ) 

yr ( (1 + ix- 2 X- 3 ) (1 + ftX-iXp) \ X- 3 x 7 l 4 

11 V (1 + iX-SX-l) (1 + ZX_!X_ 2 ) ; x n (1 + (n _ l )x _ 3X _ 4 ) (l + ( 

^-3^-4 rr / (1 + ?x_ 2 x_ 3 ) (1 + ix^xp) \ 1 

x ~,o \( 1 + ix-3%-4) (1 + «x_ix_ 2 ) / (1 + (n — l)x_ 3 x_ 4 + X_ 3 X_4) 

x- 3 x™ 4 tt / (1 + ix_ 2 x_ 3 ) (1 + iz-izo) \ 1 

x o ~_o + ?x_ 3 x_ 4 ) (1 + ix_ix_ 2 ) / (1 + nx_ 3 x_4) ' 



Hence, we have 

£4n-3 = 



_ X- 3 X1 4 j-r / (1 +ix_ 2 X_ 3 ) (1 -HX-lXp) \ 

^o fj V (! + (* + 1)^-3^-4) (1 + ix-xX-2)) ' 



Similarly, 

£4n-2 = 



X4n-6 x 4n-7 



^4n-3(l + X 4n - G X4 n - 7 ) 



n—2 j n-2 

-2*n _1 T~|Y (l + (i+l)j:-3^-4)(l+^-l^-2) \ 31 -3 ^4 TT ( (l+ix_2X_ 3 )(l+^_ix ) 

" r ~ 11 V (l + (i+l)^-2^-3)( 1 + i:c -l :c 0) / i™" 1 ll\(l+(i+l)^3M)(Hii-li- 2 ) 



111 



4 i=0 " ' " i=0 



n-1 

-3 



2^4 TT/ (l+^_2^-3)( 1 +^-l^o) \ 

111 (l+(*+l)^-3 :c -4)(l+^-l^-2) / 
i=0 



n-2 ^ n-2 

^-2^g~ 1 TT/ (l+(i+l)^- 3 ^-4)(l+^-l^-2) \ x -3 x -4 TT / (l+^-2^-3)(l+^-l^o) 

x": 1 111 (l + (i + l)^-2^- 3 )( 1 + te -1^0) / a:™" 1 111 (WHI^QIi^M^) 

4 i=0 U i=0 
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X-2 



rr/ (l + ix-2X- 3 ) 
fjl(l + (i + l)x_ 2 x_ 3 ) 



^Tj/ (1 + iX- 2 X- 3 ) (1 + iX-lXp) \( y\f (l±ix-2X-s) \ 

ti\(l + (i + l)X-3X-i)(l + iX-iX- 2 ) ) I 1+x - sa! - 2 11 ^ (l+(i+l)x_ 3 x_ 3 ) j 



n— 1 

■j-j- f(l + (i + l)x_ 3 x_ 4 ) (1 + ix-iX-2) \ 



- o \ (! + ^-2^- 3 ) (i + ix-ixo) ) I "_ 4 (i+i«-i) I - 2I -3)(i+ (1+( ;_ 1 3 ) i;_ 3h 

jj ^ (1 + (i + l)x_ 3 X_4) (1 + iX-lX-2) \ X- 2 Xq 



i=0 
n-1 

= n 

i=0 

Hence, we have 



(1 + ix-2%-3) (1 + ix-ixo) J x™ 4 (1 + (n — l)x_ 2 £-3 + £-3^-2) 

(1 + (i + l)x_ 3 X_4) (1 + IX-1X-2) \ X- 2 Xq 



(1 + iX-2X-z) (1 + ZX-iXq) / x™ 4 (1 + nx_ 2 £-3 



TT f 0- + (* + l)^-3a;-4) (1 + 

^4n-2 ~ 



TT ^ 

X -4 f = Q \ (! + (« + l)x-2X- 3 ) (1 + ix_ix ) 

Similarly, we can easily obtain the other relations. Thus, the proof is completed. 

Theorem 2.2. Eq.(3) has a unique equilibrium point which is the number zero and this equilib- 
rium point is not locally asymptotically stable. 

Proof: For the equilibrium points of Eq.(3), we can write 

x 2 

X 



x(l + X 2 ) ' 

Then, we have 

x 2 (1 + x 2 ) = x 2 , => x 2 (1 + x 2 - 1) = 0, 

or, 

X* = 0. 

Thus, the equilibrium point of Eq.(3) is x = 0. 

Let / : (0, oo) 3 — > (0, oo) be a function defined by 

ft \ vw 
f{u,v,w) 



u(l + vw) 
Therefore, it follows that 

fu(u,V,w) = TTTT V i fv(u, V, w) = ,™ — rr, f w (u, V, w) = ,„ - — rr, 

we deduce that 

fu{x,x,x) = 1, f v (x,x,x) = 1, f w (x,x,x) = 1. 

The proof follows by using Theorem A. 
Numerical simulations 

To confirming the results obtained in this section, we consider some numerical examples which 
represent different types of solutions to Eq. (3). 
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Example 1. We assume x_ 4 = 5, x_ 3 = 3, x_ 2 = 0.13, x_i = 2, x = 7. See Fig. 1. 

plot ol x(n+1). x(n-3>x<n-4)/(x(n)(1«(n-3)x(n-4)) 




10 20 



40 50 60 70 



Figure 1. 

Example 2. See Fig. 2, since x_ 4 = 0.1, x_ 3 = 0.3, x_ 2 = 3, x-i = 0.2, x = 0.7. 



plot ol x(n+1). x(n-3)x(n-4)/(x(n)(1 + x(n-3)x(n-4» 



10 20 



40 50 60 70 




Figure 2. 



3 On the Recursive Sequence x n+1 



In this section, we obtain the solution of the difference equation in the form 



X n +1 



Xn—3%n—4 



-, n = 0,l,..., 



(4) 



Xn{ 1 "i" 3 X«— 4) 

where the initial values are arbitrary non zero real numbers with x_ 3 x_ 4 7^ 1, x_ 3 x_ 2 ^ 

1, x_ 2 x_i 7^ 1 and x_ixo 7^ 1- 

Theorem 3.1 . Let {x n }^ = _ A be a solution of Eq.(4). Then the solution of Eq.(4) is given by the 
following formula torn = 0, 1, 2, ... 



X8n-4 



X8n-3 



XSn-2 



x 



2n 




„2n-l 



(— 1 + X_ 3 X_ 4 ) (-1 + X_iX_ 2 ) 

(-1 + x_ 2 x_ 3 ) (-1 + X_lX ) 



X-3X % ( (-1 +X_ 2 X_ 3 ) (-1 + X_lX ) 



n 2n 



(-1 + X_ 3 X_ 4 ) (-1 + X-lX-2) 



X-2Xq ( (-1 + X_ 3 X_ 4 ) (-1 + X_iX_ 2 ) 

£-4 V ( _1 + X-2X-3) (-1 + x-ixo) 
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X8n-1 



X8n 



X8n+1 



( (-1 + X-2X-3) (-1 + X-!Xo) 
xl n +X-3X-4) (-1 +X_iX_ 2 ) 

x 2n+l + X _ 3X _ 4 ) („1 + x _ lX _ 



Jin 



2) 



(-1 + X-2X-3) (-1 + X-1X0) 
x-sx 2 ^ 1 ( (-1 + x_ 2 x_ 3 ) (-1 + X_lX ) 



x- 2 x 2 n+l ( (-1 + x_ 3 x_ 4 )\ /(-l + x_ 3 x_ 4 )(-l + a;_ix_ 2 ) 



X8n+2 x 2 ™ +1 U-l + ^-3)A (-l + x_ 2 x_ 3 )(-l + a:_ixo) 

I-1S 2 4 +1 / (-1 + X_ 2 X_ 3 ) (-1 + X_iX ) 



X8n+3 xl n+1 (-l + X- lXQ ) \(-l + x^x^)(-l + x^ 2 ) / 

Proof: For n = the result holds. Now suppose that n > and that our assumption holds for 
n - 1. That is; 



xg"~ 2 / (-1+X_ 3 X_4)(-1+X_!X_ 2 ) ^ "- 

x 2n 4 ~ 3 V (-l + x_ 2 x_ 3 )(-l + x_ix ) 
x- 3 x 2 _V 2 / (-l + x_ 2 x_ 3 )(-l + x_ix ) x ; " ;: 



X8n-12 



X8n ~ U X 2 ™- 2 V ("I + X-3X-*) (-1 + X_xX_ 2 ) , 

X-2Xn n_2 / (-1 + X_ 3 X_ 4 ) (-1 + X_iX_ 2 ) X 
X 8 n-10 = 2w _ 2 ' 



(-1 + x_ 2 x_ 3 ) (-1 + X_lX ) 



x-ix 2 ^ 2 / (-l + x_ 2 x_ 3 )(-l + x_ix ) x " 1 



XM ^ X 2 ™- 2 U-l+^-4)(-l + X_!X_ 2 ) 

X 2 "- 1 / (-1 + X_ 3 X_ 4 ) (-1 + X_!X_ 2 ) ^ ^ l 
XM X 2 _V 2 V ("I + X-2X-3) (-1 + X_!X ) 

X-SX 2 ^- 1 ( (-1 + X_ 2 X_ 3 ) (-1 + X_!X ) X "" 



X8n 7 " x^-^-l + x-sX-^ V (-l + x_ 3 x_ 4 ) (-l + x_ix_ 2 ), 

X- 2 X 2 "' 1 / (-1 + X_ 3 X_ 4 ) \ / (-1 + X_ 3 X_ 4 ) (-1 + X_iX_ 2 ^ N " ~ ! 

XM x 2 X X U-l + x_ 2 x_ 3 )J V (-l + x_ 2 x_ 3 )(-l + x_ 1 x ) 

x-ix 2 ™^ 1 / (-1 + x_ 2 x_ 3 ) (-1 + X_1X ) 



XSn 5 xl n 1 (-l+x_ix ) +x_ 3 x_ 4 ) (-1 + X_iX_ 2 

Now, it follows from Eq.(4) that 

X8n-8X8n-9 



X8n-4 



X8n-5( — 1 + X8 n— 8X8n— 9 ) 

n-1 rr , ^2n-2 , , . , _ \ \ Tl-1 



_2ri-2 



a; 



/ (-l+x- 3 x_ 4 )(-l+x_ 1 x_ 2 ) \ w 1 ^-1^-4 f (-l+x_ 2 x_3)(-l+x_ 1 xo) V 

^ (-1+X_ 2 X_ 3 )(-1+X_1X ) ^ IE^- 2 V(-l+X_ 3 X_ 4 )(-l+X_lX_ 2 )y 



„2n-l 



x-i^T 1 



/ (-1+X- 2 X-3)(-1+X-iXq) A n 

ix ) \ (-l+a:-3X-4)(-l+X-ix_ 2 ) ^ 



(-1+x 

1 



1 I X T n f (7 1+3: ~3 3: -4)(-l+^-l^-2) \" ^-l^-l 2 / (-l+X-2X-3)(-l+X-lX ) \" X \ 
* 4~ 2 V (- 1 + :c -2^- 3 )(-l+^-1^0) / ^n-2 \ v (-l+x_ 3 X_4)(-l+X_iX_ 2 ) y / I 



X 



-4 



(-1 + X_ 2 X_ 3 ) (-1 + X_iXp) \ " 



(-1 +X_iX ) ^(-1 + X_ 3 X_ 4 ) (-1 + X-1X-2) ' 

x 2 ," / (-l + x- 3 x_ 4 )(-l + x_ix_ 2 ) ' 

It 1 v (-i+x_ 2 x_ 3 )(-i+x_ix ) 



X 
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X8n-7X8n-8 

X8n-3 



X 8 „-4(-l + x 8n-7X8n-8) 

l-Hc-l^o) \" 1 ^o"" 1 , ( (~ 1+3: - _ 

xl n - 1 (-l+x_ :i x_ 4 ) [^{-l + x_ 3 x_ 4 )(-l + x_ 1 x_ 2 ) J x 2n-2 y (-l + x_ 2 x_ 3 )(-l + x_ 1 x ) 

— 2ra 

x n f f-l+x_ 3 x_4)(-l+x_ix_2)^" 



*- 3*-4 1 ( (-l+s- 2 tt- 3 )(-l+*-l*o) V 1 ^"- 1 ^ (-l +3: _ 3 ^ 4 )(-l+._ 13: _ 2 ) \" 



x 2 ™ 



/ (-l+x_3Z_4)(-l+x_ia:_2) V 

re-l y (-l+x_2X_3)(-l+x_ixo) y 



^ ^"^(-l+rc-a^) \ v (- 1 + :c -3^-4)(-l+^-l^-2) / a^™" 2 V (-l+^-2^-3)(-l+^-1^0) J J 

(— l+x_2a:-3)(— l+^-igp) V 
(-l+o;_3a;_4)(-l+2;_ia:_2) y 



(-i+ ( _^ 3 : 3 - 4 _ 4) ) 

Hence, we have 

_ a-gx^ / (-l+^ax-aX-l+x-ixp) \ n 
J-8n-3 a;g' 1 ^ (-l+a;_3a:_4)(-l+a;_ia;_2) ^ ' 

Similarly, we can easily obtain the other relations. Thus, the proof is completed. 

Theorem 3.2. Eq.(4) has three equilibrium points, which are 0, ±y/2 and these equilibrium 
points are not locally asymptotically stable. 

Proof: For the equilibrium points of Eq.(4), we can write 



Then, we have 

x 2 {x 2 - 2) = 0, 

Thus, the equilibrium points of Eq.(4) are 0, ±y/2. 

Let / : (0, oo) 3 — > (0, oo) be a function defined by 

f(u,v,w) = U{ _T +VW) - 

Therefore, it follows that 

fu(u,V,w) = - u , { ™ +vw) , fv(u,V,w) = u( _;™ vwf , UU,V,W) = u( _-^ jw)2 , 

we see that, 

fu\X,X,X) — ilj fv\XjX,X) — 1, f w (2, X, x) — 1. 

The proof follows by using Theorem A. 

Lemma 1. It is easy to see that every solution of Eq.(4) is unbounded except in the following 
case. 

Theorem 3.3. Eq.(4) has a periodic solution of period eight iff (-1 + 2_ 2 2_ 3 ) (-1 + 2_i2 ) = 

(-1 + x_32_ 4 ) (-1 + x-12-2) , x = 2_4 and will be taken the form 

{20, 2-3, 2- 2 ,2-i, SO, ( -l+": 3 3X _ 4 ) > S-2 ( (liixl'xlsj ) ■ Flfe^y ,2 ,2_3,2_ 2 , ■■■■}■ 
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Proof: First, suppose that there exists a prime period eight solution 

X , X_ 3 , X—2, X—l, Xq, { _ 1+ X -_\ x _ 4) ,X- 2 ( jl^I^j ) , { _ 1 +- 1 _ iXq) ,X ,X-3, ■ 

of Eq.(4), we see from the form of the solution of Eq.(4) that 

xl n ^ (-l + a;-3X-4)(-l+a-iX-2) V _ 
^ ~ X 2 ^ 1 {{-l+X-2X-3)(-l + X- lX0 ) J " X0 ' 

x- 3 x 2n 4 / (-1 + x_ 2 x_ 3 ) (-1 + X_lX ) 
'' 8 "- :i ~ 1 • ..): 1 • x 2' ' 



X-2Xq™ / (-1 + X-3X-4) (-1 + X-lX-2) 
ZI4 V (- 1 + ^-2X- 3 ) (-1 +X_iX ) 
X-jX 2 ^ f (-1 + X_ 2 X_ 3 ) (-1 +X-lX ) 
~ Xl n 1,(-1+X_3X_4)(-1 + X_ 1 X_ 2 ) ' ' - ' 

„2n+l / ( _j + X _ 3X _ 4 ) (_1 + x _ lX _ 2 ) 



X8n " x 2 4 V (-l + x_ 2 x_ 3 ) (-l + x_ixo) ' 

X-SX 2 ^ 1 f (-l+X-2X-3)(-l+X- 1 Xo) \ n = X-3 

8ra+1 ^+ 1 (_l +a; _3 3; _4) V(- 1 + :c -3a;-4)(-l+^-l^-2) J (-l+a;_3X_4)' 

X- 2 X 2 n+1 / (-1+X_ 3 X_ 4 ) \ / (-l + X_ 3 X_ 4 ) (-1 + X_iX_ 2 ) 

X8n+2 x 2 _ n 4 +1 U-l + x_ 2 x_ 3 )A (-l + x_ 2 x_ 3 )(-l + x_ix ) 

'(-l + x_ 3 x_ 4 ; 

x_ 2 ■ 



X8n+3 — 

Then, we get 



(-1 + x_ 2 x_ 3 ) / 

_ „,2n+l / / 1 \ / t . \ \ n+1 

r-ix_ 4 / (-1 + x_ 2 x_ 3 ) (-1 + X_iX ) N 



x 2n+l (_]_ _|_ X -±Xq) \ (-1 + X_ 3 X_ 4 ) (-1 + X_iX_ 2 ) / (-1 + X_iX ) ' 

(-1 + X_ 2 X_ 3 ) (-1 + X_lX ) 



(-1 + X_ 3 X_ 4 ) (-1 + X_iX_ 2 ) 



XQ = x_ 4 . 



Thus, 

(-1 + X_ 2 X_ 3 ) (-1 + X-lXo) = (-1 + X_ 3 X_4) (-1 + X_lX_ 2 ) , Xo = X_4- 

Secondly, assume that (-1 +x_ 2 x_ 3 ) (-1 + x_ixo) = (-1 + x_ 3 x_4) (-1 + x_ix_ 2 ) , xo 
x 4. Then, we see from the form of the solution of Eq.(4) that 



X8n-4 = Xo, X 8n -3 = X-3, X Sn -2 = X_ 2 , X 8n -1 = X_l, X 8n = X , 

_ X-3 / ( — 1+X — 3X— 4) \ _ X—l 

X 8n+1 - (_l +x _ 3X _ 4 ); X 8n +2 ~ X_ 2 {(-l+ x ^ 2X _ 3 ) J , x 8n+3 ~ (-l +x _ lXQ )- 

Therefore, we have a periodic solution of period eight and the proof is complete. 

Theorem 3.4. Eq.(4) has a periodic solution of period two iff x_ 3 x_4 = x_ 3 x_ 2 = x_ 2 x_i = 
x_ixo = 2 and will be taken the form {xo, x_i, xo, x_i, ...} . 

Proof: The proof is consequently from the previous Theorem and will be omitted. 
Numerical simulations 

Here we will represent different types of solutions of Eq. (4). 
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Example 3. If we consider x_ 4 = 11, x_ 3 = 3, x_ 2 = 9, x_i = 2, x = 7 we get Fig. 3. 



plOlOlx(n+1), x(n-3)x(n-4);(x(n)(-1«(n-3l«(n-4)l 



10 20 30 40 50 60 70 




Figure 3. 

Example 4. See Fig. 4, since we suppose that x_ 4 = 15, x_ 3 = -2, x_ 2 = 15, x_i = -2, x 
15. 

plot of x(n+1 )= x(n-3|x(n-4)/()((n)(~1+)((n~3)x(n-4)) 




2 4 6 8 10 12 14 16 18 20 



Figure 4. 

Example 5. Assume that x_ 4 = 3, x_ 3 = 2, x_ 2 = 3, x_i = 7, x = 3 see Fig. 5. 



plot ol x(n+1|. x(n-3)x(n-4)/(x(n)M+x(n-3Mn-4)) 




2 4 6 8 10 12 14 16 18 20 



Figure 5. 

The following cases can be proved similarly. 
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4 On the Recursive Sequence x n+1 = x ^ x ^ 

In this section, we get the solution of the third following equation 



X n +1 



-, n = 0, 1,..., 



■^n(l -Era— 3-^n— 4j 

where the initial values are arbitrary positive real numbers. 

Theorem 4.1. Assume that {x„}^_ 4 be a solution of Eq.(5). Then torn = 0, 1, ... 



3^— 4 -|—|- / (1— ix_ 2 a:-3)(l— ix-ix ) \ 
v , -(i+l)x_ 3 x_4)(l-jx_ia;_2) J ' 



^4n-3 



X4n-2 



XAn—1 



„n 



n-1 



, <; j. j. \ v l— (i+l)a;_3a;_4)(] 
n-1 



X-2X 



X 



n 



0_ TT ( {\-{i+\)x-zx-i)(\-ix-xx^2) \ 
11 \ (l-(j+l)x_ 2 3:-3)(l-«-l2:o) / ' 



j=0 
n-1 



n+1 " 



(l-(»+l)x-2X_ 3 )(l-ix_ix ) 



X4r, 



L[ ((l-(/ + ri.r .V i)(J-(/ + I)r , .r J/ ' 

i=0 

TT / (l—ix-3X-4,)(l—ix-ix-2 

r n 11 \ {l.—ix-2X-z){l—ix-ixo) 



i=0 



(5) 



Theorem 4.2. B?.^ ftas a unique equilibrium point which is the number zero and this equilib- 
rium point is not locally asymptotically stable. 

Example 6. Assume that x_ 4 = 3, x_ 3 = 2, x_ 2 = 5, x-i = 7, x = 0.13 see Fig. 6. 



plot ol «(n+1). x(n-3)x(n-4l/(x(n)(1-x(n-3M„-4)l 




5 On the Recursive Sequence x n+1 = ^-3^-4 — 

^ X n (-l-X n -3X n -i) 

Here, we obtain a form of the solutions of the equation 

Xn— 3X n — 4 n 1 

Xn+1 = V n = > 1 >-> (6) 

Xnl, J- X n —3X n —'i) 

where the initial values are arbitrary non zero real numbers with x_ 3 x_4 ^ 1, x_ 3 x_ 2 ^ 

— 1, x-2^-i 7^ —1 and x_ixo 7^ — 1- 
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Theorem 5.1. Let {x n }™ = _ 4 be a solution of Eq.(6). Then for n = 0,1, 2, ... the solution of 
Eq.(6) is given by 



X8n-4 



X8n-3 



XSn-2 



X8r, 



Jin 

Xq 



X8n+1 
X8n+2 



X^ 



X. 



Xq 



( (-1-X_3X_ 4 )(-1-X_1X_2) N \ n 

2n-l \ (-l-x_2X_3)(-l-x_ixo) J ' 
2n 

£-3^-4 / (-l-a;-2X-3)(-l-x-izo) \" 

x 2n \_ (— 1— X-3X-4)( — 1— X-lX-2) J ' 

In 

X-2Xq / (-l-x_3X_ 4 )(-l-x_ 1 x_ 2 ) \ n 
x 2ra \_ (-l-x_2X_3)(-l-x_ixo) J ' 

2n 

X_lX_ 4 / (_i_a;_ 2 a;_3)(-l-a;-ia:o) \ " 
3.2?! \^ (-l-x_ 3 x_ 4 )(-l-x_ix_2) J ' 

2n+l . . n 

X Q I (-l-X- 3 X-4){-l-X-lX-2) \ 

x 2n^ \ (-l-x_2X_3)(-l-x_ixo) J ' 

f (-l-X_2X_ 3 )(-l-X_iXo) \ n 
\(-l-X_3X_4)(-l-X_iX_2)/ ' 

( (-]j-X_3£_4)\ / (-l-X-3X-4)(-l-X-lX_2) ~\ " 
\(-l-x_ 2 x_ 3 ) j \ (-l-a;_ 2 ^-3)(-l-a;-l^o) / ' 

■l»-4 +1 ( (-l-X- 2 X- 3 )(-l-X- l3! o) \ n+1 

-l-X_lXo) \ (-1-X_3X_4)(-1-X-1X_2) ) 



x- 3 xl^ 



(-1-X-3X 



Theorem 5.2. B?.^ ftas a unique equilibrium point which is the number zero and this equilib- 
rium point is not locally asymptotically stable. 

Lemma 2. It is easy to see that every solution of Eq.(6) is unbounded except in the following 
case. 

Theorem 5.3. Eq.(4) has a periodic solution of period eight iff (-1 - X-2X-3) (-1 - x_ix ) = 

(— 1 — x_ 3 x_4) (—1 — X-1X-2) , xq = x-4 and has the form 

f X_3 / ( — 1— X_3X_4)\ X_i I 

|x , X-3, X-2, X-l, XQ, ( _ 1 _ :c _3 :E _ 4) , X-2 ( j-i-s.^j ) , { _ 1 _ x _ lxo) ,XQ,X-3,X-2,....j ■ 

Theorem 5.4. Eq.(4) has a periodic solution of period two iff x_ 3 x_ 4 = x_ 3 x_ 2 = x- 2 x-i = 

x-ixq = —2 and give by the form {xq, x-i, xq, x_i, ...} . 

Example 7. Fig. 7. shows the solutions when x_ 4 = 0.21, x_ 3 = 2, x_ 2 = 0.5, x_i = 7, x = 
0.3. 



plot of x(n+1)= x(n-3)x(n-4)/(x(n)(-1 -x(n-3)x(n-4)) 




5 10 15 20 25 30 35 40 45 50 



Figure 7. 
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Abstract 

In this paper, we study the global analysis of virus dynamics models with discrete delay and with 
distributed delay. The models describe the interaction of the HIV with two classes of target cells, CD4 + T 
cells and macrophages. The incidence rate of virus infection is given by the Beddington-DeAngelis functional 
response. The models have two types of discrete time delay or distributed delay describing the time needed 
for infection of cell and virus replication. The basic reproduction number R is identified which completely 
determines the global dynamics of the models. By constructing suitable Lyapunov functionals, we have 
proven that if Ro < 1 then the uninfected steady state is globally asymptotically stable (GAS), and if 
Ro > 1 then the infected steady state exists and it is GAS. 

Keywords: HIV dynamics; Global stability; Delay; Beddington-DeAngelis functional response. 



1 Introduction 

In the last decades, mathematical modeling and model analysis have proven their importance in understanding 
the infection dynamics of HIV, and that provided a remarkable improvement in understanding the disease, hence 
determine the treatment dosages and the effectiveness of the medications [1]. A great effort has been devoted 
to study the basic and global properties of the HIV infection models such as positive invariance properties, 
boundedness of the model solutions and stability analysis which are important for understanding the associated 
characteristics of the HIV dynamics. Some of the existing models are given by ordinary differential equations 
(see e.g. [2], [3] and ([4]). Others models incorporate the delay between the time of viral entry into the 
target cell and the time the production of new virus particles, modeled with discrete time delay or distributed 
time delay using functional differential equations (see e.g. [6], [8], [20], [7], [21], [16], [23], [17], [15], [25]). 
In the literature, different forms of the incidence rate of infection in virus dynamics models have been used 
such as bilinear incidence rate (3xv (e.g. [24], [7], [17], [26]), saturated incidence rate j^- u (e.g. [16], [23]), 

Beddington-DeAngelis functional response 1+ ^ , a, 7 > , [30], [28], [27], [29]), and unspecified function 
h(x,v) ([15], [18]). The basic mathematical model describing the virus infection dynamics with Beddington- 
DeAngelis functional response has been studied in [4] is of the form: 

\ a @ xv m 
x = X — ax — , (1) 

1 + ax + jv 

(3xv 

V = ; ay, 2) 

1 + ax + jv 

v = ky — rv, (3) 

where x,y and v represent the concentrations of the uninfected CD4+T cells, infected cells and free virus parti- 
cles, respectively. The uninfected cells are generated from sources within the body at rate A. The parameters d 
and f3 are the death rate constant of the uninfected cells and rate constant characterizing infections of the cells. 
Eq. (2) describes the concentrations dynamics of the infected cells and shows that they die with rate constant 
a. The virus particles are produced by the infected cells with rate constant k, and are cleared from plasma with 
rate constant r. 
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Model (l)-(3) has been extended to incorporate the discrete time delay in [30], [28] and [27]. In [29], model 
(l)-(3) has also been modified to take into account the cytotoxic T-lymphocyte (CTL) immune response. In 
model (l)-(3), it is assumed that the HIV attack one class of target cells ( CD4+T cells). More accurate modeling 
being developed in 1997, when Perleson et al. [31], observed that after the rapid first phase of decay during 
the initial 1-2 weeks of antiretroviral treatment, plasma virus levels declined at a considerably slower rate. This 
second phase of viral decay was attributed to the turnover of a longer-lived virus reservoir of infected cells. 
These cells are called macrophages and considered as the second target cell for the HIV. Mathematical model of 
the HIV dynamics with two classes of target cells CD4+T cells and macrophages has been proposed in [5] and 
[22] . Recently, several papers have been presented deals with the global properties of the HIV dynamics with 
two classes of target cells ([9], [12], [11], [13]). Elaiw [9] studied the global properties of HIV infection model 
with two classes of target cells (CD4 + T cells and macrophages). Elaiw and Azoz in [12], also studied the global 
properties of HIV infection models with two classes of target cells and with Beddington-DeAngelis functional 
response. In [12] the effect of time delay is neglected. Elaiw et al. [11] studied the global stability of HIV 
model with Beddington-DeAnglis functional response and one kind of discrete time delay. Elaiw [13] studied 
the global dynamics of a delay HIV model with two classes of target cells and saturated function response. 

The aim of this paper is to study the global dynamics of two HIV infection models with Beddington- 
DeAngelis functional response. Model with discrete delay and model with distributed delay have been studied 
to take into account the time delay between the time the target cells contacted by the virus and the time the 
emission of infectious (matures) virus particles. The global stability of the these models is established using 
Lyapunov functionals. We have proven that the global dynamics of these models are determined by the basic 
reproduction number R . If Ro < 1, then the uninfected steady state is globally asymptotically stable (GAS) 
and if R > 1, then the infected steady state exists and it is GAS. 



2 Model with discrete-time delay 

In this section we study a viral infection model with two classes of target cells and Beddington-DeAngelis 
functional response. We incorporate two types of discrete-time delays into the model. 

Xl= X 1 -d 1 xi-— ■ , (4) 

1 + a 1 x 1 + jxv 

x 2 = A 2 - d 2 x 2 - — ■ , (5) 

1 + OL0X1 + 72^ 



1 + a\x\(t - n) + jiv(t - n) 
e- m ^p 2 x 2 (t-T 2 )v(t-T 2 ) 

V2 = 7" 77 \ i 77 7 - (7) 



0:2X2 + 72 v 

Tl)v(t - Tl) 

1 + at\x\{t - ti) + jiv(t - ti) 

e- m ^p 2 x 2 (t-T 2 )v(t-T 2 ) 
1 + a 2 x 2 (t - T 2 ) + J 2 v(t - T 2 ) 
2 

V = J2 e ~ niWik iyi( t -° J i)- rV > ( 8 ) 
i=l 

where Xi and yi represent the concentration of the uninfected and infected target cells, respectively, where 
i = 1 and 2 correspond to CD4+T cells and macrophages, v is the concentrtion of the virus particles. Here 
the parameter n accounts for the time between the target cells of class i are contacted by the virus particles 
and the production of new virus particles. The factor e~ miTi accounts for the probability of surviving the time 
period from t — Tj to t, where rrii is the death rate of infected but not yet virus producer cells. The parameter u>i 
accounts for the time between the virus has penetrated into a target cell i, and the emission of infectious virus 
particles. The factor e~ niUJi accounts for the probability of surviving the time period from t — Ui to t, where n-i 
is positive constant. The parameters A,, di, cei, 7$, and ki are positive constants with the same biological 
meaning given in model (l)-(3). 
Initial conditions 

The initial conditions for the system (4)-(8) take the form 

xi (0) = Vl (0), x 2 (6) = <p 2 (0),Vi(6) = MO), 2/2(0) = <Pa{6)A0) = Ws(0), 

<Pi(0)>O, 9€[-e,0), <pj(0)>0, i = l,.-,5, (9) 

where, (ipi(8),ip 2 (6), ^5(6)) G C and C = C([—£, 0],Rfj.) is the Banach space of continuous functions mapping 
the interval [— £, 0] into where I = max{Ti, t 2 ,uji, lo 2 }- By the fundamental theory of functional differential 
equations [14], the system (4)-(8) has a unique solution (x\(t),x 2 (t), yi(t), y 2 (t),v(t)) satisfying initial conditions 
(9). 
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We put /3- = e " liTi f3i and Pi — e niUli ki, then the system (4)-(8) can be written as: 

Xi = Xi - diXi - & x i v ( £ = 1,2 (10) 



1 + OiiXi + -fiV 
- Tj)v(t - Tj) 

1 + aiXi(t - n) + 7iu(i - Tj) 

2 

u = ^ Pij/i (t - Wf) - rv. (12) 



»=i 



2.1 Non- negativity and boundedness of solutions 

In the following, we establish the non-negativity and boundedness of solutions of (10)-(12) with initial conditions 
(9). 

Proposition 1. Let X (t) — (x\{t), x^it), Ui(t), U2{t), v(t)) T be any solution of (10)-(12) satisfying the initial 
conditions (9), then x\(t),X2(t),yi(t),y2(t) and v(t) are all non-negative for t > and ultimately bounded. 

Proof. First, we prove that Xi(t) > 0, i = 1, 2, for all t > 0. Assume that lose its non-negativity on 
some local existence interval [0, p] for some constant p and let t\ <G [0, p] be such that Xi(t\) — 0. From Eq. (10) 
we have Xi(t\) — Xi > 0. Hence Xi(t) > for some t e (ii , ii + e), where e > is sufficiently small. This leads 
to a contradiction and hence Xi(t) > 0, for all t > 0. Further, from Eqs. (11) and (12) we have 

7 l + a l x l (r ? -r 4 )+ 7^(77-^) 



2 * 

w(t) - «(0)e- rt + J> / e^'"^ - "0*7, 
i=i ^ 

confirming that (t) > 0, i = 1,2, and u(t) > for all i e [0,1]. By a recursive argument, we obtain yi(t) > 0, 
z = l,2, and v(i) > for all t > 0. 

Next we show that the solution is ultimately bounded. From Eq. (10) we have x% < Xi — diXi. Thus 
lim supxi(i) < and Xi(t) is ultimately bounded. Let Ti(t) = ^Xi(t — Tj) +yi(t), then 

t— >oo 

jut) = %(\ i - d iXi (t - Ti ) - ^(t-^vjt-n) \ + p>x z (t~ n )v(t-n) _ 

Pi V * l 1 1 + a { X t (t - Ti) + "f t V (t - Ti) J I + CtiXi (t - Ti) + 7iV (t - Ti) 

= f\ - (t - n) - a lVl <^jr~ *iTi(t), 

where <Ji = min{di,a,i}. It follows that lim supXi(i) < Li, where Li — This in turn implies, by the 

t — *oo 

non- negativity of Xi(t) and yt{t), that lim supyi(i) < Li and y%{t) is ultimately bounded. On the other hand, 

2 2 

from Eq. (12) we have v(t) < Pi^i — rv, then lim supv(t) < L* , where L* — ^ "^r~ an d v(t) is ultimately 

1=1 t^OO j=l 

bounded. □ 



2.2 Steady States 

It is clear that, system (10)-(12) has an uninfected steady state Eq(x°, x\, y® , y®, v °)i where x° = ^, = 0, 
z = 1,2 and v° = 0. The system can also has an infected steady state E*(x\,X2, y*,y2,v*) which is the infected 
steady state. The coordinates of E t , if they exist, satisfies the equalities: 

A, = dix\ + - PlX l"* - , i = 1, 2 (13) 

1 + c^z* + 7^* 

Oitf = , i = 1, 2 (14) 



X>y*- (is) 
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Wc define the intracellular delay-dependent basic reproduction number for system (10)-(12) as 

where Ri is the basic reproduction number for the dynamics of the virus and the target cell of class i. 
Lemma 1. If Ro > 1, then there exists a positive steady state E*. 

Proof. To compute the steady state of the system (10)-(12), we let the right-hand sides of Eqs. (10)-(12) 
equal zero, 

Aj - d iXi - PlXlV =0, % = 1, 2 (17) 

1 + UiXi + "fiV 

: T «^ = ' * = 1,2 (18) 

1 + otiXi + ~iiV 



^PiVi-rv = 0. (19) 

i=l 

Solving Eq. (17) with respect to Xi, we get Xi as a function of v as: 

x l± = ^- (a^ - (1 + &v) ± \/ ((1 + &) - Oi^i) 2 + 4"^° (1 + tS) . 

where, & = 7$ + ^7. It is clear that if w > then x i+ > and Xj_ < 0. Let us choose 

Xi = - (1 + 6") + V ((! + - a ^") 2 + 4a ^° (1 + • (20) 



From Eqs. (17)-(19) we have 



2 



di^) - rv = 0. (21) 

i=i a * ft 



Since a;, is a function of i>, then we can define a function A\(v) as: 

A 1 ( W ) = V^f (A,- ^0-^ = 0. 

When v = 0, then a; 4 = x°, and Ai(0) = 0, and when v = v = £)? =1 > 0, then substituting it in Eq. (20) 

we get Xi > and 

Mv) = -J2—x t <0. 



i=l 

Since A\{v) is continuous for all v > 0, we have 

2 



Therefore, if R > 1, then ^(0) > 0. It follows that there exists v* g (0,u) such that ^(u*) = 0. From Eq. 
(20), we obtain x* > 0, i = 1, 2. Also, from Eq. (18) we get y* > 0, i = 1, 2. 



2.3 Global stability analysis 

In this section, we study the global stability of the uninfected and infected steady states of system (10)-(12). 
The strategy of the proofs is to use suitable Lyapunov functional which are similar in nature to those used in 
[32]. 

Preliminary: 

We shall use the following notation: z — z(t), for any z g {xi,yi,v, i — 1,2}. We also define a function 
H : (0,oo) — ► [0,oo) as 

H{z) — z — 1 — log z. 



4 

190 



ELAIW ET AL 187-202 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.1, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



It is clear that H(z) > for any z > and H has the global minimum H(l) — 0. The function H(z) can also 
be used in driving an extension of the arithmetic-geometric mean inequality which is important in proving the 
global stability of the steady states. 

To extend the arithmetic-geometric mean inequality we put 



-H(zi) = 1 - Zi +logz l < 0, for zi,....,z n > 0, 



summing —H(zi) from i = 1 to n 



For ai, a n ,bi, ...,b n > 0, it holds that 



- + log < 0. 



i=l 



i=l 



t=l at i=l al 

If Zi, 22, z„ > satisfy 2 1 z 2 ---2„ = 1, then it holds that 

n 

n - ^Zi < 0. 

i=l 

When aia 2 ...a„ = bib2-..b n , and by substituting z, = ^ in (25), we get 



If we put Zi = ^f=^ = in (25), we obtain 



ai + a 2 + 



n 



> ^/aia 2 ...a„ 



(22) 
(23) 

(24) 
(25) 



(26) 



which is the arithmetic-geometric mean inequality. Thus the inequalities (23) and (24) are considered as 
extensions of the arithmetic-geometric inequality. 

Now let us assume that a\a<i...a m -\ — b\bi...b m -\, m < n, and replace b m , b n by b' m , ...b' n , then we have 



n ■ 



m — i , n i , n , / 

-E--E-+ lo gIl-^ - 

i—l i—m t—m 



(27) 



This holds true for any positive di,bj,b' k , (i = 1, n; j = 1, m — 1; = m, n). The inequality (27) is 
crucial in proving the global stability of the infected steady states. 

First we prove the global stability of the uninfected steady state E by using a suitable Lyapunov functional. 

Theorem 1. Consider the system (10)-(12), if R < 1 then £ is GAS. 
Proof. Define a Lyapunov functional Wq as follows: 



Pi 



r— ' a 



+Oi y y l (t-6)d6 
o 



A(l + a^) U? S x J +yi+Pl J l + a i x i {t-6)+ li v{t-e) 



Xi(t - 9)v(t - 0) 



-de 



+ v. 



(28) 



We note that Wq is defined and continuous for all Xi,yi,v > 0. Also, the global minimum Wq = occurs at the 
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uninfected steady state E . The time derivative of W along the solution of (10)-(12) is given by 



dW 
dt 



E 



A,; — diXi 



PiXiV 



+ 



ftXiit - Ti)v(t - Ti 



1 + otiXi +j l v J 1 + aiXi(t - n) + jiv(t - n) 



aiVi 



/3'iXiV 



-TiMf-TY) 

1 + OiiXi +JiV 1 + CtiXi(t - T { ) + -fiV(t - Ti) 
2 



= E 



i=\ 



PiXixtil + diX?) 



0\ ( Xi X i) 



+ a { yi - aiyi{t - uj t ) 

P'iXiV 



^2piVi(t - £*>i) - 



TV 



l=l 



(1 + a t x°) (1 + a { Xi + 7iu) 



/3-x^ 



(1 + (1 + c^x, + 7^) 1 + a,Xj + 7.^ 
2 



— TV 



E 

i=l 
2 

E 

i=l 
2 

E 

i=i 



_ 1 _ oy , gigfe + (Xix'}P' i XiV 

fiXiX^l + OiX?) {l l) (1 + a ia; ?) (1 + OiXi + 7i«) 

_/ _ n2 + QiXj + 7^ - 7^) 

°^ ^ ^ (l + a i x?)(l + a i x i + 7 ^) 



(1 + 

-#A, 



E 



_/3iXiX°(l + OjX?) 

/W^l + oiiX?) 
/3'Ai 



— 



(x,-x°) 2 + 



/3-x°v(l + a^x; + 7ju) 



(1 + a 4 x°) (1 + ctiXi + 7^) (1 + atix?) (1 + c^x,; + 7^;) 



— 



^ ai f3 i x l x° i {l + aiX°) 



{^i xf) 



Pi 



^ a; (1 + a,a;?) (1 + onxi + 7^) ~[ a i( l + a i x T) 



+ ^ Pi P'ixtv 



rv 



/3'A 



^ aj (1 + aja;?) (1 + ajXj + 7^) 



(i?o - 1)™. 



(29) 



It can be seen that, if Ro < 1 then ^ < for all Xj,w > 0, i = 1, 2. By Theorem 5.3.1 in [14], the solutions 
of system (10)-(12) limit to M, the largest invariant subset of = 0}. Clearly, it follows from (29) that 

= if and only if x,- t — x?, i = 1, 2 and w = 0. Noting that M is invariant, for each element of M we have 
v = 0, then t> = 0. From Eq. (12) we drive that 

2 

= i> = ^PiJ/i(i-u>i). 



Since yi(t — 6) > for all 9 <E [0,£], then PiVi{t — oJi) — if and only if — u>i) = 0, i = 1,2. Hence 



i=l 



= if and only if 2^ = x°, yj = 0, i = 1, 2 and u = 0. From LaSalle's invariance principle, £0 is GAS. 
Theorem 2. If R > 1, then is GAS. 

Proof. For proving the global stability of the infected steady state E t , we first use the following system 



Xi Aj djQ 



j3iXiV 



y 



P'iXiV 



1 + ctiXi + jiV 
2 

V = ^PiVi - TV. 



1 + OtiXi + JiV ' 



(HVi 



i = 1,2 
i = 1,2 



(30) 
(31) 

(32) 



let X = (xi,X2,yi,V2,v) T , and denote F(A) as the vector field given by (30)-(32), and define Lyapunov 
functional W* as follows: 



^* = E- 



»=i 



X*(l + Q?j/i + 7jf*) 

/i(l + a^x* + 7i«*) 



- 1 - loe 



v* r^-i-iog^v 

Vti* w* / 



(33) 
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By calculating the time derivative along (30)- (32), we get 

2 



VW*-F(X)=Y^ (l 
Lft V 



+ 1- 



Vi 



x*(l + a i x i +'yiV*) 
Xi(l + aiX* +jiv*) 

0-XiV 



Vi J V 1 + ot i x l + jiV 
Using the infection steady state conditions (13)-(15), we get 



a-iVi 



VW* ■ F{X) =Y,- 



i=l 



x*(l + aiXi+-fiV*) 



*(i 

ft \ Xi(l + OLiX. 



diX* + 



* 

V 
V 



PiXiV 



1 + oiiXi + jiV 



TV 



+ 



P'iXiV 



1 + OiiXi + JiV 



yj 



ftXiV 



1 + otiX* + ~fiV* 

2 



d{Xi 



PiXiV 



1 + OtiX; 



Hi 1 + a, t Xi + jiV 



+ aiVi 



rv 



v 

V 



rv 



E 



i=l 

+a.iy* ( 3 

2 



'Mx.-x*) f _ x*(l + ai x t +^v*) \ 

ft V Xi(l + + -fiV*) J lVi V«?(l + Q!iiBi+7i«) '•■ 



'v(l + ajXj+'YiV*) v 
x*(l + oiiXi + 7^*) y* Xiv(l + otiX* + ^v*) ytf 



= E 

i=l 



+ QfiX* + 7^*) j/j x\v*{\ + otiXi +7,w) y> 

-diP'^Xi - x*) ( Xi(l + otjX* + ~fiv*) - x*(l + otjXi + 7^f*) 

Xi(l + aiX* + 7^*) 

1 + OLiXi + 7iW 1 + QfjXj + JiV 



ft 



t>(l + otjXj + 7^*) « 

v*(l + otiXi + jiv) v* 1 + otiXi + jiV* 1 + otiXi+jiV 
x*{l + a i x i +'YiV*) y* Xiv(l + aiX* + nv*) y t v* 



Xi(l+aiX* +7iU*) yi x*v*(l + a i x l +j l v) 



y*v 



2 

«... 



difi'iixi - a;*) / x l + otiXiX* + j i x l v* - x* - a^x* - jiV*x* 



+aiy'i I 4 



ft V x i{\ + otiX* + 7^*) 

?;(! + ajSj + 7iV*) 1 + a t Xi + 7;u 



t>* + otiXi + 7ji>) 1 + 0^2^+7^ 

ir*(l + a i a: i + 7^*) y* ^^(1 + ^.t* + 7,w*) y.^* 1 + 0^+7^ 



0^(1 + 0^2;* +7^*) j/i a;*u*(l + +jiv) y*v 1 + a^j + ^v* 



' a,: 



E. 

+a 4 y* ( 4 



a* 



*\2 



; (1 + ajo;i)(u - v*) 



-d^-xlfjl + ^v*) 
(3iXi{l +a>iX* +7,w*) V"*! 1 + +7*^)(1 + +7*«*) 

+ +7^*) y* Xiv(l + atiX* + iiV*) y L v* l + a i x i +'y i v 



Xi(l + aiX* +7iU*) j/j x*w*(l + ajXj + 7^) y*w 1 + ^^+7^* 
Since the arithmetic mean is greater than or equal to the geometric mean then 

x*(l + oiiXi +^iV*) y* Xiv(l + otiX* + jiV*) y { v* 1 + ^^+7^ 



Xi(l + otiX* + ~fiV*) yi x*v*(l + otiXi + 7ju) y*u 1 + ^^+7^* 
and VPU* • F(X) < 0. 

Now, we compute the time derivative of W* along the solution of the system (10)-(12) 



< 0, 



dW« 
dt 



= E 



+ 1- 



x*(l + otjXj + 7jt>*) 
.^(l + a^x* + 7l w*) 



PiXiV 



1 + <X;.T 



1 + a^i(t - Tj) + 7iU(t - Tj) 
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. U "l 
l—l 



1 - 


ill 




Vi 


1 - 


V* 






V 



X*(l + OLjXj + JjV*) 
Xi(l + OLiX* + -fiV*) 

0'iXi(t - Ti)v(t - Ti) 



a-iVi 



(3iXiV 



1 + otiXi + jiV 

ftXiV 



P'iXiV 



1 + OliXi(t - Ti) + JiV(t - Ti) ' l + aiXi+'YiV 1 + + - , 

2 2 

PiVi{t - u>i) -rv + ^Piyi - ^2? t y 



t 2 
\i=l 



i=l 



E 



0iL_ x* i (l + a i x i +'y i v*) \ r _ dx _ pjXjV 
Pi\ Xi(l + onx\ + jiV*) J \ " r 1 1 + oeiXi+jiV 



P'iXiV 



- aiyi 



+E- 



1_»L 



1 + OtiXi + w 

%Xi(t - Ti)v(t - Ti] 



V 
V 



TV 



vi=l 



P'iXiV 



1 + otiXi(t - n) + jiv(t -Ti) 1 + aiX t + 



+ 1 



y. 

/ 2 2 

^2piVi(t - uii) - ^PiVi 



\i=l i=l J 

Substituting from (34) into (35), and using the infected steady state conditions (13)-(15) we get 

2 



(35) 



dm 

dt 



= VW*-F{X) + Y^aiVt 

. 0>i 
i=l 



1 



■A 

Vi 



Xj{t - Tj)v(t - Tj){\ + ajX* + 7^*) _ Xjv(l + agx* +HV*) 

X*V*(1 + CtiXi{t - Ti) +JiV(t - Ti)) X*V*(1 + OLiXi + ~fiv) 



1 



V 
V 



Vi 



E 



7,(1 + OiXi)(v - v*f 



i=l 

+<HV* ( 4 



-diPttXi-xtfjl+JiV*) , 

PiXi(l + (XiX\ + j l v*) a%Vl v*(l + a t Xi + Jiv)(l + (XiXi+jiV*) 
x*(l + a.iXi +jiV*) y* Xiv(l + oiiX* + ~/iV*) yiV* 1 + otiXi+^iV 



+ a,iy. 



Xi{l + ctiX* + ~fiV*) yi x1v*(l + a i Xi+'yiv) y*v 1 + 0^+7^* 
Xi(t - Ti)v(t - t;)(1 + aix* + 7j«*) Xiv(l + onx* + 7iW*) 



X*V*(1 + OliXi(t - Ti) + JiV(t - Ti)) X*V*(l + OiiXi +7i«) 

y*Xj{t - Tj)v(t - Tj)(l + a { x* + 7^*) y*Xjv(l + a t x* +-fjV*) 

y t x*v*{\ + a i x l (t - n) +7iv(t - n)) yiX*v*(l + a t Xi + -fiv) 
| yiit-Uj) _Ui L _ v*Vi(t - U)j) v*y, 
V*i Vi vy* vy* 



Elk 



7i(l + a i x l )(v - v 



*\2 



+ a-iVi 



-dMx t -x*) 2 (l+^v , 
PiXi(l + onx* + jiv*) 1 1 \v*(l + a i Xi+'Yiv)(l + aiXi + 'YiV*) 

_ x* i (l + a i x i +'YiV*) _ y\xi{t - Tj)v(t - t,)(1 + a.x* + j.v*) _ v*y i (t-uj l ) 
Xi(l + aix* + 7i«*) yiX*v*(l + aiXi(t - n) + jiv(t - n)) 



vyl 



1 + a i x l + 7,« ^ yj(t - ujj)xj{t - Tj)v{t - Tj)(l + a i x l + ~f t v) 
l + otiXi+^iV* ° g yiXiv(l + a i x l (t - n) + jiv(t - n)) 



2 

EPi 



i=l 



x t (t - Tj)v{t - Tj){\ + a t x* +jjV*) _ x l v{l + a i x* + ^v*) 

X*V*(1 + CtiXi(t - Ti)+JiV(t - T t )) X*V*(1 + UiXi + -fiV) 



log 



Xj(t - Tj)v(t - Tj)(l + ajXj + jjv) 
XiV(l + CtiXi(t - n) + JiV(t - n)) 



2 
i=l 



Vi(t-Ui) yi . yi(t-Ui) 

* * - lo S 



(36) 
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Using the arithmetic-geometric inequality (27) we obtain 



Elk 
n. 



i=l 

+ a iV * ( 4 - 



d i ft{x i -xt?(l + li v*) . / 7t (l + c^)(i;-^) 2 

/3iXi(l + a^x* + 7i«*) 4 4 V w *(l + oeiXi +7iw)(l + a^j + 7i«* 

+ a l x i +jjV*) _ y*Xj(t - Tj)v(t - Tj)(l + ajX* + 7^*) _ t>*^(£ - Uj) 
Xi(l + aiX* +jiv*) y i x*v*(l + a i Xi(t-Ti)+'-fiv(t-T i )) vyf 



1 + aiXt+jtV ^ j/j(t - uji)xi(t - Ti)v(t - Tj)(l + a^Xj + 7iu) 



1 + OI 4 Xj + 7jU 

Define the following functionals 



J \x*v*(l + a 



yiXiv{l + a i x l (t - Ti) + jiv(t - n)) 
Xi(t - 9)v(t - 0)((1 + a iX * + j iV *) 



< 0. 



-/'( 



Xi {t - 6) + "nv(t - 6)) 
Vi(t-6) 



dO, i = l,2 



d0, i = l,2 



then we have, 



dWj _ Xjv(l + a l x* +nv*) _ x l (t - Tj)v(t - Tj)(l + ccjX* + 7^*) 
dt x*v*(l + a i x i +j l v) x*v*(l + otiXi(t - n) + -fiv(t - n)) 

1q . Xj(t - Tj)v(t - Tj)(l + OLjXj + JjV) 
XiV(l + CtiXi(t - Ti) + JiV(t - Ti)) 

dWj = _ yi(t-u}j) 1q y l (t-uj i ) 

dt ~ y* y* ° g y t 
Therefore, we construct Lyapunov functional as follows: 

2 2 

i=l i=l 

Then the time derivative of W\ along the trajectory of (10)-(12) is given as 



dWi 
dt 



-diPUxi-xjWl+JiV*) 

PiXi(l + a t x* +jiV*) 



7i(l + aiXi)(v - v*) 2 



v*(l + a i x l +7iu)(l + onxi + 7^*) 



1 + OttXi + JiV* 



x*(l + ct t Xj + 7^*) _ - Tj)v(t - Tj)(l + a^x* + 7^*) _ - Uj) 

Xi(l + a { x* +jiV*) yiX*v*(l + o^x^t - n) + 7i«(£ - n)) 

< 0. 



vy? 



1 + a i x l + 7^ ^ - u>i)xi(t - Ti)v(t - Ti)(l + a i x l + ^v) 



yiXiv(l + OiXi(t - n) + jiv(t - n)) 



It is clear that, if #0 > 1, then x*,y*,v* > 0, then ^ < for all x l ,y l ,v > 0, % = 1, 2, and ^ = if and 
only if Xi — x*,yi — y*,i — 1,2 and v — v* which is the infected steady state E 1 *, then is GAS. 



3 Model with distributed-time delays 

In this section we study an HIV infection model with two classes of target cells and Beddington-DeAngelis 
functional response. Two types of distributed delays are incorporated into the model. 



Xi \i diXi 



PiXiV 



hi 



Vi = / fi(r) 



1 + diXi + 7i«' 

fiXjjt - T)v(t - T) 

1 + ctiXi(t - t) + ^iv(t - t) 



d,T — ciiyi, 



i = l,2 



^ = 1,2, 



2 li 

j 9i{u)yi (t -uj)duj- rv, 

»=i i 



(37) 
(38) 

(39) 
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where < and Pi < fc,, i = 1, 2. All the variables and other parameters of the model have the same meanings 
as given in (4)- (8). To account for the time lag between viral contacting a target cell and the production of new 
virus particles, two distributed intracellular delays are introduced. It is assumed that the target cells of class i 
are contacted by the virus particles at time t — r become infected cells at time t, where r is a random variable 
with a probability distribution /i(r) over the interval [0,hi] and hi is limit superior of this delay. On the other 
hand, it is assumed that, a cell infected at time t — oj starts to yield new infectious virus at time t where w is 
distributed according to a probability distribution gi(uj) over the interval [0, Z»] and U is limit superior of this 
delay. The probability distribution functions fi(r) : [0, hi] — > M+ and gi{uS) : [0,Z»] — > R+ are integral functions 
with 

hi h 

fi(r)dT = J gi{<jj)(ko = 1, i = l,2. 
o o 



We have 



We put 



hi It 

MT)gi{uj)dudT = 1. 





hi 



o 

^si./Jyi] = J gi(u)yi(t-u))cb). 



Therefore, we have 



hi h 



D fi,hA x M = j 9i(u)D fiM [x t v]duj = j J fi {r)gM 1 + ^ ^ _ dudr, 

o oo 

hi u 

D gi,li[yi\= J fi( T ) D 9i,li[yi\ dT = J J ' fi{ T )9i{u)Vi{t ~ Uj)d(jdT. 





Then system (37)-(39) can be rewritten as follows 

Xi = Xi - diXi - - P lXlV j i = l,2 (40) 

1 + QiXi + 7jV 

y\ = P'iDf ithi [xiv] - (Hyi, i = l,2 (41) 

2 

v = Y J Pi D 9 a i [Vi\-rv. (42) 

i=l 

Initial conditions 

The initial conditions for system (40)-(42) take the form 

Xl (9) = <pi{e), x 2 {6) = mo) M0) = M0), yi(0) = M0),v(0) - <p 5 (0), 

<Pi(0)>0, 0e[-£,0), ^(0)>0, j = l,...,5. (43) 

where, (<fii(d), <P2(0), V§{0)) € C and C = C([—£, 0], R+) is the Banach space of continuous functions mapping 
the interval [— £, 0] into K.5_, and £ — max{/ii, /12, h, fe}- By the fundamental theory of functional differential 
equations [14], system (40)-(42) has a unique solution (xi(t),X2(t),yi(t),y2(t),v(t)) satisfying initial conditions 
(43). 



3.1 Non- negativity and boundedness of solutions 

In the following, we establish the non-negativity and boundedness of solutions of (40)-(42) with initial conditions 
(43). 

Proposition 2. Let X(t) = (xi(t),X2(t),yi(t),y2(t),v(t)) T be any solution of (40)-(42) satisfying the initial 
conditions (43), then X(t) is non- negative for t > and ultimately bounded. 
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Proof. Similar to the proof of Proposition 1, we have Xi(t) > 0, i = 1, 2 for all t > 0. Moreover, from Eqs. 
(41) and (42) we have 



hi 



m {t) = yme-^+fi f e- a ^ [ Mr) ^ t) -drd V , i = 1,2 

7 7 l + Q !i a; i (r?-r)+7 i f;(?7-T) 

o o 

2 ' 

«(i)=«(0)e- rt +^ ft | e-^') | ftMttfa-'OdaKfy, 
1=1 o o 

confirming that yi(t) > 0, i = 1,2, and u(t) > for all i e [0,£]. By a recursive argument, we obtain yi(t) > 0, 
2 = 1,2, and v(t) > for all t > 0. 

Now we show the boundedncss of the solutions of (40)-(42). Eqs. (40) imply that lim sup Xi(t) < x®, where 

In 

x i — \/du an d thus Xi(t) is ultimately bounded. It follows that J fi{r)xi{t — r)dr < x®. 

o 

, hi 

Let Ti(t) = |i / fi(T)xi(t-T)dT + yi(t), i = 1,2, then 



= A 7 - - T) - l + ^(t-r) +7 ^-r) J ^ 

o 



hi 

where er^ = min{dj,aj}. Hence lim supTj(f) < L i7 where Li = fiWIfiiUi . Since J fi(r)xi(t — r)dr > 0, we get 
lim sup2/j(£) < Li. On the other hand, 



2 '* 2 

i>(i) < ^^Lj / 9t{u)duj -rv = ^,V%^i - rr 

„•_-, J „- =1 



then lim supw(t) < L*, where i* = ^ Therefore, is ultimately bounded. □ 

t— >oo i=l 

3.2 Steady States 

It is clear that, system (40)-(42) has an uninfected steady state Eq^x^, x°, Di , y®, v°), where x° — ^r, Vi — 
0, i = 1,2 and w° = 0. The system can also has another steady state which is the infected steady state 
E*{x\, Ui , y\i v *), with coordinates if exist, they satisfy Eqs. (13)-(15). The basic reproduction number for 
system (40)-(42) is given by Eq. (16). 

Lemma 2. If R > 1, then there exists a positive steady state E*. 

The proof is the same as given in Lemma 1. 

3.3 Global stability analysis 

In this section, we study the global stability of the uninfected and infected steady states of system (40)- (42). 
The strategy of the proofs is to use suitable Lyapunov functional which are similar in nature to those used in 
[19] and [32]. 
Define 

hi h 

SfMr) =Jfi(a)da, S giih (w) = J gi (a)da , i = l,2, (44) 

T UJ 

implies that 

W«) = 1, W>*) = 0, d ^ I j^ 1 = -Mr), (45) 

W0) = l,W*i) = 0, ^^ = -ft(w). (46) 
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Also, for a continuous function x , we have that 

h h 



d 

dt 



Js f>h (r)R(x(t - t))cLt = J f(r) [R(x(t)) -R(x(t- r))] dr. 



First we prove the global stability of the infected steady state E employing the method of Lyapunov functional. 
Theorem 3. Consider the system (40)-(42), if R < 1 then E is GAS. 
Proof. Define a Lyapunov functional Wq as follows: 



w = j2- 

' ft' 



/3i(l + ai x<}) Vs? 
+a t j ' 5 git t(u))yi(t - u)duj 



hi 




Xi(t - r)v(t - t) 



1 + aiX t (t - t) + j t v(t - t 



dr 



+ v, 



i = 1,2. 



(47) 



Now, We note that Wq is defined and continuous for all {x\, X2,yi,y2i v ) > 0. Also, the global minimum Wq = 
occurs at the uninfected steady state Eq. The time derivative of Wq along the solution of (40)-(42) is given by 



dt 



ft 



+ a^) V x 

hi 



A, — dj 



PiXiV 



1 + a i x i +j l v / 

ftXiV ftXiQt - T)v(t - T) 



+a t j g l {uj){y l - y l (t - uj))du 



o 

2 

E 



1 + onxi + jiV 1 + aiXi(t - t) + -) l v{t - t) 

2 

+ ^2piD gi i t [yi] -rv 

P' i x l v 



dr 



+ 



(x,i x^ ) 



(1 + aiX?) (1 + a { Xi + 7^) 



+ 



/few 



(1 + Ctixf) (1 + OLiXi + JiV) 1 + OLiXi + JiV 
2 



i=l 

z— 1 
2 

= t 



-P'X 



(Xi-X?) + 



rv 



(1 + a^z?) (1 + aiXi + 7^) 



/W^l + a^?) 



0\ ( x « ^i) + 



o\ 2 ,5-3:^(1 + ^^+7^-7^) 



(1 + a^) (1 + ajSj + 7»v) 



— 



IXj X,- I + 



(1 + otixf) (1 + aiXi + ~f t v) (1 + a,ixf) (1 + + 7^;) 



= -E 



^ a,/3 i a; l a;0(l + a,^) 



(.Xi x") 



(1 + a, 

PiliP'ixVv 2 



^ (1 + a^?) (1 + a^i + 7^) ^ a, (1 + «;£?) 



^ (1 + «;£?) (1 + GnXi + 7 4 w) 



a, (1 + 
+ (R - l)rv. 



(48) 



It can be seen that, if i?o < 1 then < for all Xi,v > 0, i = 1, 2. By Theorem 5.3.1 in [14], the solutions 
of system (40)-(42) limit to M, the largest invariant subset of = 0}. Clearly, it follows from (48) that 

= if and only if a;, = x®, i = 1, 2 and w = 0. Noting that M is invariant, for each element of M we have 
v = 0, then i> = 0. From Eq. (42) we drive that 



2 Li 

= t> = E Pi / - 
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Since (t — 6) > for all 9 G [0, £], then Pi — w) = if and only if t/j(t — w) = 0, i = 1, 2. Hence 

i=i 7 

UJ 

= if and only if Xi = x®, yi = 0, i = 1, 2 and u = 0. From LaSalle's invariance principle, £o is GAS. 
Theorem 4. If R > 1, then is GAS. 

Proof. The strategy of proving the global stability of the infection steady state E* is similar to the proof 
of Theorem 2. Then, we first consider the system (30)-(32), and define Lyapunov functional W* as follows: 



»=i 



x*(l + a.i\i + 7jf*) 
+ a,x* +7,1;*) 



y» t i Vi 

— - 1 - log — 



+ f— - 1 - log —V 

Vw* v* J 



By calculating the time derivative along (30)-(32) we get 



(49) 



VW*-F(X)=J2- 



i=i 



§11- 



+ 1 



x*(l + c^x, + 7jU*) 
ftxiV 



PiXiV 



_ 1 + + 7^ 
Similar calculation as given in Theorem 2, we have 



+ 1 



v 
v 



1 + otiXi + jiV 

'YjPiVi ~ TV 



VW*-F(X) = J2~ 



o-iVi 



+ a t Xi)(v - v*) 2 



i=l 

( 4 - 



-rf^(^-<) 2 (l + 7^*) 
A 3^(1 + QfiX* + 7i«*) ~ Iin + +7^)(1 + oiiXi + 7^*) 

a;*(l + otiXi + 7jW*) y* Xiv(l + a.iX* +7iU*) 1 + 0^+7^ 



Xi(l + atiX? + iiV*) yi x?v*(l + oiiXi +7i«) y*u 1 + ^2^+7^* 



Now, we compute the time derivative of W* along the solution of the system (40)-(42) 
2 



dt 



= E 



§11 



+ i 1- ^ 

y* 



x*(l + qjXj + Tjtr*) 
ft I, a;»(l + a.ix\ + 7,1;*) 

P'i D fi,hA X i V } ~ a iV* + 



PiXiV 



1 + oiiXi + 7;u 

P'iXiV 



1 + UiXi + -fiV 1 + a t Xi + -fiV 
2 2 2 \ 



1=1 



1^ 

i=i 



1% 



_ x*(l + a i x l + jjv*) 
Xi(l + aiX* +j l v*) 

P'iXiV 



PiXiV 



1 + OiiXi + JiV 



1 - 



1 + a t Xi + jiV 

y\ 



- CLiVi 



V 
V 



^PiVi 



rv 



Vi 



P'iDuhAxM 



P'iXiV 



1 + OiiXi 



1 - 



< 0. 

(50) 



J2pt D 9t,iAyt} - ^ph 
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= VW. • F(X) + Y,-*iVl 

D 9i,ii[yj\ _ y 
' ' y* v 



yl_ 



D fihi[xiv](l + atX* +-fjV*) _ Xjvjl + ajX* + 7^*) ' 
x*v* x*v*(l + a i x i +'y i v)^ 



= E 

i=l 

+a%y* 



0iXi(l + oiiX^ + 7^*) 



7i(l + Qi^)^ - v*) 2 



v* (1 + OiiXi + 7i«)(l + + 7^* 



_ x*(l + o^x t + 7^*) _ y| x,^(l + + 7^*) _ y^f_ _ 1 + ajXj + 7^ 
x;(l + a.iX* + jiV*) yi x*v* (1 + atiXi + ^v) y*v 1 + a^i + 7^* 
Dfihi[xiv](l + a { x* +7i«*) £^(1 + o^x* +"fiV*) 



XJV* 



x*v*(l + onxi + jiv) 



y*D{ ihi [xiv]{l + aiX* + 7^*) y*a; i u(l + a^z* + 7^* 



ViX*v* 



+ - 



D 



Vi 



+ 



y i x* i v*{l + oiiXi +7if) 



W vy, vy- 



PiXi{l + a { x* + 7^*) 



7i(l + aio;i)(u - w*) 



*\2 



v*(l + OiiXi + 7if)(l + a i x l + 7j«*) 



hi h 





1 + a i x l + 7^ 
1 + otiXi + 7jU 



/i(T) fli (w) (4 

+ log 



a;*(l + ajO;i +7iU*) y*Xi(^ - r)v(i - t)(1 + ajX* + 7;u*) v*yi(t - lj) 



1 * 



i=l 



log 



Xi(t - t)u(£ - t)(1 + a i x l + 7^) 



x,;(l + a.iX* + ~fiV*) yiX*v*(l + aiX^t - r) + 7»u(i - r)) 
- u)xi(t - r)v(t - r)(l + + 7^) \ " 

r- ; r rr OUJCLT 

yiXiv{\ + o>iXi{t - t) + 7iu(t - t)J / 
x*(i - r)u(i - t)(1 + a^x* + 7i«*) x^l + c^x* +7iW*) 



x 4 (t - t) + 7ju(i - t)) x*v*(1 + onXi + jiv) 



x l v{l + atiXi(t -t) + jiv(t - r)) 
2 ,l 4 



+ y~j>iy* / fli(w) 
i=l - 70 

Wc define a functional 



Vi{t-uj) y. 



(It 

y%(t - w) 



log 



hi 

w /"a ^ 17 Z' ^ft ~ - r)((l + a»x* + 7^*) \ 



i = 1,2 



then we have, 



Jo 



+ log 



/i(r) 



1,2 



Xi«(l + a^x* + 7i«*) Xi(t - r)t)(i - t)(1 + a^x* + 7^* 



*(1 + aiXi +7iw) x*w*(l + OLiXi{t - t) + jiv(t - r)) 



+ 



Xj(t - r)v(t - r)(l + ajXj + 7^) 
Xiv(l + aiXi(t -t) + jiv(t - t)) 

dm 



dr. 



dt 



Jo 



Vi Vijt-u) . - a;) 

y 4 * y* ° s yi 



dw. 



Therefore, we construct Lyapunov functional as follows: 

2 



i=l 
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Then, from (51), (54), and (55) and using the arithmetic-geometric inequality (27) we obtain 



dt 



E 



-dipJxi-xtYil+w*) 



(3iXi(l + aiX* +7jW*) 

hi li 

+ <HVif ffi{T)9iW) (± 



1 + UiXi + -fiV 



7i(l + otiXi)(v - v 



*\2 



v*(l + onxi + 7i«)(l + aiXi +7i«*) 
x*(l + oiiXi +7iU*) j/*a; i (i-T)i;(t-r)(l + a i a;*+7 i u*) v*yi(t-u) 



1 + + 7^" 



+ log 



Xi{\ + c^x* +7i«*) y l x*v*(l + a i x l (t - r) +7 4 w(t - r)) 
- - r)u(t - r)(l + a i x l + ^v)" 



ViXiv(l + (XiXi(t - t) + ^iv{t - t)) 



dujdr 



< 0. 



Hence, < where the equality occurs at the infected steady state E*. Then, is GAS. 



4 Conclusion 

In this paper, we have proposed HIV infection models describing the interaction of the HIV with two classes of 
target cells, CD4 + T cells and macrophages taking into account the Beddington-DeAngclis functional response. 
Two types of discrte or distributed time delays describing time needed for infection of target cell and virus 
replication have been incorporated into the models. The global stability of the uninfected and infected steady 
states of the model has been established by using suitable Lyapunov functionals and LaSalle invariant principle. 
We have proven that, if the basic reproduction number R is less than or equal unity, then the uninfected steady 
state is GAS and if Rq > 1, then the infected steady state exists and it is GAS. 
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Abstract 

In this paper, Legendre spectral method is presented to study the approximate solution of 
fractional SIRC model. The fractional derivative is described in the Caputo sense. The properties 
of the Legendre polynomials are used to reduce the proposed method to the solution of nonlinear 
system of algebraic equations using Newton iteration method. Moreover, the convergence analysis 
and an upper bound of the error for the derived formula are given. We compared our numerical 
solutions with those numerical solutions using fourth-order Rung-Kutta method. The obtained 
results of the SIRC model show the simplicity and the efficiency of the proposed method. 

Keywords: Fractional SIRC model; Caputo fractional derivative; Legendre spectral method; 
Fourth-order Rung-Kutta method; Convergence analysis. 

1. Introduction 

It is well known that the fractional differential equations (FDEs) have been the focus of 
many studies due to their frequent appearance in various applications such as in fluid mechan- 
ics, viscoelasticity, biology, physics and engineering applications, for more details see for exam- 
ple ([21], [23]). Consequently, considerable attention has been given to the efficient numerical 
solutions of FDEs of physical interest, because it is difficult to find exact solutions. Different 
numerical methods have been proposed in the literature for solving FDEs ([4], [25]- [29]). Re- 
cently, several numerical and approximate methods to solve the FDEs have been given such as 
variational iteration method [13], homotopy perturbation method [14] and collocation method 
([12], [15]-[18], [20]). 

Mathematical models have become important tools in analyzing the spread and control of 
infectious diseases. Under-standing the transmission characteristics of infectious diseases in 
communities, regions, and countries can lead to better approaches to decrease the transmission 
of these diseases [10]. 
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Influenza is transmitted by a virus that can be of three different types, namely A, B, and C 
[22]. Among these, the virus A is epidemiologically the most important one for human beings, 
because it can recombine its genes with those of strains circulating in animal populations such 
as birds, swine, horses, and so forth ([2], [30]). Over the last two decades, a number of epidemic 
models for predicting the spread of influenza through human population have been proposed 
based on either the classical susceptible-infected-removed (SIR) model developed by Kermack 
and McKendrick [11]. 

In this paper, we use the collocation spectral method to study the behavior of the approximate 
solution of the following fractional model of SIRC 

D a S(t) = n(l -S)- PSI + 7 C, 
D a I(t) = f3SI + a/3CI - (fi + 9)1, 

D a R(t) = (l-a)(3CI + 9I -(fi + 5)R, ^ 
D a C(t) = 6R- 0CI - (n + i)C, 
with the following initial conditions 

S(0) = s , 1(0) =i , R(0)=r , C(0)=c . (2) 

Where D a is the Caputo fractional derivative, with respect to time t. In which S(t), I(t), R(t) 
and C(t) represent the proportions of susceptible, infectious, recovered and cross-immune. The 
model assumes a population of constant size, N, so that N = S + I + R + C, where provides 
an interpretation of the model parameters, /i is the mortality rate, 9 is the rate of progression 
from infective to recovered per year, 5 is the rate of progression from recovered to cross-immune 
per year, 7 is the rate of progression from recovered to susceptible per year, a is the recruitment 
rate of cross-immune into the infective (0 < a < 1) and (3 is the contact rate per year. Because 
model (1) monitors the dynamics of human populations, all the parameters are assumed to be 
nonnegative. Furthermore, it can be shown that all state variables of the model are nonnegative 
for all time t > ([7] -[9], [24]). Further details on the biological motivation and the associated 
assumptions are given in ([5], [6]). 

Note that, when a — 1, we get the standared form of this system as follows 

^ = M i _ s) - psi + 7 c, 

^ = (5SI + apCI - (n + 9)1, 

% (3) 

— = (1 - <t)PCI + 9I-(n + 5)R, 

An 

— = 8R-pCI-{ i i + i)C, 
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where the parameter f3 is the contact rate for the influenza disease also called the rate of trans- 
mission for susceptible to infected, 7 _1 is the cross-immune period, Q~ x is the infectious period, 
S~ L is the total immune period and a is the fraction of the exposed cross-immune individuals 
who are recruited in a unit time into the infective subpopulation ([5], [9]). 

Khader et al. [19] introduced a new approximate formula of the fractional derivative using 
Legendre series expansion and used it to solve numerically the fractional diffusion equation. Also, 
Khader and Hendy in [15] used this formula to solve numerically the fractional delay differential 
equations. 

In this article, we extended this work to study the numerical solution of the fractional SIRC 
model. An approximate formula of the fractional derivative is presented. Also, special attention 
is given to study the convergence analysis and estimate an upper bound of the error for the 
introduced formula. 

We present some necessary definitions and mathematical preliminaries of the fractional cal- 
culus theory that will be required in the present paper. 

Definition 1. 

The Caputo fractional derivative operator D a of order a is defined in the following form 

1 r x f^lt) 

D a f(x) = - , / J ,,y m+1 dt, a>0, x>0, 

T{m — a) J Q (x — t) a m+i 

where m — \ < a < m, m G N, T(.) is the Gamma function. 

Similar to integer-order differentiation, Caputo fractional derivative operator is a linear operation 

D a (A f(x) +fig(x)) = \D a f(x) + fiD a g(x), 
where A and /x are constants. For the Caputo's derivative we have [23] 

D a C = 0, C is a constant, (4) 



, 0, for n G N and n < [a]: 

D X = { r(n+l) - ( 5 ) 

We use the ceiling function \a] to denote the smallest integer greater than or equal to a, and 
N = {0,1,2,...}. Recall that for a G N, the Caputo differential operator coincides with the 
usual differential operator of integer order. 

For more details on fractional derivatives definitions and its properties see ([21], [23]). 

Our paper is organized as follows: In section 2, we derive an approximate formula for the 
fractional derivatives using Legendre series expansion. In section 3, we study the error analysis 
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of the introduced approximate formula. In section 4, we present the procedure solution using 
Legendre collocation method. In section 5, we present the numerical implementation of the 
proposed method. Finally, in section 6 the paper ends with a brief conclusion and some remarks. 

2. An approximate formula of the Caputo fractional derivative 

The well known Legendre polynomials are defined on the interval [—1,1] and can be deter- 
mined with the aid of the following recurrence formula [3] 

2k + 1 k 

L k +i{z) = k z L k (z) - ^-yLjk_i(z), k = 1, 2, 

where Lq{z) = 1 and L\(z) = z. In order to use these polynomials on the interval [0, 1] we define 
the so called shifted Legendre polynomials by introducing the change of variable z — 2t — 1. Let 
the shifted Legendre polynomials L^{2t — 1) be denoted by L* k (t). Then L* k (t) can be obtained 
as follows 

Ll +1 (t) = (2Jb ^ ( i ) " 1) W) " jfc^r^-iW. k = i' 2 ' -' 

where L* (t) = 1 and L\(t) = 2t — 1. The analytic form of the shifted Legendre polynomials L* k {t) 
of degree k is given by 

W-ti-^jg^*. (6) 
Note that L* k (0) = (-l) fc and L* k (l) = I. The orthogonality condition is 



for i = j; 
0, for % ± j. 



The function u(t), which is square integrable in [0,1], may be expressed in terms of shifted 
Legendre polynomials as 

oo 

(*) = $>L*(0, (7) 



where the coefficients q are given by 



ct = (2i + l) / u(t)L*(t)dt, 
Jo 



i = 0,l,.... (8) 



In practice, only the first (m + l)-terms of shifted Legendre polynomials are considered. Then 
we have 

m 

u m (t) = J] Ci Lt(*). (9) 

i=0 



The main approximate formula of the fractional derivative is given in the following theorem. 

217 

4 KHADERETAL 214-229 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Theorem 1. 

Let u(t) be approximated by shifted Legendre polynomials as (9) and also suppose a > 0, 
then 

m i 

D«(u m (t))= £ £ (io) 

i=[o] fc=["af| 



where is given by 



(«)_ t-l)( <+fc >(i + A;)! 



*•* (i-jfe)!(ifc)!r(A;-a + l)" 1 ; 

Proof. Since the Caputo's fractional differentiation is a linear operation we have 

m 

D a {u rn (t)) = Y,^D a {L:(t)). (12) 

i=0 

Employing Eqs.(4)-(5) in Eq.(6) we have 

D a L*(t) = 0, i = 0,l,...,\a]-l, a>0. (13) 
Therefore, for i = \a], \a] + 1, ...,m and by using Eqs.(4)-(5) in formula (6) we get 

D a L*(t) ~ V { - 1)l+k{i + k)[ D"(t k ) - V (Zlgj±^ ffc -q fl4l 



A combination of Eqs.(12), (13) and (14) leads to the desired result (10). □ 
Test example: 

Consider the function u(t) = t 2 and m = 2, a = 0.5, the shifted Legendre series of t 2 is 

t 2 = \m) + \LX{t) + l -Li{t). 



Hence, 

2 i 



Shhk-h ...(*>_ 2 ...<§>_ " 6 ...(§)_ 12 



/J'/ 2 ^ ^ c, /c ( / ; '' 2, where, //•,;'; = —- — •. «v, = — — ■ »' 



therefore 



r(f)' ^-r(iy ^ 2 -r(iy 



Dh 2 =t- 1 2[c 1 w i ^t + c 2 w ( ^t + c 2 w i ^t 2 } = — g-t§, 

^ '2' 



which agree with the exact derivative (5). 
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3. Error analysis 

In this section, special attention is given to study the convergence analysis and evaluate an 
upper bound of the error for the proposed approximate formula. 

Theorem 2. (Legendre truncation theorem) [3] 

The error in approximating u(t) by the sum of its first m terms is bounded by the sum of 
the absolute values of all the neglected coefficients. If 

m 

u m(t) = y^c fc L fc (t), (15) 

k=0 

then 

oo 

E T {m) = \u{t) -u m {t)\ < M' ( 16 ) 

fc=m+l 

for all u(t), all m, and all t G [—1, 1]. 



Lemma 1. 

For any continuous function u(t) defined on [0, 1] with bounded second derivative (i.e., 
W(t)\ < 5 for some constant 5), then the coefficients of the shifted Legendre expansion (9) 
is bounded in the following form 

VQ5 

Q < / • (17) 

1 ' ~ v / 2^ r 3(2i - 1) K ' 

Proof. Suppose that dv = (2i+l)L*(t)dt and from the recurrence relation between the derivatives 

of shifted Legendre polynomials L'* +1 (t) - = (2n + 1)L* (t), n > 1, 

weget dv = (L'* +1 (t) - L'^dt = d(L* +1 (t) - LUH)). 

Now, we use the integration by parts two times, in the integral (8) to obtain 

d = u(t)[L* +1 (t) - LUit)\l - f l u'(t)(L* +1 (t) - LU(t))dt 

Jo 

u'(t){L* +l (t)-LU{t))dt 
~L* +2 (t)-L*(t) L*{t)-LU{ty" 



-«'(*) 



+ 



Jo 

f 

Jo 



(t) 



«"(*) 



2i + 3 2i - 1 

L* +2 (t) - L*(t) L*(t) - LUit) 
2i + 3 2f — 1 



2i + 3 



2% - 1 



dt. 
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Now, by using the properties of the shifted Legendre polynomials and the orthogonal condition 
we can see that 



u"(t) 



L* +2 (t) - L*(t) L*(t) - L*_ 2 (t) 



dt 



< 



<5 2 



22 + 3 2% - 1 

1 (2i - l)L* +2 (t) - 2(22 + l)L*(t) + (2i + 3)L*_ 2 (t) 



u"(t)\ 2 dt . 

'o (2i + 3)(2i- 1) 

! (2^ - l) 2 L* 2 2 (t) + (42 + 2) 2 Lf (t) + (22 + 3) 2 L* 2 2 (t) 



< 



(2i + 3) 2 (22- -l) 2 

(22 - l) 2 (42 + 2) 2 (22 + 3) 2 
(2i + 3) 2 (2i - l) 2 V 2i + 5 + 2i + 1 + 2i - 3 

5 2 /(22 + 3) 2 4(22 + 3) 2 (22 + 3) 2 



dt 



□ 



(2i + 3)2(22 - I) 2 V 2i - 3 2i - 3 2i - 3 
65 2 

~ (22-- 3)(22--l) 2 ' 
this implies and proves the required relation (17). 

Theorem 3. 

For a function u(t). Under the two assumptions: 

1. u(t) is continuous function on [0, 1]; 

2. u(t) has bounded second derivative (i.e., < 8 for some constant 5). 

Then its shifted Legendre approximation u m (t) defined in (9) converges uniformly. Moreover, we 
have the following accuracy estimation 

0.5 



Yl (2i - 3) 

i=m+l ^ ' 



(18) 



Proof. Using the properties of the shifted Legendre polynomials, the orthogonal condition and 
the proved formula (17) we can get 

2 



\u(t) -u m {t)\\ 2 L2m = [ 

Jo 



J>L*(0 -5>LJ(f) 



i=0 

oo 



i=m+l 



i=0 
2 



dt 



oo „i 

dt < E N 2 / 4 ?2 (*) d * 

i=m+l ^° 



OO oo 

y h\ 2 — < y 



65 2 



i=m+l 



i=m+l 



(2i - 3) 3 22 + 1 



oo 1 



i=m+l 
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this implies and proves the required relation (18). □ 
Theorem 4. 

The Caputo fractional derivative of order a for the shifted Legendre polynomials can be 
expressed in terms of the shifted Legendre polynomials themselves in the following form 

i k- M 

D a mt))= E Q u* L M ( 19 ) 

k=\a] j=0 



where 



(-!)<+*(* + fc)!(2j + l) ' (-l)^( J+ r)! 
hJ ' k (i-k)\(k)\r(k-a + l) 4^ {] -r)\{r\f{k-a + r + iy J ' ' ' { } 



r=0 

4-k—a 



Proof. Using the properties of the shifted Legendre polynomials [3], then t a in (14) can be 
expanded in the following form 

k-\a\ 

t k ~ a = E c kj L*(t), (21) 



3=0 

j-k—a 



where Ckj can be obtained using (8) such that u(t) = t a , then we can claim the following 

c kj = (2j + l) [ t k - a L*(t)dt, j = 0,1,.... 
Jo 



1 

k— a , 



But at j = we have, c^o = / i = , 

Jo k-a + 1 

also, for any j, using the formula (6), we can claim 



C = (2, + 1) ^t-!)^ ^— _|±I)L__ = !, 2> 



r=0 



employing Eqs.(14) and (21) gives 



i k—\a] 

D a (m)) =EE < = r«i, r«i + i, 

where 

(_l)i+*( i + fc )!(2j + l) ^ (_i)^ (j+r) . 



e 



i,j,k 



±L x V 1 ^ U_r ^ 7=01 



(i - fc)!(fc)!r(fc - a + 1) ^ (j - r)! (r!) 2 (A; - a + r + 1) ' 



and this completes the proof of the theorem. □ 
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Theorem 5. 



The error |£r(m)| = \D a u{t) — D a u m {t)\ in approximating D a u(t) by D a u m {t) is bounded 



by 



k-\a\ 



\E T (m)\<\ c i( E E ^ fc 

i=m+l fc=|"oT| j'=0 



(22) 



Proof. A combination of Eqs.(7), (9) and (19) leads to 

oo 

\E T {m)\ = \D a u(t) - D a u m (t)\ = | E c *( E E Q ^L*(t) 
but \L*(t)\ < 1, so, we can obtain 

oo 

\E T {m)\< \ E *(E E *^) 

i=m+l fe=fal J=0 

and subtracting the truncated series from the infinite series, bounding each term in the difference, 
and summing the bounds completes the proof of the theorem 



k-\a\ 

E 

i=m+l fe=fa] j=0 



□ 



4. Procedure solution of the fractional SIRC model and influenza A 



Consider the fractional SIRC model and influenza A of the type given in Eq.(l). In order to 
use Legendre collocation method, we first approximate S(t), I(t), R(t) and C(t) as 

mm mm 
S m (0 = E°* L ^)' Jm(t) = 5> L *'(*)' Rm(t)=J2* L *i(t), C m (t) = Y,^L*(t). (23) 



i=0 



i=0 



i=0 



i=0 



From Eqs.(l) and Theorem 1 we have 



EE* <S tk ~ a = mi - E * L ? (*)) - #E * L *(*))(E ^ L * (*)) + ^E * L ? (*)). 

i=[a] fe=[a] 



i=0 



i=0 i=0 i=0 

m m 



E E fci«S^- a = 0(E* L i(*))(Efc L *^ 

i=[a] fc=["a] 



=0 i=0 i=0 i=0 

mm m 



i=0 



E E c * w S tk ~ a = a - ^E * L * (*))(E 6 * L * (*)) + *E 6 * L « (*)) - ^ + *) E c * L ? (*)» 

i=fa] fe=fa] 



i=0 i=0 i=0 

m mm 



i=0 



E E *<2**~ a = *E* L *(*)) - /3E* L «(*))(E 6 * L *(*)) - (a*+7)(E* l *(*))- 

i=["a] fc=[af| i=0 



i=0 
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We now collocate Eqs.(24) at (m + 1 — \a\) points t p (p = 0, 1, m — \a~\) as 

Tfl i TTl TTl TTl jyi 

EE fl « w S 4~ a = mi - E °* L ? fe)) - flE a * L *(^))(E ^ L *(^)) + -y(E * L ? 

i=f Q ] fe=[ Q ] i=0 i=0 i=0 i=0 

mi mm mm 

EE 6 ' w S *P _a = fl£ a * L **(^))(E 6 * L ? &)) + ^(E * L i(h))(E ^ m P )) 

i=\a~\k=\a~\ i=0 i=0 i=0 i=0 

m 

-(/z + 0)£>L*(i p )), 

i=0 

mi m m m m 

E E c * £~ a = (! - * L *fe))(E ^ L * + (E ^ L ? (M) - (a* + *) E c * L ? &)» 

i=[a]fe=ral i=0 i=0 i=0 i=0 

mi m mm m 

E E 4™$*?"° = ^(E^ L *(*p))-^E^ L *^))(E 6 ^*^)) - (m+7)(E^ l *(^))- 

i=[a]fe=H i=0 i=0 i=0 i=0 

(25) 

For suitable collocation points we use roots of shifted Legendre polynomial L* m+1 _^ a -^ (t). 
Also, by substituting Eq.(23) in the initial conditions (2) we can obtain 4\a] equations as follows 

m m m m 

E(-i) i oi = so, E(-^ = ^ E(- 1 ) <c * = r o> Et-w = <*>■ ( 26 ) 

i=0 i=0 i=0 i=0 

Equations (25), together with the equations of the initial conditions (26), give (4m + 4) of nonlinear 
algebraic equations which can be solved using the Newton iteration method, for the unknowns a*, 
bi, Ci and for i = 0, l,...,m. 

5. Numerical implementation 

In this section, we implement the suggested technique to solve the system SIRC (1) with the con- 
stants /x = 0.02, j3 = 100, 6 = 1, 7 = 0.5, a = 0.05, = 73, and the initial conditions 

5(0) = 0.8, 1(0) = 0.1, 12(0) = 0.05, C(0) = 0.05. (27) 

The approximate solutions of the proposed system are given in figures 1-6 at different values of a. In 
figures 1-2 we compared the obtained approximate solution at a = 1 using the proposed method with 
the numerical solution using fourth order Runge-Kutta method, respectively. Also, in the figures 3-6, 
we presented the behavior of the approximate solution S m (t), I m (t), R m (t) and C m (t), respectively, 
with different values of a(a = 0.4, 0.6, 0.8). 

From figures 1 and 2, we can confirm that the approximate solution is in excellent agreement with 
the solution using fourth order Runge-Kutta method. Also, from figures 3-6, we can conclude that the 
behavior of the approximate solution depends on the order of the fractional derivative. 
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t 



Figure 1. The behavior of the approximate solution using the proposed method at a = 1. 
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Figure 2. The numerical solution using the fourth order Runge-Kutta method at a = 1. 
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Figure 3. The behavior of the approximate solution S(t). 




Figure 4. The behavior of the approximate solution I(t). 
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Figure 5. The behavior of the approximate solution R(t). 
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Figure 6. The behavior of the approximate solution C(t). 

6. Conclusion and remarks 

In this article, we used Legendre colloction method for solving the fractional SIRC model and 
influenza A. The properties of the Legendre polynomials are used to reduce the proposed model to a non- 
linear system of algebraic equations which solved by Newton iteration method. The convergence analysis 
and derivation of an upper bound for the error of the approximate formula are given. From the obtained 
numerical results, we can conclude that this method gives results with an excellent agreement with those 
numerical solutions using fourth-order Rung-Kutta method. All numerical results are obtained using 
Matlab 8. 



226 



13 



KHADERET AL 214-229 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



References 

[1] K. T. Alligood, T. D. Sauer and J. A. Yorke, An Introduction to Dynamical Systems, Springer 
1996. 

[2] R. Anderson and R. May, Infectious Disease of Humans, Dynamics and Control, Oxford University 
Press, Oxford, UK, 1995. 

[3] W. W. Bell, Special Functions for Scientists and Engineers, Great Britain, Butler and Tanner Ltd, 
Frome and London, 1968. 

[4] R. L. Burden and J. D. Faires, Numerical Analysis, PWS, Boston, 1993. 

[5] R. Casagrandi, L. Bolzoni, S. A. Levin, and V. Andreasen, The SIRC model and influenza A, 
Mathematical Biosciences, 200(2), p.(152-169), 2006. 

[6] W. Chinviriyasit, Numerical modeling of the transmission dynamics of influenza, The First Int. 
Symposium on Optimization and Systems Biology, Beijing, China, p. (52-59), 2007. 

[7] E. H. Elbasha, C. N. Podder and A. B. Gumel, Analyzing the dynamics of an SIRS vaccination 
model with waning natural and vaccine-induced immunity, Nonlinear Analysis, 12(5), p. (2692- 
2705), 2011. 

[8] M. El-Shahed and A. Alsaedi, The fractional SIRC model and influenza A, Mathematical Problems 
in Engineering, 2011, p. (1-9), 2011. 

[9] L. Jddar, R. J. Villanueva, A. J. Arenas, and G. C. Gonzalez, Nonstandard numerical methods for 
a mathematical model for influenza disease, Mathematics and Computers in Simulation, 79(3), 
p.(622-633), 2008. 

[10] D. W. Jordan and P. Smith, Nonlinear Ordinary Differential Equations, Third ed., Oxford Uni- 
versity Press, 1999. 

[11] W. O. Kermack and A. G. McKendrick, Contributions to the mathematical theory of epidemics, 
Proceedings of Royal Society of London, 115(A), p. (700- 721), 1927. 

[12] M. M. Khader, On the numerical solutions for the fractional diffusion equation, Communications 
in Nonlinear Science and Numerical Simulation, 16, p. (2535-2542), 2011. 

[13] M. M. Khader, Introducing an efficient modification of the VIM by using Chebyshev polynomials, 
Application and Applied Mathematics: An International Journal, 7(1), p. (283-299), 2012. 

[14] M. M. Khader, Numerical treatment for solving fractional Riccati differential equation, Journal of 
the Egyptian Mathematical Society, 21, p. (32-37), 2013. 

227 

14 KHADER ETAL 214-229 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 

[15] M. M. Khader and A. S. Hendy, The approximate and exact solutions of the fractional-order delay 
differential equations using Legendre pseudospectral method, International Journal of Pure and 
Applied Mathematics, 74(3), p. (287-297), 2012. 

[16] M. M. Khader and A. S. Hendy, A numerical technique for solving fractional variational problems, 
Mathematical Methods in Applied Sciences, 36(10), p. (1281-1289), 2013. 

[17] M. M. Khader, T. S. EL Danaf and A. S. Hendy, A computational matrix method for solving sys- 
tems of high order fractional differential equations, Applied Mathematical Modelling, 37, p. (4035- 
4050), 2013. 

[18] M. M. Khader, Numerical treatment for solving the perturbed fractional PDEs using hybrid tech- 
niques, Journal of Computational Physics, 250, p. (565-573), 2013. 

[19] M. M. Khader and Mohammed M. Babatin, On approximate solutions for fractional Logistic 
differential equation, Mathematical Problems in Engineering, 2013 (2013), Article ID 391901, 7 
pages. 

[20] M. M. Khader, N. H. Sweilam and A. M. S. Mahdy, Numerical study for the fractional differen- 
tial equations generated by optimization problem using Chebyshev collocation method and FDM, 
Applied Mathematics and Information Science, 7(5), p. (2011-2018), 2013. 

[21] K. B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, New York, 1974. 

[22] P. Palese and J. F. Young, Variation of influenza A, B, and C viruses, Science, 215(4539), p. (1468- 
1474), 1982. 

[23] I. Podlubny, Fractional Differential Equations, Academic Press, New York, 1999. 

[24] G. P. Samanta, Global dynamics of a nonautonomous SIRC model for influenza A with distributed 
time delay, Differential Equations and Dynamical Systems, 18(4), p. (341-362), 2010. 

[25] N. H. Sweilam, M. M. Khader and A. M. Nagy, Numerical solution of two-sided space-fractional 
wave equation using finite difference method, Journal of Computional and Applied Mathematics, 
235, p.(2832-2841), 2011. 

[26] N. H. Sweilam, M. M. Khader and M. Adel, On the stability analysis of weighted average finite 
difference methods for fractional wave equation, Fractional Differential Calculus, 2(1), p. (17-29), 
2012. 

[27] N. H. Sweilam, M. M. Khader and A. M. S. Mahdy, Crank-Nicolson finite difference method for 
solving time-fractional diffusion equation, Journal of Fractional Calculus and Applications, 2(2), 
p.(l-9), 2012. 



228 

15 



KHADER ET AL 214-229 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



[28] N. H. Sweilam, M. M. Khader and A. M. S. Mahdy, Numerical studies for solving fractional-order 
Logistic equation, Inter. J. of Pure and Applied Mathematics, 78(8), p. (1199-1210), 2012. 

[29] N. H. Sweilam, M. M. Khader and A. M. S. Mahdy, Numerical studies for fractional-order Logistic 
differential equation with two different delays, Journal of Applied Mathematics, 2012, Article ID 
764894, 14 pages, 2012. 

[30] R. G. Webster, W. J. Bean, O. T. Gorman, T. M. Chambers and Y. Kawaoka, Evolution and 
ecology of influenza A viruses, Microbiological Reviews, 56(1), p. (152-179), 1992. 



229 

16 



KHADER ET AL 214-229 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Global properties of HIV infection models with nonlinear incidence 
rate and delay-discrete or distributed 

A. M. Elaiw"' 6 , A. S. Alsheri a and M. A. Alghamdi" 
"Department of Mathematics, Faculty of Science, King Abdulaziz University, 
P.O. Box 80203, Jeddah 21589, Saudi Arabia. 
^Department of Mathematics, Faculty of Science, Al-Azhar University, Assiut, Egypt. 

Email: a_m_elaiw@yahoo.com (A. Elaiw) 



Abstract 

In this paper, we study the global properties of two mathematical models which describe the interaction 
of the human immunodeficiency virus (HIV) with two classes of target cells, CD4 + T cells and macrophages. 
The incidence rate of virus infection is given by the Crowley-Martin functional response. The first model has 
two types of discrete delays while the second one incorporates two types of distributed delays to describe the 
time needed for infection of cell and virus replication. The basic reproduction number Ro is identified which 
completely determines the global dynamics of the models. By constructing suitable Lyapunov functionals, 
we have proven that if Ro < 1 then the uninfected steady state is globally asymptotically stable (GAS), and 
if Ro > 1 then the infected steady state exists and it is GAS. 

Keywords: HIV dynamics; Global stability; Delay; Crowley-Martin functional response. 



1 Introduction 

Over the last decade, much collaborated effort involving biologists and mathematicians has been devoted towards 
designing mathematical models of the dynamics of the human immunodeficiency virus (HIV) [1]. The interaction 
of the virus and target cells has been formulated as ordinary differential equations in several works (see e.g. [2] , 
[3], [21] and [23]). The basic mathematical model describing the HIV dynamics is given by [2]: 

x = A — dx — (3xv, (1) 
V = Pxv - ay, (2) 
v = ky — rv, (3) 

where x, y and v represent the populations of the uninfected CD4+ T cells, infected cells and free virus particles, 
respectively. The uninfected cells are generated from sources within the body at rate A. The parameter d is 
the death rate constant of the uninfected cells. Eq. (2) describes the population dynamics of the infected cells 
and shows that they die with rate constant a. The virus particles are produced by the infected cells with rate 
constant k, and are cleared from plasma with rate constant r. Bilinear incidence rate associated with the mass 
action principle is given by (3xv where /J is the infection rate constant. 

Many researchers suggested that this bilinear incidence rate is insufficient to describe the infection process 
in detail. Therefore, different forms of the incidence rate of infection have been proposed such as, saturated 
incidence rate ^fyv [23], Holling type II functional response f+^x I^L Beddington-DeAngelis infection rate 
i+fx+71, [ 21 1> Crowley-Martin functional response {1+a ^ ( v 1+ , (v) [24], [25], [26], where a, 7 > 0. 

In model (l)-(3), it is assumed that the infection could occur and the viruses are produced from infected target 
cells instantaneously, once the uninfected cells are contacted by the virus particles. However, this assumption 
is unrealistic. Therefore, more realistic HIV dynamics models incorporate the delay between the time of viral 
entry into the target cell and the time the production of new virus particles, modeled with discrete time delay 
or distributed time delay using functional differential equations (see e.g. [5], [7], [6], [20], [22], [17], [19], [15], 
[14], [27]). 

It is observed that, most of the proposed HIV dynamics models assume that the HIV has one class of target 
cells, CD4+ T cells (see e.g. [2], and the book Nowak and May [1]). In [4], [18], [8], [9], [11], [12] and [10], 
some HIV models with two classes of target cells, CD4+ T cells and macrophages have been proposed. The 
global stability of these models has been investigated in ([8], [12], [10] and [11]). Elaiw [8] studied the global 
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properties of HIV infection model with two classes of target cells (CD4+T cells and macrophages). Elaiw and 
Azoz in [12], also studied the global properties of HIV infection models with two classes of target cells and with 
Beddington-DeAngelis functional response. In [12] and [8], the effect of time delay is neglected. Elaiw et al. 
[10] studied the global stability of HIV model with Beddington-DeAnglis functional response and one kind of 
discrete time delay. Elaiw [11] studied the global dynamics of a delay HIV model with two classes of target cells 
and saturated function response. 

The purpose of this paper is to study the global dynamics of two HIV infection models with Crowley-Martin 
functional response. We take into account that the HIV attack two classes of target cells CD4+T cells and 
macrophages. Model with discrete delay and model with distributed delay have been studied to take into 
account the time delay between the time the target cells contacted by the virus and the time the emission of 
infectious (matures) virus particles. The global stability of the these models is established using Lyapunov 
functionals. We have proven that the global dynamics of these models are determined by the basic reproduction 
number i?o- If Ro < 1, then the uninfected steady state is globally asymptotically stable (GAS) and if Rq > 1, 
then the infected steady state exists and it is GAS. 

2 Model with discrete-time delays 

In this section we study a viral infection model with two classes of target cells and Crowley-Martin functional 
response. We incorporate two types of discrete-time delays into the model. 

i = l,2 (4) 
i = l,2 (5) 

(6) 

where Xi and yt represent the populations of the uninfected and infected target cells, respectively, where i = 1 
and 2 correspond to CD4+T cells and macrophages. We put /3- = e _m<Ti /3i and p, = e~ niU}i ki. Here the 
parameter rj accounts for the time between the target cells of class i are contacted by the virus particles and 
the production of new virus particles. The factor e~ miTi accounts for the probability of surviving the time 
period from t — Tj to t, where rtii is the death rate of infected but not yet virus producer cells. The parameter 
accounts for the time between the virus has penetrated into a target cell i, and the emission of infectious virus 
particles. The factor e~ riiUli accounts for the probability of surviving the time period from t — u>i to t, where n, 
is positive constant. The parameters Aj, di, a*, 7$, a*, and fcj are positive constants with the same biological 
meaning given above. 
Initial conditions 

The initial conditions for system (4)- (6) take the form 

Xl (6) = MO), x 2 {6) = mo) MO) = MO), yi(0) = M0),v(0) = MO), 

<Pi(6)>0, ee[-e,o), <pM>o, i = i,-,s. (7) 

where, (<fii(0), <p 2 (0), tps{Q)) € C and C = C([—£, 0], R+) is the Banach space of continuous functions mapping 
the interval [—■£,()] into where I = max{n, t 2 , coi, w 2 }. By the fundamental theory of functional differential 
equations [13], system (4)-(6) has a unique solution (xi(t), x 2 (t), yi(t), 2/2 ) , v(t)) satisfying initial conditions 
(7). 

2.1 Non- negativity and boundedness of solutions 

In the following, we establish the non-negativity and boundedness of solutions of (4)-(6) with initial conditions 
(?) - 

Proposition 1. Let X (t) = (x\ (t) , x 2 (t) , y\ (t) , y 2 (t) , v (t)) be any solution of (4)-(6) satisfying the 
initial conditions (7), then X (t) is non-negative for t > and ultimately bounded. 

Proof. First, we prove that Xi(t) > 0, i = 1, 2, for all t > 0. Assume that Xi(t) lose its non-negativity on 
some local existence interval [0,p] for some constant p and let t\ € [0,p] be such that Xi{t\) = 0. From Eq. (4) 
we have Xi(t\) — Xi > 0. Hence Xi(t) > for some t e (ii , £1 + e), where e > is sufficiently small. This leads 



x% — d{Xi 

y 



(l + ctiXi)(l + 7i«) : 
P'iXi(t - Ti)v(t - n) 



(1 + (XiXi(t - Tj))(l + JiV(t - n)) 



a t yt 



v = ^2piVi (t-M - 



rv, 



i=l 
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to a contradiction and hence Xi(t) > 0, for all t > 0. Further more, from Eqs. (5) and (6) we have 

J (1 + aiXi{T] - T;))(l + •JiVi'T] - n)) 





2 * 

r(l) = r(i))e- rt + Y jPi fe-^-^n-x, ■)<///. 



confirming that yi(t) > 0, i = 1,2, and > for all t e [0,£]. By a recursive argument, we obtain yi(t) > 0, 
i = 1,2, and > for all t > 0. 

Next we show that the solution is ultimately bounded. From (4) we have ±i < Xi — diXi. Thus lim sup^i(t) < 

t— >oo 

. of 

j: and Xi{t) is ultimately bounded. Let Ti(t) — jf;Xi(t — Tj) + yi(t), then 

ii(t) < ^-aiTi(t), 

Pi 

where Oi = min{di,ai}. It follows that lim supXi(£) < Li, where Li — ^j 1 - This in turn implies, by the 

t — »oo 

non- negativity of Xi(t) and yi(t), that lim sup yi(t) < Li and yi(t) is ultimately bounded. On the other hand, 
from Eq. (6) we have 

2 

v(t) < ^PiLt - rv, 

i=l 

2 

then lim supw(i) < L* , where L* — an< ^ W W ^ s ultimately bounded. □ 

2.2 Steady States 

It is clear that, system (4)-(6) has an uninfected steady state Eq{x\, y\, y®, v°), where x\ = 4 1 , y° = 0, 
i = 1,2 and t>° = 0, and there may another steady state (0^,22,2/1, 2/2* wmcn is the infected steady state 
with coordinates that if exist, satisfy the equalities: 

*i = + ^vl* — *v ?; = !. 2 (8) 

(l + a l a;*)(l + 7 l w*) 

(l + a i a;t)(l+7 i u*)' 
2 

= (io) 



^ = 7TT^7?-n^. * = 1 ' 2 ( 9 ) 



2 

rv 



We define the basic reproduction number for system (4)- (6) as 

2 2 p-fl'x® 

Z— 1 2—1 V ' 7 

where i?i is the basic reproduction number for the dynamics of the virus and the target cell of class i. 
Lemma 1. If i? > 1, then there exists a positive steady state E*. 

Proof. To compute the steady state of the system (4)- (6), we let the right-hand sides of Eqs. (4)- (6) equal 
zero, 

Ai - diXi - — r=0, z = l,2 (12) 

(1 + a^i) (1 + 7iu) 

Oi W =0, z = l,2 (13) 



(l + a^) (1 +7i«) 
2 

^PiVi ~ rv = 0. (14) 
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Solving Eq. (12) with respect to we get Xi as a function of v as: 

x l± = - — — [ a. iX \ (1 + 7j«) - (1 + <f>iv) ± J ((1 + <M - (1 + 7»«)) 2 + 4oiXi (1 + 7^) 2 j 

where ^ = 7, + f 1 . It is clear that if w > then x i+ > and Xi_ < 0. Let us choose 



x t = 1 , ( a 4 a:° (1 + 7l w) - (1 + + J ((1 + ^) - a lX ° (1 + 7l v)) 2 + Aa.^ (1 + 7 ^) 2 ) . (15) 

2a; (1 + 7jU) \ v / 



From Eqs. (12)-(14), we have 

2 

V 



2 0/ 

2 ^ (Ai - fe) - rv = 0. (16) 



i=l 

Since Xj is a function of u, then we can define a function -Bi(w) as: 

2 

CliP: 



B 1 (v) = ^2^§(X i -d i x i )-rv = 0. 



When v — 0, then a;, = and Bi(0) = 0, and when w = u = P a > ^' * nen substituting it in Eq. (15) 

we get the corresponding Xi > and 

2 

Since is continuous for all v > 0, we have 

Therefore, if R > 1, then Bj(0) > 0. It follows that there exists v* e (0,v) such that = 0. From Eq. 

(15), we obtain x* > 0, i = 1, 2. Also, from Eq. (13) we get y* > 0, i = 1, 2. 

2.3 Global stability analysis 

In this section, we study the global stability of the uninfected and infected steady states of system (4)- (6). The 
strategy of the proofs is to use suitable Lyapunov functionals which are similar in nature to those used in [28] . 
Preliminary: 

We shall use the following notation: z — z(t), for any z <E {xi,yi,v, i = 1,2}. We also define a function 
H : (0, oo ) — > [0, oo ) as 

H(z) = z — 1 — log z. 

It is clear that H(z) > for any z > and H has the global minimum H(l) — 0. The function H(z) can also 
be used in driving an extension of the arithmetic-geometric mean inequality which is important in proving the 
global stability of the steady states. 

To extend the arithmetic-geometric mean inequality we put 

-H(zi) = 1 - Zi + logz 4 < 0, for zi, ....,z n > 0, (17) 

summing —H(zi) from i = 1 to n 

n n 

n-J^ + logJJzi <0. (18) 
j=l i=l 

For oi, a n , bi, 6„ > 0, it holds that 

If Zi,Z2, z„ > satisfy Zi^—Zn = 1, then it holds that 

n 

n - ^Zi < 0. (20) 
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When aia 2 --.a n — bib 2 .-.b n , and by substituting Zi = ^ in (20), we get 



(21) 



If we put Zi — w ai al. a = m (20)j we obtain 



ai + a2 



— > v / aia 2 ...a„ 



(22) 



which is the arithmetic-geometric mean inequality. Thus the inequalities (18) and (19) are considered as 
extensions of the arithmetic-geometric inequality. 

Now let us assume that a\a 2 ...a m -\ — b\b 2 ...b m -\, m < n, and replace b m , ...,b n by b' m , ...b' n , then we have 

n ~ E--E- +1 °g bl - bm - lb ' m - K <o, 

i—l i—m 



m—1 i 



1 h- y y 

i—l i— m t—m 



(23) 



This holds true for any positive a,i,bj,b' k , (i = 1, n; j = 1, m — 1; = m, n). The inequality (23) is 
crucial in proving the global stability of the infected steady states. 

The next theorem establish the global stability of the uninfected steady state. 

Theorem 1. Consider the system (4)- (6), if Rq < 1 then E is GAS. 
Proof. Define a Lyapunov functional Wq as follows: 



^ = E 



'/ "(l + a, 



xi(t - e)v(t - e) 



Xl {t-e)){i + lt v{t-e)) 



+a 



J yi (t-6)dd 



+ v. 



(24) 



We note that Wo is defined and continuous for all (xi(i), X2(f), 3/1 (t) , j/2 (*) > v(t)) > 0. Also, the global minimum 
Wo = occurs at the uninfected steady state E . The time derivative of Wo along the solution of (4)- (6) is 
given by 



dW 
dt 



ft 



P'iXi(t - n)v(t - 



f3 iXi V 



(1 + a lXi ){l +7i«) 



\x,v 



+ (1 + - T;))(l + 7^ - r<)) a%V% + (1 + a^Xl + 7^) 



(1 + - Ti))(l + 7ji;(i - r,)) 

2 



i=l 



= E 



AxiX°(l + a l2 ;0) 



ON ( Xl 



(1 + ajX?) (1 + atiXi)(l + jiv) 

ftXiV 



(1 + onxf) (1 + a i x l )(l + 7^) (1 + «jO;i)(l + 7^) 
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Pi, 

(I.; 



= E 

1=1 

2 

= E 

L 

2 

E- 

2 

E- 



-ft'A, 



i=i 

2 



= -E 



f3 l x i x° l (l + a l x° i ) 

fta^(l + OjiE?) 
ft; A, 



( Xl -x° t ) 2 + 



(1 + aixV) (1 + aiXi)(l + -nv) 
fi[x\v 



— TV 



ft 3^9(1 + OiS?) 



0\ ( Si 



ft'A; 



(1 + a 4 .x°) (1 + 

« + liV 2 - liV 2 



— TV 



^ 1 + 7if 

„2 / 2 



i=l 
2 



ftxia;°(l + a;x°) 



ft'A; 



i=i 

2 



7i w 



i=i 



(25) 



It can be seen that, if Rq < 1 then < for all Xi, v > 0, i — 1, 2. By Theorem 5.3.1 in [13], the solutions of 
system (4)-(6) limit to M, the largest invariant subset of = 0}. Clearly, it follows from (25) that ^ = 

if and only if Xi = x°, i = 1, 2 and u = 0. Noting that M is invariant, for each element of M we have v = 0, 
then t> = 0. From Eq. (6) we drive that 

2 

o = v = y^PiViit - Wi). 



Since Ui(t— 6) > for all 9 £ [0,£], then ^ PiVi{t — Wj) = if and only if — Wj) = 0, i = 1,2. Hence 



dW _ 



i=l 



— if and only if Xi — x°, yi = 0, i = 1, 2 and u = 0. From LaSalle's invariance principle, £o is GAS. 
Theorem 2. If R > 1, then is GAS. 

Proof. For proving the global stability of the infection steady state , we use the same strategy as in [28] . 
First, we consider the following system 



Xi — Xi diXi 



PiXiV 



(l + a i a; i )(l + 7 i u)' 



Vi = 



P'iXiV 



(1 + CXiXi)(l + JiV) 



i = l,2 
i = 1,2 



Pi2/» - rv. 



(26) 
(27) 

(28) 



i=i 



Let X = (xi,X2,yi,U2,v) T , and denote the vector field given by (26)-(28) as G(A), and define Lyapunov 
functional W. M as follows: 



^ = E 



ft 



/ 



\ 



/i(l + a;2*) 

By calculating the time derivative along (26)-(28) we get 



+ ^(^-l-log^). (29) 



Lft V 



+ 1- 



Vi 



ft ^ <(l + c^) 
Xi(l + aiX*) 



P'iXiV 



(3iXiV 

(1 + ctiXi)(l + 7iv) 



- <nyi 



Using the conditions (8)-(10) for the infected steady state E* and the arithmetic-geometric mean inequality 
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(22), we get 

2 

VW* -G(X) =Y,~ 



i=i 



1 - 



x*(l + atiXj) 

Xi(l + OliX*) 



diX* + 



fcx*v* 



(1 + ^0(1 + 7^*) 



jXjV 



(1 + a l x i ){\ +7 4 w) 



(1 + OLiXi){\ +fiV) 



a-iVi 



Vi 



B'x,v 



yi (1 + a i x l )(l +7 4 w) 



<HVi 



= E 



»=i 



-diB'Axi - 



x*(l + ajXi) 
Xi(l + a;x*) 



i=l 



V 
V 



y^,Piyi+rv* 
»=i 



?;(! + 7^* _ 
u*(l + 7»u) 



+a;y* 3 - 



x^l + ajX,) y* Xiv(l + aiX*)(l+jiV*) y t v* 



2 — 1 



i(l + a i x?) j/i x*v*(l + ajXi)(l + 7i«) y*v 

"(Xi-X*) 2 „ ( 1 v(l+iiV*) v 1 + 
^ ^- + a i2/ * -1 + ' ( - — + - , 



/3jXj(l + ttiX* 

_ x*(l + a^x;) _ y* x^(l + ajX*)(l + 7^*) _ 
Xi(l + aiX*) y t x*v*(l + otiXi)(l + -fiv) y*v 



1 + 7j« 
1 + 7i«* 



BiXi(l + ctixX) 



■a-iVi - 1 



;(l+7i«*) w 



1 



w*(l + 7jw) v* l+7iir* 



x*(l + aiXi) y* Xju(l + a»x*)(l + 7i«*) j/jt;* l+7i« 



x,(l + a,x|) t/i x*u*(l + a,Xj)(l +7i«) y*w 1 + 7.^* 
-diB'^Xi-x*) 2 J %(v-v*) 2 



8iXi(l + ctiX* 



o-iVi 



v*(l + 7i«)(l + 7iW*) 



+a t y* 4 - 



x*(l + aiXi) y* Xiv(l + aiX*)(l+jiV*) y t v* l+^v 



Xj(l + ajx|) yi x*v*(l + aiXi)(l+jiv) y*v 1 + jiV* 
Now, we compute the time derivative of W* along the solution of the system (4)- (6) 



< 0. 



(30) 



dW, 
dt 



Bi 



1 - 



X*(l + OliXi) 



BiXiV 



+ 1- 



x,(l + c^x*) 

/3-Xj(t - Ti)t;(f - Tj) 



y 4 7 V (! + - T 0)(! + 7i«(* - T i)) 



(l + a i x i )(l + 7 i i;) / 

/3-Xit; 



(1 + Q!iXj)(l + 7j«) (1 + aiXj)(l + jiv) 



( 1 ~ ~~ ) ( £p*2/*(* ~ u i) -rv + ^p t y t - ^2p t yi J 

^ V ' \i=l i=l i=l / 

|f ft ^ / _ x?(l + a^) \ / 
\^a, [A V x^l + ^x*)/ V 



+ 1 



B'iXiV 



y, t J V(l + ajXi)(l +7i«) 



(1 + ajXi)(l + 7;«) 
/ 2 



1 



+E- 



i=l 



^(t-TjMt-Ti) 



^Piyi - rv 

\i=l J 

P^iV 



y t J \(1 + aiXi(t - 7j))(l + 7iu(t - n)) (1 + ^x^(1+7^) 



+ (- 1 ~ v) ^E^^^ ~ Wi ) ~ E^ y * j • 



(31) 
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From (30) into (31) and using the infected steady conditions, we obtain 



dt 



VU . -G(X) ■ 



+ 1 



v 
v 



i=i 
Ui{t - uii) 



i(t - n)v{t - Ti){\ + a t x*)(l + 7it>*) Xiv(l + OiX*)(l + 7l v*) 



x*v*{l + a lXt {t - T< ))(1 + ^v(t - n)) x*v*{\ + OiXi){\ + 7i«) 



/A; 



i=l 

I 4 



*\2 



4 - 



-diP'jjxi - x*) 

PiXi(l + a lX *) """ ai v*(l + 7jw)(l + 7 ^*) 
^(l + aiXi) ^ 2^(1 + «;<)(! + 7;U*) y^* 



1 + 7ji> 



+ a^a;*) j/i x*w*(l + a.;.T 4 )(l +7^) y> 1 + 7^* 
Zjft - n)v{t - Ti )(l + Q,x*)(l + 7i i;*) _ x^(l + a a x*)(l + 7 ^*) 
a;*w*(l + aiXi(t - n))(l + "ftv(t - t;)) x*v*(l + a iXi )(l + jiv) 
y*Xi(t-Ti)v(t-Ti)(l + aiX*)(l + iiV*) y*Xiv(l + atiX*)(l + jiV*) 



+ 



UiX*V*(l + CtiXi(t - Tj))(l + -fiv(t - Tij) 

y t (t-uJi) _ Ui_ _ v*y l (t-uj i ) v^y 
y* y* vy* vy* 



yiX*v*(l + OiiXi){l + 7i w) 



■t—^ nr.- 



*\2 



7i (w - V*) 



*\2 



+ a t y* I 4 - 



-djP'^Xj - x*) 

0iXi(l + atiX?) a " lVl v*(l+jiv)(l + -fiV*) 

x*(l + aiXi) _ y*x,(t - Tj)v{t - t,)(1 + ajX*)(l + 7^*) _ v*y t {t-u l ) 
Xi{\ + a iX *) y l x*v*{\ + aiXi{t - r 4 ))(l + ^v(t - n)) 



vy? 



1 + jiv + - u)i)xi(t - Ti)u(t - Tj)(l + 0^(1 + 7iu) 



1 +7^ 
2 



E 

i=l 



1/^^(1 + a 4 Xi(i - ri))(l + 7i«(t - Tj)) 

x t ft - T t )i;(t - r t )(l + a t x*)(l + 7^*) _ x t v(l + a»x*)(l + lt v*) 
x*v*(l + OiXi(t - Ti))(l + 7 4 w(i - n)) cc?u*(l + 0^(1 + 7^) 



-log 



Xi(t - n)v(t - Tj)(l + a»a;i)(l + 7i w) 



+ EM .(i^_|_ bg »<ip) 



Xiv(l + atiXi(t - Ti))(l + 7iu(i - rj)) 
Using the arithmetic-geometric inequality (23), the first terms of (32) satisfy: 



p l x l (l + a l x*) aiVl w*(l+7iv)(l + 7iU*) 

a;*(l + ajXj) y*a;i(t - Tj)v(t - ri)(l + ajo;*)(l +7iU*) v*yi(t-u>i) 



*\2 



i=l 

+ a*2/* ( 4 



Xi(l + otiX%) yiX*v*(l + aiXi(t - r»))(l + 7 4 w(i - r,)) 

< 0. 



1 + 7^ yi(t-Ui)xi(t-Ti)v(t-Ti)(l+a i Xi)(l+'Yiv) 
l+7iu* y%Xiv{l + atiXi(t - Ti))(l +fiv(t - n)) 



Define the following functionals: 



, ' x i (t-0)v{t-0)({l + ai xt)(l + li v*Y ,, 
' ' 1 xlv^l + a^t-emi+^vit-O)) '' 



1,2. 



(32) 



i = 1,2. 



Therefore, we construct Lyapunov functional as follows: 

2 



i=l 
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Then, we can easily drive that 



dt .,o, 



*\2 



PiXi(l + a lX *) ° iVi v*(l + 7 ^)(1 + lt v*) 

x*(l + a lXi ) ^ y*Xj(t - Tj)v(t - Tj)(l + a iX *)(l + jjV*) _ v*Vi{t - ojj) 
Xi(l + a iX *) yiX*v*(l + a i x i (t-Ti))(l + 'Yiv(t-Ti)) vy* 

< 0. 



+ OiVi 4 - 



1 + jiV ^ yi(t - Wi)xi(t - n)v{t - Tj)(l + OiXi){\ + jiv) 



1 + 7i?;* ViXiv(l + aiXi(t - n))(l + jiv(t - n)) 

Clearly, if R > 1, then E* exists and ^ < for all Xi, yi, v > 0, i = 1, 2, and ^ = if and only if Xi — x*, 
y.i = y*, and v — v* , which is the infected steady state E t , then E* is GAS. 

3 Model with distributed-time delays 

In this section we propose an HIV dynamics model with two classes of target cells and Crowley-Martin functional 
response. Two types of distributed-time delays are accounted into the model. The proposed model can be seen 
as a generalization of several HIV mathematical models presented in the literature. 

± = Xi ' diXi - {l + c^x% + 1 ^ (33) 

hi 

m= Im -pr- ^; ( *~w? ( !~ T l V ,dr-a iVi , i = l,2 (34) 

J (1 + aiXi(t - t))(1 + nv(t - T)) 



2 l ' 

v = 'Y^Pil gi(co)yi(t-uj)duj -rv, (35) 
i=i { 

where fi[ < Pi and p, < ki, i = 1, 2. All the variables and other parameters of the model have the same meanings 
as given in the previous section. To account for the time lag between viral contacting a target cell and the 
production of new virus particles, two distributed intracellular delays are introduced. It is assumed that the 
target cells are contacted by the virus particles at time t — r become infected cells at time t, where r is a random 
variable with a probability distribution /,(r) over the interval [0, hi] and hi is limit superior of this delay. On 
the other hand, it is assumed that, a cell infected at time t — lo starts to yield new infectious virus at time t 
where oj is distributed according to a probability distribution gi(u>) over the interval [0, li] and U is limit superior 
of this delay. The probability distribution functions fi(r) : [0,hi] — > R+ and g%{w) : [0,l%] — > R+ are integral 
functions with 

hi u 

J fi(r)dr = J gi{u)du = 1, i = 1,2. 



hi 

D ft hi [ Xi v] = / fi(r)- Xi(t-r)v(t-T) 

,L J r V ; (l + a l x,(f-T))(l+ 7i t;(i-r)) 



We put 



and 



D gt ,M= J 
Then system (33)-(35) can be rewritten as: 



h 

g l (uj)y l {t - u)dr. 



x\ =Xi- diXi - -— ^ Xl J r, i = 1, 2 (36) 

Vi = P'i D fi,hi [xiv] - a t y l: i = l,2 (37) 

2 

V = ^2Pi D gi,li[Vi\ - rv - ( 38 ) 



i=l 

Initial conditions 
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The initial conditions for system (36)- (38) take the form 

Xl (6) = MO), x 2 {6) = mo) MO) = MO), yi(0) = M0),v(0) = MO), 

<Pi(6)>0, 8€[-i,0), fM>0, i = l,-,5, (39) 

where, (<pi(0), ¥2(8), fb{0)) € C and C — C([—£, 0],ffi5_) is the Banach space of continuous functions mapping 
the interval [—£, 0] into R+, where £ — max{/ii, h 2 , h, h}- By the fundamental theory of functional differential 
equations [13], system (36)-(38) has a unique solution (xi(t),X2(t),yi(t),y 2 (t),v(t)) satisfying initial conditions 
(39). 



3.1 Non- negativity and boundedness of solutions 

In the following, we establish the non-negativity and boundedness of solutions of (36)-(38) with initial conditions 
(39). 

Proposition 2. Let X(t) — {x\ (t) ,x 2 (i) ,yi (t) ,y 2 (t) ,v (t)) be any solution of (36)-(38) satisfying the 
initial conditions (39), then X(t) is non- negative for t > and ultimately bounded. 

Proof. Similar to the proof of Proposition 1, we have Xi(t) > 0, i = 1,2 for all t > 0. Further, from Eqs. 
(37) and (38) we have 



t h 





confirming that yi(t) > 0, i = 1,2, and v(t) > for all t e [0,£]. By a recursive argument, we obtain yi(t) > 0, 
z = l,2, and v(t) > for all t > 0. 

Now we show the boundedness of the solutions of (36)-(38). Eqs. (36) implies that lim sup Xi(t) < X®, where 

x i ~ K/di, and thus Xi(t) is ultimately bounded. It follows that 

hi 



j fi(T)Xi(t-T)dT<xl 



, hi 

Let Yi(t) = ft J fi(T)xi(t - r)dr + Vi (t), i = l,2. Then 




hi 

/<■ , x P'jxAt — r)v(t — t) , , . 

(1 + otiXiit - t))(1 + nv(t - t)) 



<^-c?m), 

Pi 

hi 

where cr, = min{e?,j, a,}. Hence lim supFi(i) < L,, where Li = Aj/3-/ ' fli<Ji . Since J fi(r)xi(t — r)dr > 0, we get 

t^oo 

lim supyj(i) < Lj. On the other hand, 

2 l * 

v(t) < ^PtU / gi{u))du) - w 
i=i { 
2 

= - rv, 

i=l 

2 

then lim supv(i) < L* , where L* — 2L p L - Therefore, X(t) is ultimately bounded. □ 



10 

239 



ELAIW ET AL 230-244 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



3.2 Steady States 

It is clear that, system (36)-(38) has an uninfected steady state E$(x\, x®, , y®, v°), where xf = gf, y® = 
0, i = 1,2 and v° = 0. The system can also has another steady state which is the infected steady state 
E*{x\, x\, yl , y%, v*), with coordinates if exist, they satisfy Eqs. (8)-(10). The basic reproduction number for 
system (36)-(38) is also given by Eq. (11). 

Lemma 2. If Rq > 1, then there exists a positive steady state E„. 

The proof is the same as given in Lemma 1. 

3.3 Global stability analysis 

In this section, we study the global stability of the uninfected and infected steady states of system (36)- (38). 
The strategy of the proofs is to use suitable Lyapunov functionals which are similar in nature to those used in 
[16] and [28]. 



Define 



implies that 



Sf.hiir) = j ' fi(a)da, 6 giM (uj) = J gi{a)da i = l,2, 

T UJ 



W°) = i><Wfci) = o, 
<y fli>Il (o) = i,<w 4 (Ji) = o, 

Also, for a continuous function x , we have that 

h h 



dT 
dr 



= -fi(r), 



(40) 

(41) 
(42) 



d 
dt 



J 5 f>h {r)R{x{t - T))dr - J /(r) [R(x(t)) -R(x(t- r))] dr. 



First we prove the global stability of the uninfected steady state Eq employing the method of Lyapunov func- 
tional. 

Theorem 3. Consider the system (36)-(38), if R < 1 then E is GAS. 
Proof. Define a Lyapunov functional Wq as follows: 



Pi 

ft; 



Pi(l + atiX?) \x 



hi 

5- 1 - 1 °s5)+^+^7^ (T) a 





Xi(t - r)v(t - t) 



+ aiXi(t - r))(l + jiv(t - r)) 



-dr 



v. 



(43) 



i=l 

U 



We note that Wq is defined and continuous for all Xi,yi > 0, i = 1,2 and v > 0. Also, the global minimum 
Wo = occurs at the uninfected steady state Eq. The time derivative of Wq along the solution of (36)- (38) is 
given by 



dW v -. pi 

dt 



i - 



3i(l + a { x°) \ Xi 

hi 



\{ d{Xi 



PiXiV 



(1 + a,Xi)(l +jiv) 

P'iXiV p< Xi (t - T)v{t - T) 



+P' i D f . h .[x i v}-a i y i + //.(r) - 

J \{l + aiXi)(l +7iV) (1 + a.iXi{t - t))(1 + jiv(t - t)) 

o 

h 

+a t J gi{Lo){yi -yi{t- u))du + aiD giU [yi] 



dr 



o 

2 



= E 



P'iXiV 



Vj_ -P% (xj - xf) 2 

a,i f3iXiX°(l + ciix") (1 + ctixl) (1 + otiXi)(l + -fiv) 



(1 + anx?) (1 + ctiXi){l + 7,w) (1 + a iXl )(l + 7^) 



— TV 



(44) 
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Collecting terms of (44) we obtain 



dW 
dt 



i 

n 



+ 



x l x°(l + a,iX°) (1 + ctixf) (1 + atiXi)(l + jiv) 



B'x?i 



P i x l x° i (l + a,x° l ) (1 + atiX?) (1 + jiv) 



— TV 



= -E 



Pi fi[X (xj - x°) 

' CLi PiXiX^l + OiX°) 

~ ^aiPiXixKl + aiX?) ' 

y> PrP'iK (xj - a:°) 2 
^ OiPiXixKl + aiX?) 

P*Pi Xi ( Xl ~ x ^) 2 



^ a, (1 + OixV) (1 + jiv) 



E 

i=i 

2 



rRjjv + "fjV 2 - liV 2 ) 
(l + 7i«) 



— TO 



rtiiV — > — r — rv 



^ a i p i x l x°(l + a,ix°) ^ (1 + 7i w ) 



i=i 

2 

E 



(l + 7i«) 
+ (i? - l)rv. 



(45) 



It can be seen that, if i? < 1 then < for all a^, v > 0, i = 1, 2. By Theorem 5.3.1 in [13], the solutions 
of system (36)-(38) limit to M, the largest invariant subset of {^r 1 = 0}. Clearly, it follows from (45) that 
= if and only if x,- t — x°, i = 1, 2 and v = 0. Noting that M is invariant, for each element of M we have 
v = 0, then t> = 0. From Eq. (35) we drive that 



2 '* 

o = u = E Pj / 9i{^)Vi(t - 



Since yi(t — 6) > for all e [0,^], then Pi — w)du; = if and only if ^(i — w) = 0, i = 1, 2. 

i=i J 

UJ 

Hence = if and only if Xi — x°, yi = 0, i = 1,2 and w = 0. From LaSalle's invariance principle, £o is 
GAS. 

Theorem 4. If R > 1, then is GAS. 

Proof. First, we consider the system (26)-(28), and define Lyapunov functional as follows: 



»=i 



t (1+a< ;U 



f- 

\v* 



1 - loe 



By calculating the time derivative of Vt 7 * along (26)-(28) we get 

2 



i=l 



I" 



+ 1 



X*(l + (XiXi) 
Xi(l + OtiX*) 

P'jXjV 

(1 + ctiXi)(l + 7iu) 



Aj d^xi 



PiXiV 



aiy, 



(1 + aja;j)(l + 7j«) 
' 2 



+ 1- 



y^PiVi - rv 

vi=i y 



Similar to proof of Theorem 2, one can show 

2 



VVF* • G(A) = 



Pi -diP[{xi - x*y 
T(ai [ PiXi(l + aiX*) 



7i(u - u*) : 



w*(l + 7i«)(l + 7i«*) 



a;*(l + a»a;i) y* a;ju(l + aja;*)(l + 7,w*) y-iv* 



x^l + a.x*) yi x*v*(l +a i a; i )(l +^v) y*v 1+^ 



< 0. 



(46) 
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Now, we compute the time derivative of along the solution of the system (36)-(38) as: 



dt 



X^Pl \@± (i _ x i( l + a i x i) \ f x _ d x ftf 

j-^a, [Pi V x t (l + a t x*)J \ 11 (1 + aiXi 



)(i+7i«; 



+ i 



Vi 



0i D fi,hi[xiv] - aiy t + 



P'iXiV 



(3-XiV 



(1 + (XiXi)(l + "fiV) (1 + OHXi)(l + JtV) 



^ W ' \i=l i=l i=l / 



E 



Pi V ^(l + aja;*) 



djXi 



PiXiV 



-[1- 

' a,; 



y 4 y V(l + a»a:i)(l + 7iU 



- aij/, 



(l + a,.T. i )(l + 7 l v) 

' 2 



+ I" 



1=1 



P'iXiV 



(1 + aiXi)(l + jiv) 



+ 1- 



vt=l 



i=l 



Using the infected steady state conditions, we get 



+ 1 



\7W,-G{X)+Y J -a i y* 

i=i ai 

Dguh [yi\ _ m 
y* vt 



1 _VV\( D UhAxjv]{l + ajX*){l + jjV*) _ Xi v{\ + a lX *){l + 



X;V 



x*v*(l + aiXi){\ + jiv) 



PiXi(l + aiX*) 



ji(v - v* f 



■(l + 7i«)(l+7i«*) 



+<kVi 4 



x*(l + otiXi) y* Xiv(l + OLiX*)(l + 7i«*) j/jU* l+7iU 



Xi(l + aiX*) y t x*v*(l + aiXi)(l + ~fiv) y*v 1 + "fiV* 
D fihi [xjv](l + a l x*){l +jjV*) _ Xjvjl + ajX*)(l + jjV*) 

X*V* X*V*(1 + (XiXi)(l + JiV) 



yt D nhAx lV }(l + a l x*)(l +^v*) y*x t v{l + aiX*){l + liV *) 
V%x*v* y l x*v*(l + a i Xi)(l + ~f i v) 



+ - 



D n 



Vi 



y^ _ v*Dg t}h [y l ] v*yi 
Vi vy* vy* 



t=i ai 



(3iXi(l + c^x*) 



v*(l + 7iu)(l + -fiV* 



hi L 



+aiV* / / fi(T)9i (u) 4 




1 +liV 

1 + 7i«* 

2 

EPi 



x*{l + ajXj) _ y*Xj(t - r)v(t - t)(1 + ajX*)(l + jiV*) _ v*yi(t - uj) 
Xi(l + aiX*) yiX*v* (I + oaXi(t - t))(1 + ^iv(t - t)) vy* 



+ log 



yi(t - Lo)xj(t - r)v(t - t)(1 + ajXi)(l + jjv) 
yiXiv(l + a i x l (t - r))(l + jiv(t - r)) 



dujdr 



fir) 



Xi(t - r)v(t - r)(l + aiX*)(l + %v*) x t v(l + a,x*)(l + 7^*) 



-log 



x*v*(l + a t x t {t - t))(1 + j iV (t - r)) x*v*{l + a iXi ){l + 7^) 
Xi(t - r)v(t - t)(1 + otiXi)(l + 7i«) s 



Xiv(l + aiXi(t - r))(l + ~/iv(t - r)) 



dr 



Vi(t - up _ Ui_ _ j yj(t-u}) 

yt vt Vi 



duj. 



We define the following functional: 
[ShM(r)H 



Xjjt - r)v(t - t)((1 + + 7^*) 

x*v*(l + atiXi(t - t))(1 + jiv(t - r)) 



cZt, 



i = 1,2 
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h 

U , js ga u-;// [■ lA ' ! , ) /= i.2. 

o 1 



Therefore, we construct Lyapunov functional as follows: 

2 2 



hi U 



+a. 

o o 

!+7i u ,, Vi(t - u)xi{t - r)v(t - r)(l + a^)^ + Jiv)\ ' 

— h log — r— rr dlOClT 

l + liV* yiXiv(l + a i Xi(t-T))(l + 'y i v{t-T)) ) 

It is clear that ^ < for 11 ' 1 

HAS 



hi U 

* ( I f ( ) ( \ ( A - x i0j±^i x i) _ Vi x i(t - T)v(t - t)(1 + ajX*)(l + jjV*) __ v*yi(t-u) 
iViJJM)9*K)y Xl (l + aiX *) y iX * v * {1 + aiXi (t-T))(l+ 7i v(t-T)) vy* 





all 



GAS. 



< 0. 



v > 0, and ^± — at the infected state E*, then i?*is 



4 Conclusion 

In this paper, we have proposed two HIV dynamics models describing the interaction of the HIV with two classes 
of target cells, CD4 + T cells and macrophages taking into account the Crowley-Martin functional response. We 
have incorporated two types of discrete delays and two types of distributed delays in the first and second model, 
respectively. The global stability of the uninfected and infected steady states of the models has been established 
by using suitable Lyapunov functionals and LaSalle invariant principle. We have proven that, if the basic 
reproduction number R is less than or equal unity, then the uninfected steady state is GAS and if i?o > 1, 
then the infected steady state exists and it is GAS. 
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Accelerated Newton-GPSS methods for systems of nonlinear equations 1 ^ 
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Abstract: By utilising generalized positive-definite and skew-Hermitian splitting (GPSS) iteration as the inner 
solver of inexact Newton method, a class of inexact Newton-GPSS methods for solving systems of nonlinear equa- 
tions with positive Jacobian matrices are proposed. We discuss the local and semilocal convergence properties 
under some proper assumptions. Moreover, an accelerated Newton-GPSS method is established and its conver- 
gence behavior is analyzed. Numerical results demonstrate the robustness of our methods. 

Keywords: system of nonlinear equations, generalized positive-definite and skew-Hermitian splitting, inexact 
Newton method, convergence property. 
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1. Introduction 

Consider the solution of large sparse systems of nonlinear equations: 

F(x) = 0, (1) 

where F : D c C" — » C" is a continuously differentiable function defined on an open convex subset of complex 
linear space C". The Jacobian matrix F'[x) is sparse, non-Hermitian, and positive definite. This kind of nonlinear 
equations can be derived in many practical problems, see [1-3]. 

As it is well known, the most popular iterative method for solving (1) is the Newton method [2, 3], which can 
be written as: 

X (fc+D = x m _ i/( x («)-i F (x (fc) ), k = o, i,2, . . . , 

where x' ' e D is a given initial vector. Notice that we must solve the Newton equation 

F'(x w )s m = -F(x (fc) ), with x (fc+1) :=x w + s w , (2) 

at the fc-th iteration step. 

When the scale of the problem become large, we often choose iterative methods [4, 5] to solve the Newton 
equation (2), which results in the following inexact Newton method [6-8] for solving (1): 

x (fc+1) = x (fc) + s« with F'{x m )s m = -F(x m )+r m , 

where rM is a residual yielded by the inner iteration. Newton-Krylov subspace methods [9, 10], which use the 
Krylov subspace methods for solving the Newton equation (2) , have been widely used. 

To solve (2) by iterative methods, we need efficient splittings of the coefficient matrix [4]. In [11], Bai, Golub 
and Ng first presented a Hermitian and skew-Hermitian splitting (HSS) iterative method for non-Hermitian pos- 
itive definite linear systems. Subsequently, some HSS-based iterative methods [12-18] were further studied to 
improve the robustness of the HSS method. Furthermore, a generalized positive-definite and skew-Hermitian 
splitting (GPSS) scheme [19] was proposed by Cao et al. for solving non-Hermitian positive definite linear sys- 
tems. Theoretical analysis shows that the GPSS iterative method preserves all properties of both positive-definite 
and skew-Hermitian splitting (PSS) [12] and generalized HSS (GHSS) methods [16]. 
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Recently, Bai and Guo established the Newton-HSS method [20] which use the HSS method as the inner solver 
to solve (1); see also [21-25]. Numerical results have shown that the Newton-HSS method considerably outper- 
forms the Newton-Krylov subspace methods from aspects of iteration steps and CPU time. Subsequently Guo 
et al. [22] analyzed the semilocal convergence of the above Newton-HSS method. Moreover, Yang et al. in 
[26] and [27] established Newton-MHSS and Newton-PSS methods, respectively, for solving systems of nonlinear 
equations. 

In this paper, the Newton-GPSS method which use the GPSS iteration as the inner solver of inexact New- 
ton method, is presented for solving (1). We discuss the local and semilocal convergence properties under some 
proper assumptions. Moreover, based on the successive-overrelaxation (SOR) acceleration, an accelerated Newton- 
GPSS method is established and its convergence behavior is analyzed. Finally, numerical results illustrate that our 
two methods considerably outperform the Newton-HSS method from aspects of iteration steps and CPU time. 

This paper is organized as follows. In Section 2, we introduce the Newton-GPSS method. In Section 3, the 
local and semilocal convergence properties of the Newton-GPSS method are discussed under some proper as- 
sumptions. In Section 4, we establish an accelerated Newton-GPSS method and analyze its convergence behavior. 
Numerical examples are given in Section 5 to demonstrate the effectiveness of our methods with comparison to 
the Newton-HSS method. Finally, in Section 6, some short conclusions are given. 

2. The Newton-GPSS methods 

First, let us review some HSS-based iterative methods([ll, 12, 16, 19]) for solving linear system 

Ax = b, AeC nxn , x,beC n , (3) 

where A e C" x " is a non-Hermitian positive definite matrix and b e C" is a given vector. 
Since the matrix A naturally possesses the Hermitian and skew-Hermitian splitting (HSS) 

A = H + S, 

where 

H=h^A+A*) and S=h,A-A*), 

Bai et al. used the following HSS iteration method [11] for solving (3). 

Algorithm 1. (The HSS iteration method) 

Given an initial guess x (0) eC", compute x t<+1) fori —0,1,2,... using the following iteration scheme until fx^'} 
satisfies the stopping criterion: 

| {aI + H)x v+1 2 ) ={aI-S)x^ + b, 
\ {al + S)x« +1 ) = {al - H)x v+k 2 ] + b, 

where a is a given positive constant and I denotes the identity matrix. 

To improve the robustness of the HSS method, Bai et al. proposed a positive-definite and skew-Hermitian 
splitting (PSS) iterative method [12] for solving (3). Since A possesses a splitting of the form 

A = P + S, 

where P e C" xn and S e C nx " are positive definite matrix and skew-Hermitian matrix, respectively, the PSS itera- 
tive method can be obtained as follows: 

Algorithm 2. (The PSS iteration method) 

Given an initial guess x^ e C n , compute x^ +1 ' for I — 0, 1,2, ... using the following iteration scheme until {x^} 
satisfies the stopping criterion: 

(aI + P)x {t+1 2 ) ^{aI-S)x^ + b, 
{aI+S)xV +1 ^ = (aI-P)x v+1 2 ) + b, 
where a is a given positive constant and I denotes the identity matrix. 
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Hereafter, Benzi proposed a generalized HSS (GHSS) scheme [16] for solving (3). Because we can split H into 
the sum of two Hermitian positive semidefinite matrices: 

H = G + K, 

where K is of simple form (e.g., diagonal or block diagonal with blocks of small size), we get the following splitting 

A = G + {S + K). 
Then the GHSS iteration method was proposed as follows: 

Algorithm 3. (The GHSS iteration method) 

Given an initial guess jc' ' e C™, compute x^ +1 ) fori — 0,1,2,... using the following iteration scheme until 
satisfies the stopping criterion: 

| {aI + G)x v+ ll = {aI-S-K)xW + b, 
\ (aI + S + K)xV + V = (aI-G)x v+ ^ + b, 

where a is a given positive constant and I denotes the identity matrix. 

Recently, motivated by the PSS and the GHSS method, Cao et al. proposed a generalized positive-definite 
and skew-Hermitian splitting (GPSS) scheme [19] for solving (3). In fact, A can be split into 

A = P Y +P 2 , (7) 

where Pi and P 2 are positive definite matrices. The corresponding alternating iterative scheme, called the GPSS 
iterative method, can be described as follows: 

Algorithm 4. (The GPSS iteration method) 

Given an initial guess x^ e C n , compute x^ +1 ' for I — 0, 1,2, ... using the following iteration scheme until {x^} 
satisfies the stopping criterion: 

{aI + Pi)x (l+] i ) = (aI-P 2 ]x^ + b, 
[aI+P 2 )xV +1 1 = {aI-Pi)x v+ l ) + b, 

where a is a given positive constant and I denotes the identity matrix. 
Two typical choices of splitting (7) can be 

P 1 =D + 2L G , P 2 = K + L* G -L G +S, (9) 

or 

P!=Z) + 2L* G , P 2 = K + L G -L* G +S, (10) 

where D and L G are the diagonal matrix and the strictly lower triangular matrix of G, respectively. Other practical 
choices of Pi and P 2 can be also obtained from practical problems. 

Cao et al. in [19] shows that the GPSS iterative method preserves all properties of both PSS and GHSS method. 
One advantage of the GPSS scheme consists in the fact that the solution of systems with coefficient matrix al + P 2 
by inner iterations is made easier, since this matrix is more diagonally dominant than al + S used in the PSS 
iteration. 

The above GPSS iteration method can be equivalently rewritten as 

i 

x V+i) _ Y {a)x v) + Q(a)b = T(a) m x (0) + ^ T(ay Q(a)b, £ = 0,1,2..., (11) 

j=o 

where 

T{a) = {al + P 2 T\aI - P^al + PiT\aI - P 2 ), Q{a) = 2a{al + P 2 y\al + P{f\ (12) 

Here, T{a) is the iteration matrix of the GPSS method. The unconditional convergence property of the GPSS itera- 
tion can be described in the following theorem: 
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Theoreml. [19]LetA<EC nxn be a positive definite matrix and A = P\ + P 2 , wherePi andP 2 are also positive definite 
matrices. Let p{Y{a)) be the spectral radius of the GPSS iteration matrix. Then it holds that 

p(IXo)) < \\{al - Mai + Px)- 1 IhIKo/ - P 2 )[al + P 2 r% < 1. (13) 

i.e., the GPSS iteration unconditionally converges to the exact solution of (3). 

Now, by making use of the Newton iteration (2) as the outer iteration and the GPSS iteration as the inner 
iteration, we can establish the following Newton-GPSS method for solving (1): 

Algorithm 5. (The Newton-GPSS method) 

Let F:DcC"-*C" be a continuously differentiable function with the positive definite Jacobian matrix F'{x) at 
anyx&B>. Let F'(x) — Pi{x) + P 2 (_x), whereP\{x) andP 2 {x) arealso positive-definite matrices. 

1. Givenan initial guess x (0) eD, and positive constants a andtol, and a positive integer sequence {I k \\ 

2. Fork = 0,1,... until ||F(xM)|| 2 < tol||F(x™)|| 2 do: 

2.1. Sets'-*® :=0. 

2.2. Fort = 0,l,2,...,£ k -1, apply the GPSS method: 



>fc=o- 



(14) 



\ (al + P 2 (xW))s' k ^ = (al - P^x&V^ ~ F(x {k) ), 
and obtain $( fc '4) such that 

\\F{x {k) ) + F\x (k) )s {kM \\ 2 <r] k \\F{x w )\\ 2 for some rj k e [0, 1). 

2.3. Set 

x (k+i) = x m + s (k,e k )_ 

Due to (11), the Newton-GPSS method can be rewritten as 

4-1 

x ( k +V= x m-^r(a;x m yQ{a;x m )F(x m ), fc = 0,l,2..., (15) 



(16) 



where 

Y(a; x) = (al + P 2 {x)Y\aI - I\{x)\al + Pi{x)T\aI - P 2 (x)), 
Q{a;x) = 2a{al + P 2 {x)T\aI + P^x))' 1 . 

The Jacobian matrix F'{x) has the splitting 

F'{x) = M{a;x)-N{a;x), 

where 

M(a;x)=^-(aI + P l (x)){aI + P 2 (x)), N(a;x) = -^-(al - Pi(x)\al - P2M). (17) 
2a 2a 

Then it holds that 

r{a;x) = M{a;xT 1 N{a;x), M{a;x) = Q{a;xY l , F'{xY l = (7 -T{a;x)T 1 Q{a;x). (18) 
Hence, the Newton-GPSS method can be equivalently express as 

x [k+i) _ x {k) _ (J _ Yiaix^f^F'ix^Hx^) = x {k) - F\x {k) )-\F{x {k) ) - r(a;x {k \i k )), k = 0, 1,2 . . . , (19) 
where 

r{a;x,l) := F'{x)na;x) e F , (xT 1 F{x). 
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3. Local and semilocal convergence properties of the Newton-GPSS method 

For any xeC" and XeC" x ", the vector norm and the induced matrix norm can be defined by 

| |x|| := ||(a7 + P 2 (x*))x\\ 2 , \\X\\ := ||(o/ + P 2 (x*))X(aI + 1 II2, 

where x* e D is the zero point of (1). 

Obviously, we can obtain the following estimate from (16) and Theorem 1: 

||r(a;x*)|| = ||(a7-P 1 (x*))(a7 + P 1 (x^r 1 (a/-^2(x*)Xa/ + ^2(x*)r 1 ||2<l. 

In Theorem 1 1 . 1 .5 of [3] , the authors give a local convergence property about an inexact Newton method which 
uses a general splitting iteration scheme as the inner solver. As a special case, we can immediately obtain the 
following local convergence theorem of the Newton-GPSS method. 

Theorem 2. Let F:DcC"^C" be G -differentiable on an open neighborhood N* c D of a point x* e D which 
satisfies F{x*) — 0, and F'{x) is continuous, positive definite, non-Hermitian on W . Then there exists an open 
neighborhoods c N* of x* such that for any x w e N and any sequence of positive integers £ k , k — 0,1,2..., the 
iteration sequence {x w }£L generated by the Newton-GPSS method is well-defined and convergent to x*. Moreover, 
it holds that 

limsup||x w -x*||r <p(T(a;x*)/°, with ^=limim7 fc ; 

fc— >oo k— >oo 

in particular, if Tim Ik— +00, then the rate of convergence is R-superlinear, i.e., 

k— >oo 

lim sup||x w -x*||i =0. 

fc— >00 

Proof. We can obtain straightforward from Theorem 1 1 . 1 .5 of [3] . □ 

Next we establish the following more exact local convergence property for the Newton-GPSS method. 

Theorem 3. Let F : D c C" — » C" be G -differentiable on an open neighborhood N'cD of a point x* e D which 
satisfies F{x*) — 0, and F'(x) is continuous, positive definite, non-Hermitian on W . In addition, denote by N(x*; r) c 
N* an open ball centered at x* with radius r and assume the following conditions hold for all x e N(x*; r): 

(i) (The bounded condition) there exist positive constants p andj such that 

max{||A(xmi|ft(x*)||}</3, HFVT 1 !! < T- (20) 

(ii) (The Lipschitz condition) there exist nonnegative constants L\, L 2 such that 

||A(x)-P l (x*)||<Li||x-x*|| ) ||P 2 (x)-P 2 (x*)||<L 2 ||x-x*||. (21) 
Here r e (0, r ), r :— min{ r x , r 2 ] and 



n= a -^[ L 2 : ae ^ + 1 - 1 . r 2 = 1 - 2 ^ [(t + me ° 



ri2 + T9){a + pf I 3 T L 



where L:—L\ + L 2 , £ — lim mftt satisfying 

fc— >00 



M2Pr) 

ln((T + l)0)' 



^o>- , „ (22) 



t e (0, (1 - 8)/ 6) is a prescribed positive constant and 

= 0(a;x*) = ||r(a;jt*)||<l. (23) 

Then, for any x^eN[x*,r) and any sequence {I fc}^ =0 of positive integers, the iteration sequence {x^}^ =0 generated 
by the Newton-GPSS method is well-defined and convergent to x*. 
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Proof. The proof is essentially analogous to the proofs of Theorem 3.2 in [20], with only replacing H and S by Pi 
and P 2 , respectively. □ 

In the following, we give the following a Kantorovich-type semilocal convergence theorem for the above Newton- 
GHSS method. 

Theorem 4. Let F : D C C" — » C" be G -differentiable on an open neighborhood N t0) c D of a initial approximation 
x (0) eD, andF'(x) is continuous, positive definite, non-Hermitian for any x eD . In addition, assume the following 
conditions hold: 

(i) (The bounded condition) there exist positive constants j3 , f and 5 such that 

maxmix^imx^m^P, llPWHf* ||P(x (0) )||<5. (24) 

(ii) (The Lipschitz condition) there exist nonnegative constants L\,L 2 such that for allx,y& B(x(°', f) c H°\ 

||Pi(x)-Pi(y)||<Zi||*-j/||, \\P2(x)-P 2 (y)\\<L 2 \\x-y\\. (25) 
HereL:— L\ + L 2 , r :—mm{f 1 ,f 2 }, and 



_ _a + fi ( I 2za8 _ | _ _l-rj- ^(1 - qf - Aaf 5 

h ~ L I V f(2 + T0)(a + /3) 2+1_1 I' r2 ~ a ' 

where r] :— max^^} < 1, t e (0,(1 — 8)/ 8) is a prescribed positive constant, 

8 = 8(a;x m ) = ||r(a;x (0) )|| < 1, (26) 

and 

a= ^ L(1 " fi7 _ ) £ =limmU k > ^ - ■ (27) 

l+2f5Lr) fc-co ln((f + l)6/) 

If the above constants satisfy the following condition 

q + 25f 2 L(l + q 2 )<l, (28) 

then the iteration sequence {x (fc) }^ =0 generated by the Newton-GPSS method is well-defined and converges to x*, 
which satisfies F(x*) — 0. 

Proof. Analogously to Theorem 3.2 in [22], we can also prove easily by replacing H and S by Pi and P 2 , respectively. 

□ 



4. The accelerated Newton-GPSS method 

Bai eta/. [13] proposed a successive-overrelaxation (SOR) acceleration scheme for the HSS iteration. Based 
on the idea of [13], we can present the SOR acceleration scheme for the Newton-GPSS method . 

Algorithm 6. (The accelerated Newton-GPSS method) 

Let F:DcC"-*C" be a continuously differentiable function with the positive-definite Jacobian matrix F'(x) 
at any x eD. Let F'(x) = P 1 (x) + P 2 (x), whereP\(x) andP 2 (x) are also positive-definite matrices. 

1. Givenan initial guess x (0) eD, and positive constants a and\a\, and a positive integer sequence {I fc}£L . 

2. Fork = 0,1,... wrcft7||F(xW)||2<tol||F(x( >)|| 2 do: 

2.1. Setsl k ' 0) :=0,s(W := 0. 

2.2. Fort = 0,1,2,. ..,1k — 1, apply the accelerated GPSS method: 

(al + Pi(xM))sf = (al - P 2 (xM))s(«) - F(xM), 

s* —(l — 6j)s* + cos* , ^29) 
(al + P 2 (xW))s^ k ' e+ ^ = (al - fl(jc(*>))s< w+1) - W), 
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where co is the relaxation parameter, and obtain s<Wfc) such that 

||F(je ( * ) ) + F'(x ( * ) )s (W * ) ||2<i7ifc||i 7 (je (fc) )||2 for some r] k e [0, 1). 

2.3. Set 

x {k+\)= x (k) + s {k,i k )_ 

Next we show the local convergence of the accelerated Newton-GPSS method. First the accelerated GPSS 
method (29) can be rewritten as 

where z*- [ ^ \ andT fa) - [ co(aI + P^TKal - P 2 (x^)) 

Then the following lemma are given to show that there exists a functional relationship between the eigenvalues of 
TJo:) and r(a;x«). 

Lemma 1. Suppose that co^O, if A is a non-zero eigenvalue ofT a {a) and ifp satisfies 

(A + <u-l) 2 = <w 2 A/i, (30) 

then p is an eigenvalue ofY(a;x m ). Conversely, ifp is an eigenvalue ofY{a; x (fc) ) and A satisfies (30), then A is an 
eigenvalue o/T B (a). 

Proof. Suppose that A is an eigenvalue of T M {a) and {x T ,y T ) T is a corresponding eigenvector, from 
we get that 

(1 - co)x + co{aI + Pi{x {k) )T \al - P 2 {x {k) ))y = Ax (31) 

and 

co(l - co){aI + P 2 {x {k) )Y\aI - P x {x {k) ))x + (1 - co)y + co 2 Y{a; x {k) )y = Ay. (32) 
then it follows from (31) that 

(A + co - l)x = co{aI + Piix^THal - P 2 {x (k) ))y. 

As a result of (32) and the definition of Y{a;x) in (16), we obtain 

co 2 XT{a; x {k) )y = (A + co - lfy. 

Evidently, if p satisfies (30), then p is an eigenvalue of r(a;x (fc) ). Reversing the process, we can get the proof of the 
second assertion. □ 

Then we can obtain the convergence property of the accelerated GPSS method (29) straightforwardly from 
Lemma 1. 

Theorem 5. Let all the symbols be defined as those in Algorithm 6, and let the conditions of Theorem 2 be satisfied. 

(i) When all of the eigenvalues ofT{a; x (fc) ) are real, p(T„(o!)) < 1 if and only if 

0<w<2. 

(ii) When some of the eigenvalues ofY{a;x^) is complex, if for some positive number t e (0, 1) and each eigen- 
value p ofY{a;x^), k+iv is the square root of p and the point (k,v) lies in the interior of the ellipse 

K 2 + — = 1 
t 2 

and co satisfies 

2 

0<co< 



l + t' 
then p(T w (a)) < 1. 
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Proof. We known that p{Y{a;x^)) < 1 from Section 3. Then (i) and (ii) can be proved immediately from Theorems 
2.2 and 4.1 in Chapter 6 of [5], respectively. □ 

Remark 1. From Theorem 11.1.5 in [3], we see that when the relaxation parameter co satisfies the assumptions for 
two different cases (i) and (ii), the accelerated Newton-GPSS method is locally convergent. 

5. Numerical examples 

Consider the two-dimensional nonlinear convection- diffusion equation [20, 22]: 

-{u xx + u yy )+q{u x + u y ) = -e u , (x,y)ef2, 
u[x,y) = 0, (x,y)e<3fZ, 

where P. = (0, 1) x (0, 1), with dQ its boundary and q is a positive constant for measuring magnitudes of the con- 
vective terms. 

Applying five-point finite-difference scheme to the diffusive term and the central difference scheme to the 
convective term, respectively we get the system of nonlinear equations (1) of the form 

F(u) = Midl! 2 *(M) = 0, (34) 

where h — -^-^ is the equidistant step-size with N being a prescribed positive integer, M — Ajv® In + In® An and 
3»( u ) = (e Ul , e " 2 , . . . , e ) r with the tridiagonal matrix An — tridiag(- l—qh/2,2, — l+qh/2),® means the Kronecker 
product symbol, and n—NxN. 

From [19], there exist many choices of GPSS splitting of Jacobian matrix we first use the following 

special splitting 

f"(w w ) = G(w w ) + (iC(u (fc) ) + S(u (fc) )) , 

where K{u^) is the corresponding Jacobian matrix of nonlinear term h 2 ^{u), G(« (fc) ) = f/(w (fc) ) — K{u^) with 
H{uW) = (F(uW) + F'(u<-V)*)/2 is the Hermitian part of S(«M) = (F'(uM) - F'[u^f)/2 is the skew- 

Hermitian part of F'{u^). Obviously, K(u^) is a nonnegative diagonal matrix and hence it is positive definite; 
GO (fc) ) is symmetric positive definite. Then the choices of P^u^) and P 2 (" (fc) ) can be according to (9). 

Consequently, we can use the Algorithm 5-6 to solve (34). In actual computations, the initial guess is chosen to 
be u' ' = 0, the stopping criterion for the outer Newton iteration is set to be ^"lojjJJ;; < 10~ 6 , and that for the inner 
GPSS and HSS iteration is set to be 

\\F\uW)sV*M + F{uW)\\ 2 
\\F{uW)\\ 2 

In [20], numerical examples have shown that the Newton-HSS method outperforms the Newton-USOR, the 
Newton-GMRES and the Newton-GCG methods. So in this paper, we just compare our methods with Newton- 
HSS method. In the implementations, we adopt the numerical optimal parameters a for the Newton-HSS and 
Newton-GPSS methods, which yield the least CPU times for these iteration methods, respectively; see Table 1. We 
use accelerated Newton-GPSS method to solve the problem and adopt the same parameters a as the Newton- 
GPSS method by convention. Moreover, we adopt the SOR parameter co — 0.8 in all cases. 



Table 1: The optimal values a for Newton-HSS and Newton-GPSS when q = 1000 







r) 


0.1 


0.2 


0.4 


Newton-HSS 


N 


= 30 


1.1 


1.1 


1.4 




N 


= 40 


1.4 


1.2 


1.3 


Newton-GPSS 


N 


= 30 


5.9 


6.1 


5.3 




N 


= 40 


5.0 


4.5 


4.7 
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In Tables 2-3, we give the numerical results about the three methods, corresponding to the problem parameter 
N — 30, 40 and the inner tolerance 17 = 0.1, 0.2, 0.4, respectively. The accelerated Newton-GPSS method is com- 
pared with the Newton-GPSS and Newton-HSS methods for different tolerances 17 in the sense of the outer and 
inner iteration steps (denoted as IT out and IT int , respectively), the condition numbers (denoted as COND) and the 
total CPU time (in seconds, denoted as CPU). Here ITi nt denotes the average inner iteration steps at each outer 
Newton iterate, and COND denotes the average condition numbers of inner iteration coefficient matrices at each 
outer Newton iterate. 



Table 2: Numerical results of inexact Newton methods for N = 30,q = 1000 





17 


0.1 


0.2 


0.4 




ITint 


13.2 


9.3 


6.2 


Newton-HSS 


ITout 


6 


8 


13 




COND 


58.3587 


58.3587 


45.8574 




CPU 


1.6570 


1.5310 


1.6720 




ITint 


7.2 


5.1 


3.1 


Newton-GPSS 


ITout 


6 


8 


13 




COND 


10.2514 


9.9186 


11.4013 




CPU 


0.3440 


0.3440 


0.3590 




ITint 


3.0 


2.1 


1.4 


accelerated Newton-GPSS 


ITout 


5 


7 


11 




COND 


10.2514 


9.9186 


11.4013 




CPU 


0.1410 


0.1560 


0.1720 



Table 3: Numerical results of inexact Newton methods for N = 40, q = 1000 





17 


0.1 


0.2 


0.4 




ITint 


15.2 


11.5 


6.9 


Newton-HSS 


ITout 


6 


8 


13 




COND 


34.7554 


40.5435 


37.4267 




CPU 


4.8440 


5.1100 


4.9840 




ITint 


7.2 


5.1 


3.2 


Newton-GPSS 


ITout 


6 


8 


13 




COND 


8.9846 


9.9710 


9.5511 




CPU 


0.7030 


0.6720 


0.7030 




ITint 


3.8 


2.4 


1.3 


accelerated Newton-GPSS 


ITout 


5 


8 


12 




COND 


8.9846 


9.9710 


9.5511 




CPU 


0.3440 


0.3600 


0.3440 



From the results in Tables 2-3, we see that the inner iteration coefficient matrices of the accelerated Newton- 
GPSS method and the Newton-GPSS method are considerably better conditioned than those of Newton-HSS. 
Furthermore, we find that the accelerated Newton-GPSS method uses the least iteration steps and CPU times 
comparing with the other two methods. Moreover, the Newton-GPSS method is also superior to the Newton-HSS 
method both in iteration steps and CPU times. 
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6. Conclusions 

In this paper, we establish the Newton-GPSS method which uses the GPSS iteration as the inner iteration 
to solve the system of nonlinear equations (1). We also have discussed its local and semilocal convergence un- 
der some proper assumptions. Moreover, we propose an accelerated Newton-GPSS method and analyze its con- 
vergence behavior. Numerical results illustrate that our two methods considerably outperform the Newton-HSS 
method from aspects of iteration steps and CPU time. Finally, it should be mentioned that the choice of the op- 
timal relaxation parameter to of the accelerated Newton-GPSS method are interesting topics and we will study in 
future. 
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Common fixed points of a pair of Hardy Rogers 
Type Mappings on a Closed Ball in Ordered 
Partial Metric Spaces 

Abdullah Shoaib 1 , Muhammad Arshad 2 and Marwan Amin Kutbi 3 

Abstract: Common fixed point results for mappings satisfying locally contractive 
conditions on a closed ball in a 0-complete ordered partial metric space have been 
established for two, three and four mappings. Instead of monotone mapping, 
the notion of dominated mappings is applied. We have used weaker contractive 
conditions and weaker restrictions to obtain unique fixed points. An example 
is given which shows that how this result can be used when the corresponding 
results cannot. Our results generalize, extend and improve several well-known 
conventional results. 
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Closed ball; Dominated mapping, 0-complete partial metric spaces. 



1 Introduction and Preliminaries 

Let T : X — > A be a mapping. A point x € X is called a fixed point of T if 
x — Tx. Fixed points results of mappings satisfying certain contractive condition 
on the entire domain has been at the centre of rigorous research activity, for 
example (see [3, 7]). 

Ran and Reurings [12] proved an analogue of Banach's fixed point theorem 
in metric space endowed with a partial order and gave applications to matrix 
equations. Subsequently, Nieto et. al. [11] extended the result in [12] for 
nondecreasing mappings and applied it to obtain a unique solution for a 1st 
order ordinary differential equation with periodic boundary conditions. 

Partial metric spaces have applications in theoretical computer science (see 
[10]). [2] used the idea of partial metric space and partial order and gave some 
fixed point theorems for contractive condition on ordered partial metric spaces. 
Romaguera [13] has given the idea of 0-complete partial metric space. 

From the application point of view the situation is not yet completely satis- 
factory because it frequently happens that a mapping T is a contraction not on 
the entire space X but merely on a subset Y of X. However, if Y is closed then 
by imposing a subtle restriction, one can establish the existence of a fixed point 
of T. Arshad et. al. [4] proved a result concerning the existence of fixed points 
of a mapping satisfying a contractive conditions on closed ball in a complete 
dislocated metric space. Other results on closed ball can be seen in [6, 5]. 
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Consistent with [1, 2, 3, 8, 9, 10, 13], the following definitions and results 
will be needed in the sequel. 

Definition 1.1. [10] Let X be a nonempty set. If for any x,y,z e X, mapping 
p: X x X —> R + satisfies 

(Pi) p(x, x) = p(y, y) = p(x, y) if and only ifx = y, 

(P 2 ) p(x,x) < p(x,y), 

(P 3 ) p{x,y) =p(y,x), 

(P 4 ) p(x,z) <p(x,y) +p(y,z) -p(y,y). 

Then it is said to be a partial metric on X and the pair (X,p) is called a 
partial metric space. 

Each partial metric p on X induces a T topology t v on X which has as a 
base the family of open balls {B p (x,e) : x € X, e > 0}, where B p (x,e) = {y € 
X : p(x, y) < p(x, x) + s}. Also B(xo,r) — {y <E X : p(x, y) < p(x, x) + e} is a 
closed ball in (X,p). 

It is clear that if p(x, y) = 0, then from Pi and P2, x — y. But if x = y, 
then p(x, y) may not be 0. 

Example 1.2. [10] If X = [0, 00) then, p(x,y) — ma,x{x,y} for all X, 
defines a partial metric p on X. 

Definition 1.3. [13] Let (X,p) be a partial metric space, then, a sequence 
{x n } in (X,p) is called 0-Cauchy if lim p(x n ,x m ) = 0. The space (X,p) is 

n,m— >oo 

called 0-complete if every 0-Cauchy sequence in X converges to a point x £ X 
such that p(x, x) = 0. 

If (X,p) is a partial metric space, then p s (x,y) = 2p(x,y) — p(x,x) — p{y,y), 
x, y e X, is a metric on X. 

Lemma 1.4. [13] Let (X,p) be a partial metric space. Then, 

(a) Every 0-Cauchy sequence in (X,p) is Cauchy in (X,p s ). 

(b) If (X,p) is complete, then it is 0-complete. 

Romaguera [13] has given an example which proves that converse assertions of 
(c) and (d) do not hold. It is easy to see that every closed subset of a 0-complete 
partial metric space is 0-complete 

Definition 1.5. [2] Let X be a nonempty set. Then (X, -<,p) is called an 
ordered partial metric space if: 

(i) p is a partial metric on X and (ii) -< is a partial order on X. 

Definition 1.6. Let (X, ^) be a partial ordered set. Then x, y € X are called 

comparable if x ^ y or y -< x holds. 

Definition 1.7. [1] Let (X, ^) be a partially ordered set. A self mapping / on 
X is called dominated if fx ^ x for each x in X. 

Example 1.8. [1] Let X — [0, 1] be endowed with the usual ordering and 
/ : X — > X be defined by fx — x n for some neN. Since fx — x n < x for all 
x G X, therefore / is a dominated map. 

2 
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Definition 1.9. Let X be a non empty set and T, / : X — > X. A point y e X 
is called point of coincidence of T and / if there exists a point x € X such 
that y = Tx = fx. The mappings T, / are said to be weakly compatible if they 
commute at their coincidence point (i. e. Tfx = fTx whenever Tx = fx). 

We require the following lemmas for subsequent use: 
Lemma 1.10. [8] Let X be a non empty set and / : X — > X a function. Then 
there exists a subset E C X such that fE = fX and / : E — > X is one to one. 
Lemma 1.11. [3] Let X be a non empty set and the mappings S, T, f : X — > 
X have a unique point of coincidence v in X. If (S, /) and (T, /) are weakly 
compatible, then S, T, f have a unique common fixed point. 
Theorem 1.12 [9] Let (X,d) be a complete metric space, S : X — > X be 
a mapping, r > and x be an arbitrary point in X. Suppose there exists 
k e [0, 1) with 

d(Sx, Sy) < kd(x, y), for all x, y e Y = B{xq, r) 

and d(a;o) Sx ) < (1 — fc)r. Then there exists a unique point x* in 5(x , r) such 
that x* = Sx*. 

2 Fixed Points of Hardy- Rogers Mapping 

Theorem 2.1. Let (X, be a 0-complete ordered partial metric space, 
x e X, r > and S,T : X ^ 1 be two dominated mappings. Suppose that 
there exists a, b, c <G [0, 1) such that a + 2b + 2c < 1 and 

p(Sx, Ty) < ap(x, y) + b[p{x, Sx) + p(y, Ty)} + c\p(y, Sx) + p(x, Ty)} , (2.1) 

for all comparable elements x, y in B(x , r). 

and p(x ,Sx ) < (1 - A)[r +p(x ,x )], (2.2) 



where A = : . Then there exists a point x* in B(xo,r) such that 

1 — b — c 

p{x*,x*) — 0. If, for a nonincreasing sequence {x n } in B(x 0l r), {x n } — > u 
implies that u ^ x„, then x* — Sx* = Tx* . 

Proof. Choose a point x\ in X such that xi = Sxq. As ^ xo so xi ^ xo 
and let xi = Tx\. Now Tx\ -< x\ gives X2 ^ xi, Continuing this process and 
having chosen x n in X such that, 

X2k+i = Sx 2 k and x 2 k+2 = Tx 2 k+i, where k = 0, 1, 2, 

where x 2 fe+i = 5 , x 2 / i ; ^ x 2 fe. We will prove that x n e B(x ,r) for all n e AT, by 
mathematical induction. By using inequality (2.2), we have, 

p(x ,xi) < r+p(x 0j x ). 
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Therefore x\ <E B{xq, r). Let x 2 , xj € B(x ,r) for some j € A 7 ". If j = 2k + 1, 
then, x 2 fc+i = Sa^fc ^ £2fc, where fc = 0, 1, 2, . . . so using inequality (2.1), 
we obtain, 

p(x2k+l,X2k+2) = p(Sx 2 k,Tx 2 k+i) 

< a[p(x 2k ,x 2k+1 )} + b[p(x 2k ,x 2k+1 ) + p(x 2k+1 ,x 2k+2 )} + 
c\p(x 2k ,x 2k+ i) +p(x 2k+1 ,x 2k+2 )], 

which implies that, 

p(x 2k+ i,x 2k+2 ) < \p(x 2k ,x 2k+1 ) < ... < \ 2k+1 p(x ,xi). (2.3) 



If j = 2k + 2, then as Xi, x 2 ...,Xj € B(xo,r) and x 2k+2 < x 2k+ \ , (k = 
0,1,2,..., ^p), we obtain, 

p{x 2k+2 ,x 2k+3 ) < \ 2k+2 p(x ,xi). (2.4) 
Thus from inequality (2.3) and (2.4), we have 

p(xj, xj + i) < X 3 p(xo,xi) for some j € N. (2.5) 

Now, 

p(x ,X j+1 ) < p(x ,Xi) + ...+p(Xj,X j+ i) - \p{x\,X\) + ...+p(Xj,Xj)] 

< p(x , a ; 1 )[l + ... + A->- 1 +A-'], (by 2.5) 
,(1-A J+1 ) 



p(x ,x j+ i) < (1 - A)[r +p(x ,x )] — - 



A 



Thus Xj + i e B(xo,r). Hence x n € B(xo,r) for all n e AT. Also x„+i ^ x„ for 
all n € AT. It implies that, 

p(x n ,x„ + i) < A"p(3;o,xi) for all n e N. (2.6) 

So we have, 

p(x n+i ,x n ) < p(x n+i ,x n+i -i) + ... +p(x n+ i,x n ) 

< \ n+i - 1 p{x ,x 1 ) + ... + X n p{x , Xl ) 

(1 — A') 

< A"p(a;o,xi)— > as n — > oo. 

1 — A 



Hence the sequence is a 0-Cauchy sequence in (B(x ,r),p). As B(x ,r) is 
closed so is 0-complete. Therefore there exists a point ,x* e B(x ,r) with 

p(x*,x*) = lim p(x n ,a;*) = 0. (2.7) 

n— ► oo 

Now, 

p(x*,Sx*) < p(x*,x 2n+2 ) +p(x 2n+2 ,Sx*) - p(x 2n+2 ,x 2n+2 ). 
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On taking limit as n — > oo and by assumptions x* ^ therefore, 
p(x*,Sx*) < lim \p(x*,x 2n +2) + ap(x 2n+1 ,x*) + b{p(x 2n+1 ,Tx 2n+1 ) 

n^oo 

+p(x*,Sx*)} + c{p(x 2n+1 ,Sx*) + p(x* ,Tx 2n+1 )}} 
< lim [p(x*,x 2n+2 ) + ap(x 2n+1 ,x*) + b{p(x 2n+1 ,x 2n+2 ) 

n^oo 

+p(x* 7 Sx*)} + c{p(x 2n+1 ,x*) +p(x*,Sx*) +p(x*,x 2n+2 )}]. 
By using inequality (2.6) and (2.7) we obtain, 

(1 - b- c)p(x*,Sx*) < 0, 
which implies that x* — Sx* . Similarly, from, 

p(x*,Tx*) < p(x*,x 2n+1 )+p(x 2n+1 ,Tx*)-p(x 2n+1 ,x 2n+1 ), 



we can obtain x* = Tx* . Hence S and T have a common fixed point in B(x , r). 
m 

Example 2.2. Let X = [0, +oo) n Q be endowed with order, x <y if p(x, x) < 
p(y, y) and let p : X x X — > R + be the 0-complete ordered partial metric on X 
defined by p(x, y) = max{x, y}. Define 

^ifxe[0,i]ng ( % if a; € [o,i]nQ 

Sa; = ^ l \ and Tx = ^ l \ 

x- - if a; e (l,oo)nQ I a; - - if a; e (1, oo) n Q 

Clearly, S and T arc dominated mappings. Take, a — ^ 6 = ^, c = ^, 

111 

zo = -, r = -, then B(x ,r) = [0,1] nX We have, p(x , x ) = max{-, -} = -, 

» a + b + c 11 _ 

A = = — with 

1 - 6 - c 25 

14 

(1 - A)[r+p(a; ,x )] = — 

and 

p(x ,Sx ) ^(^ 3^) = 2 < ( X ~ A )t r + P( x o,a;o)]- 
Also if, x, y e (1, oo) n Q, then, 

p(Sx,Ty) = max{.x - - ^} 

> ^max{i,j/}+ ^[max{x,x- i} + max{y,y- ^}] 

+ ^[max{x,y - ^} + max{y,x- jjj}] 

> op(x, y) + 6[p(x, Sx) + p(y, Ty)] + c[p(y, Sx) + p(x, Ty)] 
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So the contractive condition docs not hold on X. 



Now if, a;, j/ e £(x , r), then p(Sx, Ty) = max{^, , ^|} 

< i max{x,y} + ^[maxja;, ^} + max{y, ^|}] 

+ ^[max{x, ^} + max{i/, ^}] 
= ap(a;, y) + Sx) + p(y, Ty)} + c\p(y, Sx) + p(x, Ty)} 

Therefore, all the conditions of Theorem 2.1 are satisfied. Moreover, is the 
common fixed point of S and T and p(0, 0) = 0. 

Theorem 2.3. Let (X,<,p) be a 0-complete ordered partial metric space, 
xq € X, r > and S : X — > X be two dominated mapping. Suppose that there 
exists a, 6, c e [0, 1) such that a + 2b + 2c < 1 and 

p(Sx,Sy) < ap(x,y) + b\p(x, Sx) + p(y, Sy)} + c[p(y,Sx) +p(x,Sy)}, 



for all comparable elements x, y in B(x , r). 

and p(x ,Sx ) < (1 - A) [r + p(x , £ )], 

where A = ° — \ ^ C . Then there exists a point x* in B(x ,r) such that 
1 — b — c 

p(x*,x*) — 0. If, for a nonincreasing sequence {x n } in B(xo,r), {x n } — > u 

implies that u ^ x n , then a;* = Sa;*. 

Proof. In Theorem 2.1 take T = S to get fixed point ,x* e B(x ,r) such that 
.x* = Sx*. m 

In Theorem 2.1, the condition "for a nonincreasing sequence {x n } — > w im- 
plies that u -< x„", is imposed to restrict the condition (2.1) only for comparable 
elements. However, the following result relax this restriction but impose the con- 
dition (2.1) for all elements in _B(xo,r). 

Theorem 2.4. Let (X,p) be a 0-complete partial metric space, xo <E X, r > 
and S, T : X — > X be two dominated mappings. Suppose that there exists 
a, b, c € [0, 1) such that a + 2b + 2c < 1 and 

p(Sx, Ty) < ap(x, y) + b[p{x, Sx) + p(y, Ty)} + c\p(y, Sx) + p(x, Ty)} , 



for all elements x,y in B(x ,r). 

and p(x ,Sx ) < (1 - A) [r + p(x , x )], 

where A = - — \ ^ ° . Then there exists a unique point x* in B(x a ,r) such that 
1 — b — c 

x* = Sx* = Tx* and p(x*,x*) = 0. Moreover, S and T have no fixed point 
other than x*. 
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Proof. By following similar arguments of Theorem 2.1, we can obtain a point 
x* in B(x , r) such that x* = Sx* = Tx* . Let y = Ty. Then y is the fixed point 
of T and it may not be the fixed point of S. Then, 

p(x* , y) = p(Sx* , Ty) < (a + b + 2c)p{x* , y) . 

This shows that x* = y. Hence T has no fixed point other than x*. Similarly, S 
has no fixed point other than x* . m 

In Theorem 2.1, the condition (2.2) is imposed to restrict the condition (2.1) 
only for x, y in B(x ,r) and Example 2.2 explains the utility of this restriction. 
However, the following result relax the condition (2.2) but impose the condition 
(2.1) for all comparable elements in the whole space X. Moreover, we introduce 
a weaker restriction to obtain unique common fixed point. 
Theorem 2.5. Let (X,<,p) be a 0-complete ordered partial metric space, 
xo € X and S, T : X — > X be two dominated mappings. Suppose that there 
exists there exists a, b, c <G [0, 1) such that a + 2b + 2c < 1 and 

p(Sx, Ty) < ap(x, y) + b\p(x, Sx) + p(y, Ty)} + c\p(y, Sx) + p{x, Ty)} , 

for all comparable elements x,y in X. If, for a nonincreasing sequence {x n } in 
X, {x n } — > u implies that u<x n . Then there exists a point x* in X such that 
x* = Sx* = Tx* and p(x* , x*) — 0. Moreover, the point x* is unique if, for any 
two points x, y in X there exists a point zo€X such that zo ^ x* and z ^ y. 
Proof. By following similar arguments of Theorem 2.1, we can obtain a point 
x* in X such that x* — Sx* — Tx* . By Theorem 2.4, x* is unique common 
fixed point for all comparable elements. Now if x* and y are not comparable 
such that y — Sy — Ty. Then there exists a point z <E X such that z ^ x* and 
z o ^ V- Choose a point z\ in X such that z\ — Tz . As Tz ^ z so z\ < z and 
let z 2 = Sz\. Now Sz\ -< z\ gives Z2 -< z\, continuing this process and having 
chosen z n in X such that 

Z2i+i = Tz 2i , z 2i+ 2 = Sz 2i+ i and z 2i+ i = Tz 2i < z 2i where i = 0, 1, 2, . . .. 

It follows that z n+ i ^ z n < ... < z < x* . Following similar arguments as we 
have used to prove inequality (2.6), we have, 

p(z n , z n+1 ) < A>(z , zi) for all n e N. (2.8) 

As z ■< x* and z ^ y, it follows that z n ^ Tx* and z„ d Ty for all n e N. 
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Then, for i e N, 

p(Tx*,Sz 2i -i) < ap(x*,z 2 i-i)+b{p(x*,Tx*)+p(z2i- 1 ,Sz 2 i-i)} 
+c[p(x* ,Sz 2i -i) +p(z 2 i-i,Tx*)}, 

(1 - c)p(x*,Sz2i-l) < (a + c)p(x*,Z2i-l) + bp(Z2i-l,Z2i), 

p(x*,Sz 2i -i) < 6p(x*,z 2 i-i) + HP(z 2 i-i,z 2 i), 

(where 5 = — and jj, = ) 

1 — c 1 — c 

p(x*,Sz 2 i-l) < S 2 p(x* ,Z 2i -2) + S/J,p(Z2i-2,Z2i-l) + pp(z 2 i-l, Z 2i ) 



< S 2l p(x*,z ) +6 21 1 fip(zo, zi) H 

+Sp,p(z 2 i-2 1 Z2i-i) + Hp(z2i-l,Z2i)- 

On taking limit as i — > oo and by inequality (2.8), we have, 

p(a:*,5^_i)=0. (2.9) 

Similarly, 

p{Sz 2 i-i,y) — ► as n — > oo. (2-10) 
Now by using inequality (2.9) and (2.10), we have 

P{x*,y) <p(x*,Sz 2 i-i) +p(Sz 2 i-i,y) - p(Sz 2 i-i, Sz 2i -i) — > as oo. 

So, x* — y. m 

Now we can apply our Theorem 2.5 to obtain unique common fixed point 
and point of coincidence of three mappings in 0-complete ordered partial metric 
space. One can easily prove this result by using the technique given in the proof 
of Theorem 2.7 [4]. 

Theorem 2.6. Let (X,<,p) be a ordered partial metric space and S, T self 
mapping and / be a dominated mapping on X such that SX U TX C fX with 
Tx, Sx < fx. Assume that the following conditions holds for a, b, c e [0, 1) such 
that a + 26 + 2c< 1: 

P (Sx,Ty) < ap(fx,fy) + b\p(fx,Sx)+p(fy,Ty)] 
+c\p(fy,Sx)+p(fx,Ty)], 

for all comparable elements fx, fy € fX. 

If for a nonincreasing sequence {x n } in fX, {x n } — > u implies that u < x n . 
Also for any two points z and x in fX there exists a point y G fX such that 
V d: z, y < x. If fX is 0-complete subspace of X, then S, T and / have a unique 
common point of coincidence fz in fX and p(fz, fz) = 0. Moreover, if (S, f) 
and (T, /) are weakly compatible, then fz is a unique common fixed point of 
S,T and / in fX. 

In a similar way, we can apply our Theorem 2.4 to obtain unique common 
fixed point and point of coincidence results for three mappings on closed ball in 
complete partial metric space. 
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In the following theorem we can use Theorem 2.4 to establish the existence 
of a unique common fixed point and point of coincidence of four mappings on 
closed ball in 0-complete partial metric space. One can easily prove this result 
by using the technique given in the proof of Theorem 2.8 [4]. 
Theorem 2.7. Let (X,p) be a partial metric space and S,T,g and / be self 
mappings on X such that SX, TX C fX = gX. Assume that the following 
condition holds: 

p{Sx,Ty) < ap(fx,gy) + b[p{fx,Sx)+p(gy,Ty)} 
+c\p(gy,Sx)+p(fx,Ty)], 

for all elements fx, fy <G B(fx ,r) C fX; with a,b,c e [0,1) such that 
a + 2b + 2c < 1 and for r > 0, 

p(fx ,Sx ) < (1 - X)[r+p{fx ,fx )], 

where A = — — — . If fX is 0-complete subspace of X , then S, T, f and o have 

1 — b — c 

a unique common point of coincidence fz in fX and p(fz, fz) — 0. Moreover, 
if (S, f) and (T, g) are weakly compatible, then fz is a unique common fixed 
point of S, T and / in fX. 

Remark 2.8 We can obtain the metric version of all theorems which are still 
not present in the literature. 
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Generalized vague soft set and its lattice structures 
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^College of Mathematics, Hunan Institute of Science and Technology 
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Abstract: Molodtsov initiated the soft set theory, which has been successful used as an effective 
mathematical tool for dealing with vagueness and uncertainties. In this paper, we propose a new soft 
set model, called generalized vague soft set, which is an extension of the generalized fuzzy soft set. 
We also define some basic operations and discuss their some properties on generalized vague fuzzy 
soft set. Based on the proposed intersection and union operations, we further investigate the lattice 
structures of generalized vague soft set and obtain two lattice structures, and it is proved that the 
two lattices are bounded contributive lattices. 

Keywords: Soft set; vague set; generalized fuzzy soft set; generalized vague soft set; lattice 

1 Introduction 

A lot of practical and complicated problems in social science, economics, medical science, en- 
gineering, environmental science etc. have various uncertainties. In general, there are theories such 
as theory of probability, fuzzy sets, rough sets, vague sets and interval mathematics which can be 
considered as mathematical tools for dealing with uncertainties. Unfortunately, all these theories have 
their inherent difficulties. To overcome these difficulties, Molodsov [1] proposed the soft sets theory, 
which is a completely new approach for modeling vagueness and uncertainty. 

At present, work on the soft set theory is progressing rapidly and many important results have 
been achieved in theory and application. Maji and Biswas et al. [2] defined some algebraic operations 
on soft set theory and verified that De Morgan' s laws hold in soft set theory. Ali et al. [3,4] gave 
some new operations on soft sets, discussed their basic properties and studied semiring (hemiring) 
structures of soft sets. Aktas and Cagman [5] compared soft sets to the related concepts of fuzzy 
sets and rough sets, proposed the concept of soft groups and investigated their basic properties, some 
authors also applied soft sets to other algebra structures such as ordered semigroups [6], rings [7], 
semirings [8], BCK/BCI-algebras [9], d-algcbras [10], and BL-algebras [11]. 

At the same time, the study on fuzzy extension of soft set theory has also received much attention 
by many researchers. Maji et al. [12] introduced the notions of fuzzy soft set. Majumdar and Samanta 
[13] further generalized the concept of fuzzy soft sets and derived the generalized fuzzy soft set model. 
Yang et al. [14] extended fuzzy soft sets to the interval-valued fuzzy soft sets. Xu et al. [15] proposed 
the concept of vague soft set by combining the vague set and soft set. In this paper, we combine the 
generalized fuzzy soft sets [13] and vague sets [16] and obtain a more generalized soft set model called 
generalized vague soft set, which can be viewed as a vague extension of the generalized fuzzy soft set 
theory [13] or a generalization of the vague soft set theory [15]. 

The rest of this paper is organized as follows. The following section briefly reviews some basic 
notions of soft sets. In section 3, the concept and some operations of generalized vague soft sets are 
given and some of their properties are investigated. In section 4, we discuss the lattice structures of 
generalized vague soft sets. Finally, the conclusion is given in section 5. 

* Corresponding author. Tel./fax: +86 13789003995/+86 731 88822755. 

E-mail address: zxq0923@163.com, liqingguoli@yahoo.com.cn. Mailing address: College of Mathematics, Hunan 
Institute of Science and Technology, Yueyang, Hunan, 414006, P.R.China 
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2 Preliminary 

In the current section we will briefly recall the notions of soft sets, fuzzy soft sets and generalized 
fuzzy soft sets. See especially [1,12,13,16] for further details and background. Throughout this work, 
U refers to an initial universe, E is a set of parameters, the pair (U, E) is the soft universe on U with 
E, A, B,C C E and a, f3, 7 are vague subsets of A, B, C respectively. 

Definition 2.1. [1] Let P{U) is the power set of U. Then pair (F,A) is called a soft set over U, 
where F is a mapping given by F : A — > P(U). 

Definition 2.2. [12] Let ?(U) denote the set of all fuzzy subsets of U . Then a pair (F,A) is called 
a fuzzy soft set over U, where F is a mapping given by F : A — > 7(11). 

Definition 2.3. [13] Let U be an initial universal set, E be a set of parameters. Let F : E — > 7(U) 
and n be a fuzzy subset of E, i.e. \i : E — > [0,1]. Let F^ : E — > 7(U) x [0, 1] be a function defined as 
F^{e) = (F(e), fj,(e)), where F(e) e 7(U). Then F M is called a generalized fuzzy soft set over the soft 
universe (U,E). 

Definition 2.4. [16] A vague set X in the universe U — {h\,hi,--- ,h n } can be expressed by 
X = {hi/[tx(hi), 1 — fx(hi)]\hi € U}, and the condition < tx(hi) < 1 — fx(hi) should hold for any 
hi e U , where tx(hi) is called membership degree of element hi to the vague set X, while fx(h%) is 
the degree of nonmembership of that element hi to set X . 

Definition 2.5. [16] Let X and Y be two vague sets on universe U. Then some operations of vague 
sets are given as follows: 



3 generalized vague soft set 

It is well known that, by combining interval-valued fuzzy set and soft set, Yang et al. defined 
interval- valued fuzzy soft set in [14]. Motivated by this ideal, we first introduce the definition of 
generalized vague soft set based on the generalized fuzzy soft set and vague set. 

Definition 3.1. Let A C E , F : A -> J(U) and a be a vague sets of A, i.e. a : A [0,1] 2 , 
where ^(U) is the set of all vague subsets of U. Let F a : A — > 3^(U) x [0, l] 2 be a function, defined as 
F a (e) = (F(e) = {h/ ]ip^ e) (h)\h e U},a(e)), where Mj?( e) 0) = [*j?(e)W> 1 _ /f^C 1 )] is va 9 ue value is 
called the degree of membership an element h to F(e), and a(e) = [t a ( e ), 1 — f a (e)] * s called the degree 
of possibility of such belongness. Then F a is called generalized vague soft set (inshortGV S set) over 
the soft universe (U,E). 

Here for each parameter e, F a (e) indicates not only the degree of belongingness of elements of U 
in F(e), but also the degree of preference of such belongingness which is represented by a(e). 
To illustrate this idea, let us consider the following example. 

Example 3.2. Let U = {^1,^2,^3} be a set of mobile telephones and A = {ei, 62,63} C E be a set 
of parameters. The a(i — 1,2,3) stand for the parameters "expensive", "beautiful" and "multifunc- 
tional", respectively. Let F a : A — > 7(11) x [0, l] 2 be a function given as follows: 



X(JY = {hi/[t x (hi) V t Y (hi), 1 - f x (hi A f Y (hi)])\hi e U], 
X n Y = {h t /t x (h t ) A Y(hi), 1 - f x (hi) V f Y (hi)}\hi G U}, 
X c - {hi/[f x (hi), 1 - t x (hi)]\hi e U} 

X C Y o t x (hi) < t Y (hi) and fx (hi) > f Y (hi) for all h t e U. 



F a ( ei ) 
F a (e 2 ) 
F a (e 3 ) 



({/ii/[0.4, 0.9], hi/ [0.6, 0.8], h 3 /[0.2, 0.6]}, [0.4, 0.7]), 
({/ii/[0.5, 0.8], hi/ [0.3, 0.7], h 3 /[0.5, 0.9]}, [0.6, 0.8]), 
({/ii/[0.2, 0.6], hi/ [0.5, 0.9], ^/[O.l, 0.8]}, [0.3, 0.9]). 



Then F a is a GVS set. 
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Clearly, if t a ^ + / a ( e ) = 1 and tp^(h) + fp^{h) = 1 for all e e A and h € U, then generalized 
vague soft set reduces to generalized fuzzy soft set [13]. If we do not consider the degree of preference 
e belonging to A, then generalized vague soft set reduces to vague soft set [15]. 

Definition 3.3. Let U be an initial universe, E be a set of parameters and A,BCE. Let F a and 
Gp be two GVS sets, We say F a is a GVS subset of Gp if 

(1) A C B; 

(2) F(e) is a vague subset of G(e) for all e e A, i.e. t p ^(h) < t^^(h) and fp^(h) > /g^C 1 ) f or 
all h € U and e e A; 

(3) a is a vague subset of j3, i.e. t a i e ) < tm e ) an d fate) > //3(e) f or a ^ e £ A. 

In this case, the above relationship is denoted by F a <e Gp. And Gp is said to be a GVS superset 
of F a . 

Definition 3.4. Let F a and Gp be two GVS sets. Then we say F a and Gp to be GVS equal, denoted 
by F a — Gp, if and only if F a <s Gp and Gp <s F a . 

Definition 3.5. The complement of a GVS set F a over soft universe (U,E) is denoted by F^ and is 
defined by F^ — (F c ,a c ), where F c : A — > 3(U) is a mapping given by F c (e) = {(h/fj,p C ,Jh))\h e U} 
and of : A — > [0, l] 2 is a mapping given by a c {e) — a c (e) — [f a ( e ), 1 — ta(e)} f or M e € A, where 
Mj?c (e) (/i) - [fp (e) (h),l-t F{e) (h)]. 

Example 3.6. (continued) The complement of F a is following as: 

K{ei) =({/ii/[0.1, 0.6], h 2 /[0.2, 0.4], /i 3 /[0.4, 0.8]}, [0.3, 0.6]), 
K(e 2 ) =({/ii/[0.2, 0.5], /i 2 /[0.3, 0.7], h 3 /[0.l, 0.5]}, [0.2,0.4]), 
K(e 2 ) =({/n/[0.4, 0.6], /i 2 /[0.1, 0.5], /i 3 /[0.2, 0.9]}, [0.1,0.7]). 

Definition 3.7. Let A C E, a GVS set F a over soft universe (U,E) is said to be relative absolute 
GVS set, denoted by Q,a, ift p ^(h) — 1, fpr e \{h) = and t a ^ = 1, f a ^ = for all h G U and 
e e A. 

Definition 3.8. Let AC E, a GVS set F a over soft universe (U,E) is said to be relative null GVS 
set denoted by */^F(e)W = ^' fffe)^ 1 ) ~ ^ an< ^ ^"( e ) ~ ^' /«(e) = 1 f or all h ^ U and e e A. 

Definition 3.9. Let A, B C E. we define a mapping i? 7 :4UB^ ^{U) x [0, l] 2 such that for all 
eeAuB^<D, 



(F a (e), [t o(e)) 1 - / a( e)]), ifeeA-B, 
({h/[t S{e) (h), 1 - /g (e ) COP e C/}, [^ (e) , 1 - /8(e)]), if e € B - A, 
. (W[*5 ( e)W.l-/5(e)W]l' i e^},[t 7 (e),l-/ 7 ( e )]), if e e Af] B. 



(!) I f t H(e)( h ) = t F(e)( h ) V *G(e)( ft )' /ir(e) = /i?(e)W A fd(e)( h )> f 7(e) = *a(e) V t/3( e ) and / 7 ( e) = 

/a(e) A t/3( e ); iften _ff 7 is called the extended union of F a and Gp, denoted by F a L)Gp. 

(2) Ift^ [e) {h) = tpj e) {h) A t d(e) (h), /jj (e) (/i) = fp {e) {h) V fp {e) {h),J l{e) = t a(e) Atp (e) jmd / 7(e) = 

fa(e) V ig( e ); ^ erl -H7 * s called the extended intersection of F a and Gp, denoted by F a (~)Gp. 
If A U B = 0, iften F^UC^ = <f> and F a nGp = $ . 

Definition 3.10. Lei A,BCE. we define a mapping H 1 :4U5^ ) x [0, l] 2 sucft i/iai /or o/Z 
ff 7 (e) = (W[i 5(e) W,l-/ 5(e) (/i)]|/iei7},[t 7(e ),l-/ 7(e )]). . 

(!) I f t H(e)( h ) = *F(e)( ft ) V *G(e)( ft )> /g( e ) W = /j?(e)( ft ) A JS(e)( h )> f 7(e) = *«(e) V fy (e) and / 7 ( e) = 

/a(e) ^ */9(e); ^ erl -^7 * s called the strict union of F a and Gp, denoted by F a UJJ Gp. 

(2) Ift^ {e) {h) = tpj e) {h) A t d(e) (h), /jj (e) (/i) = fp {e) {h)V fa {e) {h), t l{e) = t a(e) ^A tp^ and f j(e) = 

fa{e) V ig( e ); ^ erl is called the strict intersection of F a and Gp, denoted by F a liil G^. 
If AOB = $, then F a WGp = $ and _F Q ffTl Gp = $0 . 
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Based on the above definitions, we can obtain the following properties. 

Proposition 3.11. Let A C E and F a be a GVS set over (U,E). Then 

(1) F a i0 E = F o = F a nQ A . 

(2) F a u n A = n A = Fawn E . 

(3) F a m$ E = $ A =J a ^ A . 

(4) F a U$A =F £x = F 3 W$e. 

(5) F Q ffil$ = $ =FaW& 9 . 

(6) F Q U$ = F Q = F Q n$ . 

Theorem 3.12. Let F a , Gp and H 1 be three GVS sets. Then 

(1) F a ^F a = F a . 

(2) F a (HiGj) = G^j ffTl ^a- 

(3) F Q rm (G,3 rm £f 7 ) = (F Q rm G^) rm £T 7 . 

Proof. (1) and (2) are trivial. We only prove (3). Assume that the parameter sets of GVS set and 
it^ are denoted by M and N respectively. Let F a ffTl (Gp (TTl i? 7 ) = and (F a ffTl G^) ffTl H 1 = K v , 
where M^iV^flBn G.^For each e e M,h £ U, J(e) = F(e) n (G(e) n 5(e)) = (F(e) n 
G(e)) n # (e)_= F(e)j1 G(e) n ff(e) = AT(e), 5(e) = a(e) A /3(e) A 7(e) = 77(e). Thus J s = K v , that is 
F a ffTl (G^j (?Tl LT 7 ) = (-F Q (?Tl G^) ffTl _ff 7 . □ 

The following results can be obtained similarly. 

Theorem 3.13. Let F a , Gp and FL 1 be three GVS sets. Then 

(1) Fjj F a = F±,F z nF z = F a , FaWjFc, = F a . _ 

(2) F a L) Gj = G,i\J F aL Farpp=_ GpHFa^Fa W G/3 = G^y 

(3) F a U(GpUH^) = (F a UGp)UH 7 , F a n(G p nH^) = (F a f\G p )f\H^ , F a W(G p WH 7 ) = (F a mG p )mH^. 

Remark 3.14. Theorem 3.12 and Theorem 3.13 show that the operations Ifil, U, n and LUJ are idem- 
potent, commutative and associative. 

Theorem 3.15. Let F a and Gp be two GVS sets. Then the following holds. 

(1) (F a m Gj) c = (F a ) c m (Gp) c , 

(2) [F^nGpY = (F a )y(Gp) c , 

(3) (FaHGpY = (F a ) c U(Gpy, 

(4) (F a UGp) c = (F a rn(Gp) c , 

Proof. Because of (2), (3) and (4) are similar to (1), in the following, we only prove (1). 

It is clear when A n B = 0. Suppose that F a ffTl Gp — H 1 , then G = A n B ^ 0, and for all e g G 
and h g [/, we have 

M5(e)( fe ) = [*F(e) W A *G(e) W)> " /^(M) A (* " /S(e)CO)] 
= [*i?(e)(>0 A t d(e) (h)), 1 - (/^(ft) V f S{e) (h))}, 

7 (e) = [t a (e) A tp(e), (1 - / a (e)) A (1 - fp(e))] 
= [t a (e)Atp(e),l-(f a (e)V fp(e))}. 

Then (F a fffl G^) c = = ({(/ l /^( e )( /l ))l /l e ^l.fW), where 

^ (e) (M = [/j?(e)W V /g (e) W), 1 - *j? (e) W A *g (e) (/i)], 
7 c (e) = [f a (e) V /9(e)), 1 - t a (e) A ^(e)]. 

On the other hand, since 

Mi? C ( e )( /i ) = [/i?(e)(M, 1 - *F(e)( ft )]' aC(e ) = I/«( e )' 1 ~ *«( e )]> 
Mgc(e)W = [/g( e) W. 1 - *g(e) Wl. ^OO = I/M e )' 1 " Wl- 
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And let F£ iyj Gp = Jg (the parameters set of Jg is denoted D). Then D = A n B, and for each eefl, 
we have 

A*J(e)W =^(e)(' i ) V MGc (e )W 

= [/i?(e) W V /g(e) W- C 1 - *F(e)C0) V ( X ~ 
= [/i?(e)(M V /g (e) W, 1 - t He) {h) A tg (e) (/l)] 

= M5c(e)( /l )' 

,5( e ) = a c (e) V /3 c (e) 

= [/„(e)V/ 8 (e),(l-t a (e))V(l-t j8 (e))] 
= [f a (e)V fp(e),l-t a (e)Atp(e)\ 
= 7 c (e). 

Therefore, H° and J 5 are the same GVS sets. Thus, (F Q fn) G (3 ) c = (^ Q ) c W (G^) c . □ 

4 The lattice structures of GVS sets 

In this section, we will discuss the lattice structures of GVS sets. For convenience, the set of 
all GVS sets over soft universe (U,E) denotes by GVS(U,E), i.e., GVS(U,E) = {F a \A C E,F : 
A — > 5F(f/),a : A — > [0, l] 2 }. The following theorem shows that the distribution law with respect to 
operations U and In) holds. 

Theorem 4.1. Lef A,B,C G E and F a , Gp and H 1 be three GVS sets. Then 

(1) F a fn) (G^U £T 7 ) = (F Q fffl^)U(F Q fn) tf 7 ). 

(2) ^ Q U(G^ fin # 7 ) = {F a UGp) fn) (F a UH~ ( ). 

Proof. (1) Assume that the parameter sets of two GViS sets Ja and if,, are denoted by M and /V 
respectively. Let F a fn) (GpL}H y ) = J 5 and (F a fn) G^)0(^ a fn) # 7 ) = Then M = A n (£ U G) = 
(A n B) U (A n G) = N. For each e 6 M, it follows that e e A and e e £ U G. 

(1) if e e A, e £ S, e e G, then J(e) = F(e) n #(e) = if (e), and 5(e) = a(e) A 7(e) = 77(e). 
(ii) if e e A, e e B, e i G, then .7(e) = F(e) n G(e) = X(e), and (5(e) = a(e) A /3(e) = 77(e). 

(hi) if e e A, e e B, e e G, then J(e) = F(e) n (G(e) U H{e)) = (F(e) n G(e) U (F(e) n i? 7 ) - K (e), 
(5(e) = a(e) A (/3(e) V 7(e)) = (_a(e)_A /3(e))V (a(e) A 7(e)) = 77(e). 
Thus Jg = K v , that is F a fn) (G^U if 7 ) = (F Q fn) G^U^ fn) if 7 ). 

(2) The proof is similar to that of (1). □ 

Theorem 4.2. (1) For all F a , Gp £ GVS(U, E), if the ordering relation in GVS(U, E) is defined as 
F a <i Gp <^ A C B,F(e) C G(e) and a(e) < /8(e) /or a« eei, t/ien (GVS(U,E), <i) «s a partially 
ordered set (POSET for short). 

(2) (GyS(?7,.E),U,fn)) is a bounded lattice. 

Proof. (1) (Reflexivity^: Let ^ e GVS(U, E).lt is clear that F Q <i F a . 

(Antisymmetry): Let F a <i G/3 and G^ <i F a , then A C B, B C A, F(e) C G(e), G(e) C F(e), 
a(e) < J?(e) and /3(e) < a(e) for all e e A It follows that ,4 = S, F(e) = G(e) and a(e) = /3(e). Thus 

= G/3- 

(Transitivity): Let F a ,Gp,H 1 e GVS(U,E), F a <i G^ and G^<i if 7 , then A C B C G, F(e) C 
G(e) C H(e)jmda(e) < /3(e) < 7(e) for ah e eA Thus F a < x # 7 . 

(2) Let Let F a , Gp,H 7 e GVS{U, E) and FjjGp = H 1 . Then G = A U S and for all e e G, 

f (F(e),a(e)), if e e A - B, 
B 7 (e) = < (G(e),/3(e)), if e e B - A 
[ (B(e), 7 (e)), ifeeAnB. 
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Then A C G. i) If ejE A and e ^ B, thenF(e) C F(e) = H(e) and a(e) < a(e) = 7(e); ii^If 
e e A and e € F, then F(e) C F(e) U G(e) = F(e) and a(e) < a(e) V (3(e) = 7(e). Thus F Q < x F 7 . 
Similarly, we have Gp <i F 7 . Therefore F^UG^ is a upper bound of F a and Gyj. 

Suppose that J$ (the parameters set of J$ is denoted F>) is another upper bound of F a and Gp, 
then AeD,Be D,jF(e) ^J(e), G(e) C J(e), a(e) < 5(e) and /3(e) < o"(e^forall e eA It implies 
AUBe D 1 F(e) U G(e) C J(e) and o(e) V /3(e) < (5(e) for all eeA. Thv&FjjGp <i J s . Therefore, 
for all F a , Gp e GVS(U, E), we have FaUG/3 is the supremum of F a and Gp. Similarly, we can prove 
that F a rnl Gp is the infimum of F a and Gp. It is obvious that fi^ and $0 are the maximum and 
minimum element of (GVS(U,E),\J,<fH), respectively. □ 

Corollary 4.3. (GVS(U,E),\J,ftH) is a bounded distributive lattice. 

Now we consider GVS sets over a definite parameter set. Let A C E and GVSa — {F a \F : 
A -> 5F(J7),a : A -> [0, l] 2 } denote the set of all G^S* sets over (?7, A). It is easy to verify that 
F a UG a e GVSU and F Q fnl G Q e for all F a ,G Q G GVSU- Thus, the following proposition 

holds. 

Proposition 4.4. [GVS A , U, ffTl) is a sublattice of (GVS(U, E), 0, fnl). 

For operations l!J and fl, we can obtain similar results as follows. 
Theorem 4.5. lef F a; G/3 arad F 7 &e t/iree GFS 1 sets ewer (U,E). Then the following holds: 

(1) F Q n(Gg y Hj) = (FjSGjp) wJfJSHj). 

(2) F a y (G^n h 7 ) - (F a y G^)n(F Q y n 7 ). 

Theorem 4.6. (1) For a/Z F a , Gp G GVS(U, E), if the ordering relation in GVS(U, E) is defined as 
F„< 2 G P »BC A z F(e) C G(e) and a(e) < /3(e) /or oZZ e e A, tAen (GVS(U, E), < 2 ) is a POSET. 
(2) (GVS(U, E), y, n) is a bounded distributive lattice. 

Proposition 4.7. (GVSU, n) is a sublattice of (GVS(U, E), y, n). 

However, It is worth noting that the lattice structure (GVS(U, E), U, fnl) is different from that of 

(GV^(t/,F),y,n). 

Remark 4.8. Ira general, (GVS(U,E),(fil,W) and (GVS(U, E), fl, U) are raot lattice. Because the ab- 
sorptive laws with respect to two pair operations fnl and y, fl arad U may not necessarily hold, i.e. 
(F Q y G^) fnl F a = F Q arad (F Q n G,g)UF ct = F a do not hold in general. 

To illustrate the above Remark, we give an example as follows. 

Example 4.9. Let U = {hi, /i 2 , /13} be the universe and E = {ei, e 2 , 63} be the set of parameters. Let 
F a and Gp be two GVS sets, where A = {ei, e 2 } 7 B — {e 2 , e 3 }, and they are given as follows: 



F Q (ei) 
F Q (e 2 ) 
^(e 2 ) 
^(e 3 ) 



({/ii/[0.1, 0.2], & 2 /[0.8, 0.9], /i 3 /[0.3, 0.7]}, [0.1, 0.2]), 
({/ii/[0.6, 0.8], /i 2 /[0.1, 0.3], h 3 /[0A, 0.8]}, [0.3, 0.5]), 
({/ii/[0.5, 0.8], & 2 /[0.2, 0.5], n 3 /[0.5, 0.6]}, [0.4, 0.8]), 
({fti/[0.3, 0.7], fc 2 /[0.4, 0.8], h 3 /[0.3, 0.8]}, [0.3, 0.6]). 



Let the parameters set of a GVS set J$ is denoted C and suppose that F 7 = (F a W G^) fnl F a . 
Then C = AflB = {e 2 } ^ A. So £T 7 7^ F a , i.e. (F a y G^) fnl F Q ^ F Q . 

Again suppose that the parameters set of a GVS set J$ is denoted D, and Js = (F a {~) Gp)UF a . 
Then D = A U B = {e 1 ,e 2 ,e 3 } ^ A, Hence J s ^ F a , i.e. (F a n Gp)UF a ^ F a . 
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5 Conclusion 

The researches on theories and application of soft sets have received more and more attention from 
many scholars. In order to extend the rang of application of soft set, in this paper, we have proposed 
the notion of generalized vague soft set by combining generalized fuzzy soft set and vague set, which 
is a generalization of the generalized fuzzy soft set and vague soft set. Some basic operations and 
some desirable properties of these operations have been presented. Furthermore, the lattice structure 
of generalized vague soft set have been investigated in detail. 
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1 Introduction 

It is common knowledge in mathematical analysis that a function / : / C K — >• E is said to be 
convex on an interval / if 

f(\x + (1 - X)y) < Xf(x) + (1 - X)f(y) (1.1) 

for all x.y £ I and A € [0, 1]. For such a kind of convex functions on / with a,b £ I and a < b, 
the double inequality 

holds. This inequality is known in the literature as Hermite-Hadamard inequality for convex 
functions. Many classical inequalities in real numbers can be derived from Hermite-Hadamard 
inequality (1.2 I. 

The above traditionally defined convex functions can be generalized as follows. 

Definition 1.1 ([TT]). Let / : [0, b] -> K for b > and m £ [0, 1]. We say that / is m-convex 
on [0, 6] if 

f(tx + m(l - t)y) < tf{x) + m{\ - t)f(y) (1.3) 
holds for all x, y £ [0, b] and t £ [0, 1]. 
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Definition 1.2 ([7 ). Let / : [0, b] -> R for b > and (a,m) £ [0, l] 2 . We say that f{x) is 
(a, m)-convex on [0, b] if 



f(Xx + m(l - A)y) < X a f(x) + m(l - A a )/(y) 
holds for all !,!/£ [0, b] and A <E [0, 1]. 



(1.4) 



For the above defined convex functions, we have the following Hermite-Hadamard type in- 
equalities. 

Theorem 1.1 (gj). Let f : 1° C R -> R be differentiable on 1° and a,b £ 1° with a<b. 
If\f'( x )\ * s convex function on [a,b], then 



/(a) + f(b) 



1 



f(x) dx 



2 b-a 

If \ f'{ x )\ p * s convex function on [a,b] for p > 1, then 



< b -^(\f'(a)\ + \f(b)\). 



(1.5) 



f(o) + f(b) 



1 



6- 



/(x)dz 



< 



b — a 



2( P + 1) 1 /p 



|/'( a )|p/(p-i) + |/'(6)|p/(p-i) 



(p-i)/p 



(1.6) 

Theorem 1.2 ([51 Theorem 2.2]). Let I D Ro — [0, oo) be an open real interval and let 
f : I —> R be a differentiable function on I such that f £ L([a, b]) for < a < b < oo. If \ f'(x)\ q 
is m-convex on [a, b] for some given numbers m £ (0, 1] and q > 1, then 



a + b 



b — a 



f(x) dx 



b — a 
< mm 



\f(a)\<! + m\r(b/ m )\<!\ 1/q fm\f(a/m)\" + \f(b)\"\ 1/q 



(1.7) 



Theorem 1.3 (||>J Theorem 3.1]). Let I D Mo be an open real interval and let f : I — > R 

be a differentiable function on I such that f £ L([a,b]) for < a < b < oo. If If'^x)^ is 
(a, m)-convex on [a, b] for some given numbers m,a £ (0, 1] and q > 1, then 



f(a) + f(b) 



b — a 



b — a 
^ ^T7^ mm 



fix) da 



vi\f'(a)\ ,1 + v 2 m 



r 



where 



1 



vi 



(a + l)(a + 2) 



and t>2 



V2m 



1 



-vi\f'(b)\i 



(a + l)(a + 2) 



a 2 + a + 2 1 



1/9 



(1.8) 



(1.9) 



Theorem 1.4 ([TJ Theorem 2]). Let /:/CIR— s-IR&ea differentiable mapping on 1° , such 
that /( 3 ) £ L[a, b] for a,b £ 1° and a < b. If \f( 3 '(x)\ is quasi-convex on [a, b], then 



f(x)dx - 



< 



1152 



/(a) + 4/ 



max<{ |/ (3) (a)|, 



•/(*») 



f(3) 



a + b 



max 



f(3) 



a + b 



,\f (3 \b) 



(1.10) 
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In recent years, some other kinds of Hermite-Hadamard type inequalities were generated 
in, for example, [2l [3 HI [10l [HI [13l [14] and related references therein. For more systematic 
information, please refer to monographs [3 [9] and related references therein. 

In this paper, we will establish a new integral identity and, by this identity and Holder's 
inequality, discover some new Hermite-Hadamard type integral inequalities for functions whose 
third derivatives are (a, m)-convex. 



2 A lemma 

For establishing some new integral inequalities of Hermite-Hadamard type for functions whose 
third derivatives are (a, m)-convex, we need the following lemma. 

Lemma 2.1. Let / :/ CI->K be a three times differentiable mapping on 1° and a, b G 1° 
with a <b. If G la ([a, b}), then 



b — a 



f(x)dx-f 



a + b\ (b-a) 2 ^fa + b 



24 



(b-a) 3 
96 



3/(3) 



t 



2 

2-t 



2 M di -/ !/ 



3/(3) 



2-t t, . , 
—a+-b\dt 



(2-1) 



Proof. Integrating by parts and changing variable of definite integral yield 

dt 



2 „ / a - b 



b — a 



6 



b- 



rf' \ r<X 



t 2-t. 



b dt 



2 .„f a + b 



b — a 



12 ,,fa + b 



(b-a) 



24 r „.ft 2-t, . . 



2 j„fa + b 



b — a 
48 



(6 - a) 3 



2 y (6 -a) 2 
a + 6\ 48 



12 j,fa + b 



(b - a) 3 



i 2 -f 



6 dt 



and 



3/(3) 



i-7 



a + -b )dt 

2 2 



2 ,„fa + b 



b — a 



b — a 



t 2 r 



2-t t, . , 
2 2 



2 r„fa + b 



b — a 



12 j,,fa + b 



2 j„fa + b 



b — a 



(b-a) 3J 



(b-a) 2 
12 



2 y (6 -a) 2 
a + 6 



2 

a + b 



24 



(&-a) 2 7 



2-t * . . 

a + -b } dt 

2 2 



(6 - a) s 



/( ^a + 4&l<W. 



Lemma 2.1 is thus proved. 



□ 



3 
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3 Hermite-Hadamard type inequalities for (ex., ra)-convex 
functions 

Now we are in a position to establish some integral inequalities of Hermite-Hadamard type for 
functions whose third derivatives are (a, m)-convex. 

Theorem 3.1. Let f : Mo — > K be three times differentiable and f^ g ^i([ a 'm]) f or 
< a < b. If \f^ | 9 is (a, m)-convex on [a, ^] /or q > 1 and (a, m) € [0, 1] x (0, 1], i/ien 

b /(,)d,-/r^v^/' Ya+6 



6 — a 



24 



< 



(o-a) : 
384 



1 



(a + 4)2 c 



1/9 



4|/ (3) (a)r +rn((a + 4)2 Q -4) /( 3 ) 



m((a + 4)2 Q -4) / (3) 



4|/( 3 )(6)| 9 



1/9 



1/9 



(3.1) 



Proof. Because j/' 3 - 1 ! 9 is (a, m)-convex on [a, ^] , by Lemma 2.1 and Holder's inequality, we 
have 



< 



< 



< 



1 




b- 


- a „ 




(b 


— a 






96 




(b 


— a 


-( 




96 




+ 


[/' 


t 3 




.JO 




(b 


— a 


-i 




96 




+ 


[/' 


t 3 




.JO 




(b 


— a 


3 


384 



f(x)dx-f 
1 



a + b 



a) 2 „( a + b 



24 



o 



dt+ / i 3 





dt 



1 \ 1-1/9 

t 3 dt 



df 



i/'/ 



9 1 1/9 

di 



1-1/9 



-1 1/9 



/( 3) 



9 n 1/9 

dt 



1/9 



(a + 4)2 
m((a + 4)2 a -4) 



4|/ (3) (a)r +m((a + 4)2 a -4) 



i/'/ 



+ 4|/ (3) (6)| 9 



i/'/ 



The proof of Theorem |3.1| is completed. 

Corollary 3.1. Under the conditions of Theorem \3.1 
1. if q = 1, we have 



□ 



1 



< 



b — a 

(6 -a) 3 
3(a + 4)2 



f(x)dx-f 



(b — a) 2 ,, ( a + b 



24 



-/ 



^{4[|/ (3) (a)| + |/ (3) W|]+-((«+4)2"-4)[|/( 3 )(^| + |/( 3 )(A) 
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2. if q = a = 1, we have 

1 [ b , , f f a + b \ (b-a) 2 fll {a + b 



< (6 1 ^ ! {2[|/ (3) (a)| + |/ (3) W|]+3 TO [/^(£ 



/( 3) 



3. if q = m = a = 1, we have 



b — a 



f(x)dx-f 



+ b\ {b-a) 2 ^ n (a + b 



24 



<^^[|/ (8) (a)| + |/ <8) (6)|]. 



Theorem 3.2. Let f : R K be three times differentiable and f^ 6 L\(\a, — 1) fo 
< a < b. If |/' 3 ' | q is (a, m)-convex on [a, ^] for q > 1 and (a, m) £ [0, 1] x (0, 1], then 



b — a 



< 



(b- 


a) 3 


1 


96 


L(3g + l)(3g + 


a + l)2 a 




(3g 


+ l)|/ (3) (a)r 


+ to((3qH 



24 

-i 1/9 



1/9 



(3.2) 



m((3g + a + l)2«-(3g+l)) / (3) " + (3q + l)\f^ (b)\ q ' "j 



Proof. By Lemma 2.1 Holder's inequality, and (a, m)-convexity of on [a, ^] , we have 



< 



< 



< 



b- 


- a J a 


(b 


-a) 3 




96 


(b 


-a) 3 




96 


(b 


-a) 3 


96 



/(x)dx-/ 



a + 6\ {b-af 



24 



a + 6 
2 



f 3q 



1* I \a 



dt 



r 
i/'/ 



/ 



^a + \b 



dt 



j\^(^ a \f^\a)\ q dt + m 



(6- 


a) 3 


1 


96 


L(3? + l)(3«/ + 


a + 1)2" 


*{ 


(3g 


+ l)|/ (3) (a)| 9 


+ m((3<jH 



'0 

1/9 



f 39 



/( 3)( a 

TO 



/( 3) 



dt 



9 n 1/9 
dt 

1/9 



dt 



i/'i 



1/9 



+ m((3q + a + l)2 a - (3q + 1)) f^ 
The proof of Theorem 3.2 is complete. 



(3g + l)|/( 3 )(6)| 



1/9 



□ 
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Corollary 3.2. Under the conditions of Theorem 3.2 
1. ifm=l, we have 

1 ri fw*-i(^- { ^r< a+i 



< 



b — a 

(b-a) 3 
96 



1 



(3<?+l)(3fl + a + l)2 c 



24 

1/9 



x { [(3g + l)|/ (3) (a)| 9 + ((3g + a + 1)2" - (3g + 1)) |/< 8 > (b)\ q ] 1/q 
+ [((3 g + a + l)2«-(3 (Z + l))|/( 3 )( a )| ? + (3 9 + l)|/( 3 )(6)| 9 ] 1/9 }; 



2. if a = 1, we have 



1 



, f(x)dx-f\ 
b-a L ' \ 2 



a + b\ (b-a) 2 



24 



< 



(b - a) £ 
96~ 



1 

2(3q + l)(3q + 2) 



1/'/ 



(3 g +l)|/( 3 )(a)| 9 + 3m( g + l) /< 3 > 



m 



1/9 



3m(g + 1) / (3) 

3. if m = a = 1, we have 
1 



(3<7 + l)|/( 3 )(&)| 9 



1/9 



b — a 



V)dz-/(^)-fc^V" +t 

191 1/9 



< 



(b - a) 3 
96 



2(3g + l)(3q + 2) 



i/'/ 



x{[(3g+l)|/( 3 )(a)|V3(g + l)|/( 3 )(6)|Y /9 +[3( g + l)|/ (3) ( a )r + (3 g + l)|/( 3 H^)|T /9 }. 

Theorem 3.3. Le£ / : Mo — > K &e three times differentiate and f^ g ^i([ a Jm]) / or 
< a < o. // |/( 3 ' | 9 is (a, m)-convex on [a, ~] /or q > 1 and (a, m) £ [0, 1] x (0, 1], then 

a + b\ (b - a) 2 f „ ( a + b\ (b - a) 3 ( q - 1 \^ 1/q 



b — a „ V 2 



1 



24 



-r 



96 



(a + 1)2" 



1/9 



|/( 3 >« + m(( a + l)2«-l) f&(±) 
m((a + 1)2° -1) / (3) (^) 



1/9 



f m (b)\ q 



1/9 



(3.3) 



Proof. Since is (a, m)- convex on [a, ^r], using Lemma 2.1 and Holder's inequality, we 

have 



< 



< 



b — a 
(b-a) 3 



!«i l./„ 



24 



dt+ / r 

o 



f(3) 



2-t t, 
^ a+ 2 b 



dt 



96 







1-1/9 
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f(3) 



t 2 - i, 

-a H b 

2 2 



9 


1/9 






dt 


+ 




/ (3) ( 






Jo 





'2-t t, 
— a+ 2 b 



dt 



1/9 



< 



(6 - a) 3 / g - 1 



96 \4q-l 



1-1/9 



\f( 3 \b)\ 9 dt + m 



|/ (3) (a)| 9 dt + m 
;(3) 



f 

1/9 



/( 3) 



dt 



i/'/ 



(6 -a) 3 




1-1/9 


1 


96 


V4g- iy 


_(a + l)2 Q _ 



1/9 



m((a + l)2 a -l) 



(3) 



\f {3 Hb)\ q 



|/( 3 )(a)| 9 +m((a + l)2 Q -l) 

1/9 



f(3) 



1/9 



The proof of Theorem |3.3| is complete. 

Corollary 3.3. Under the conditions of Theorem \3.3[ if a = m = 1, we /lave 

-!- f b f(x)dx- 
(b- a) 3 ( q - 1 



□ 



a + 6\ (6 -a) 1 



< 



2 

1-1/9 



24 



|/( 3 )(a)| 9 + 3|/( 3 )(6)| £ - 



9-, 1/qr 



3i/ (3) («)r+i/ (3) wi 



I/-/ 
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FUNCTIONAL INEQUALITIES IN ^-HOMOGENEOUS F-SPACES 



GANG LU AND CHOONKIL PARK* 



Abstract. In this paper, we prove the Hyers-Ulam stability problem for the following func- 
tion inequalities 



in /3-homogeneous F-spaces. 



N 



Kf 



EN 
i=l '■ 

K 



Kf ( ^=1 - )+Cf< ^ 



K 



C 



1. Introduction and preliminaries 
We recall some basic facts concerning /3-homogeneous F-spaces. 

Definition 1.1. Let X be a linear space. A nonnegative valued function || • || is an F-norm 
if it satisfies the following conditions: 

(FNi) ||x|| = if and only if x = 0; 

(FN 2 ) ||Ax|| = for all x G X and all A with |A| = 1; 

(FN 3 ) \\x + y\\ < \\x\\ + ||y|| for all x, y £ X; 

(FN 4 ) ||A n x|| -)• provided A n -)• 0; 

(FN 5 ) ||Ax„|| — > provided ||x n || — > 0. 

Then (X, || • ||) is called an F*-space. An F-space is a complete F*-space. 

An F-norm is called /3-homogeneous (/3 > 0) if ||tx|| = |<|^||a;|| for all x G X and all t G R 
(see [19]). 

The stability problem of functional equations originated from a question of Ulam [22] 
concerning the stability of group homomorphisms. Hyers [11] gave a first affirmative partial 
answer to the question of Ulam for Banach spaces. Hyers' Theorem was generalized by Aoki 
[1] for additive mappings and by Th.M. Rassias [15] for linear mappings by considering an 
unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem was obtained 
by Gavruta [9] by replacing the unbounded Cauchy difference by a general control function in 
the spirit of Th.M. Rassias' approach. The stability problems for several functional equations 
or inequations have been extensively investigated by a number of authors and there are many 
interesting results concerning this problem (see [2]-[8], [10], [12]-[14], [16]-[18], [20, 21, 24]). 

2010 Mathematics Subject Classification. Primary 39B62, 39B52, 46B25. 

Key words and phrases. /3-homogeneous F-space; Hyers-Ulam stability; functional inequality. 
* Corresponding author: baak@hanyang.ac.kr (C. Park). 
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G. LU AND C. PARK 

In this paper, we consider the following functional inequalities 



N 



< 



Kf 



K 



N 



i=i 



< 



K 



+ Cf { c 



(1.1) 



(1.2) 



in /3-homogeneous .F-spaces, where iV, m are positive integers with N > 2, and -ftT, C are 
nonzero integers with \K\ < N and \K + C\ < N . 

Throughout this paper, assume that X is a /3-homogeneous F*-space, and Y is a /?- 
homogeneous F-space. 

2. HyERS-UlAM STABILITY OF THE FUNCTIONAL INEQUALITY (1.1) 

Let K be a fixed integer with < N. 
Proposition 2.1. Xei / : X — >■ y 6e a mapping such that 



N 



< 



(2-1) 



T/ien / is additive. 

Proof. Letting Xi = in (2.1) for all i = 1, 2, • • • , N, we get 

||iV/(0)||<||K/(0)|K|iV|^||/(0)||<|^||/(0)||. 

Since \K\ < \N\, /(0) = 0. 

Letting X2 = —x\ and X3 = X4 = • • • = xat = in (2.1), we get 

||/(*i) + /(-xi)|| < ||^/(0)|| = |*f ||/(0)|| = 0, Vx! G X 

Thus f(—x) = —f(x) for any 

Letting X3 = — xi — X2 and X4 = X5 = • • • = xjv = 0, we get 

||/(X1) + /(X 2 ) - /(XI + X 2 )|| =||/(X!) + /(X 2 ) + /(-XI - X 2 )|| 

<||K/(0)|| = |^||/(0)||=0, Vxi,x 2 GX 

So 

f(x + y) = f(x) + f(y), Vx,yeX 

Thus / is additive. 

Now we prove the Hyers-Ulam stability of the functional inequality (1.1). 

Theorem 2.2. Let f : X — > Y be an odd mapping for which there exists a function ip : X 
[0, 00) such that 



□ 



N 



</?(xi, • • • ,X N ) 



00 / 



XAT-1 



-XjV 



(TV - l)i+i ' (TV - 1)J 



< 00, 
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N 



i=i 



< 



K 



Kf 



+ tp(xi, ■ ■ ■ ,xn), Vxj G X. 



Then there exists a unique additive mapping A : X — > Y such that 



\\f(x)-A(x)\\< 



1 



T<p(x, ■■■ ,X) 



for all x £ X. 

Proof. Letting x\ = x-i = ••• = xjy-i = x and xn = —(N — l)x in (2.2), we get 

\\(N - l)f(x) - f((N - l)x)\\ =\\(N- l)f(x) + f(-(N - l)x)\\ 

< ip(x, • • • ,x, —(N — l)x) 

for all x G X. So 



(2.2) 



(2.3) 



/(x)-(JV-l)/ 



< r ( / r r) - VxGX 



_7V - 1. 

Hence one may have the following formula for positive integers m, Z with m > Z, 



( JV " 1 ^((]^Ty)-( w - 1 "((^i) 

m— 1 >■ 

< y lAT-ii^f- — * 



(2.4) 



L)i+i' ' (JV - ' (JV - 1)* 



for all x £ X. It follows from (2.4) that the sequence |(-ZV— l) k f ((^v^T)fe)} ^ s a Cauchy 

sequence for all i£l, Since 1" is an F-space, the sequence |(iV — l) fc / ( (jv-i) fc ) } conver g es - 
So one may define the mapping A : X — > Y by 

Now, we show that the uniqueness of A. Let T : X — > Y be another additive mapping 
satisfying (2.3). Then one has 



\\A(x)-T(x) 



(N - l) k A 



x 



(N- l) k 



< \N- 1 



+ 



fc/3 



(iV — 1) T 



/ 



(iv- i) fc y J \(n - \) k 



(N- l) k 

x 



f 



X 



< 2\N-l\ Kp (p 



(N - l) k J J \{N - l) k 
k/3 ~ '■ x 



X 



(AT-i)fc' '(jV-l) fe , 

which tends to zero as k — > oo for all x € X. So we can conclude that A(x) = T(x) for all 
xeX. 
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It follows from (2.2) that 



\\A(xi) + ■ ■ ■ + A(x N )\\ = lim 



(N-l) k f 
+ ... + (7V -l) fe / 



< lim \N - 1| 



X\ 



(N - l) k 

, r / XN 



+ {N-l) k f 



X 2 



(N - l) k 



(N- l) k 

X\ + X 2 H V XN 



Kf 



(N - l) k K 

X\ XN 



+ lim \N - lr p in , 



KA 



Thus 



if ,4 



Xl + x 2 H h Xjv 



xi + i2 H 1- a; at 

K 



, Vxi,x 2 , • • • ,x N £ X. 



Vxi, x 2 , • • • , xat G X 



By Proposition 2.1, the mapping A : X — > Y is additive. This completes the proof. 

3. HyERS-UlAM STABILITY OF THE FUNCTIONAL INEQUALITY (1.2) 

In this section, K, C, N are real numbers with \K + C| < N. 
Proposition 3.1. Let f : X — > Y be a mapping such that 



□ 



N 



< 



Kf ^ 1 



+ Cf 



l^i=M+l X i 



K I ' ~ J \ C 

Then f is additive. 

Proof. Letting Xj = in (3.1) for all i = 1, 2, • • • , N, we obtain 

1^11/(0)11 = ||iV/(0)|| < \\Kf(0) + Cf(0)\\ < \K + Cf ||/(0)||. 

Since \K + C\ < N, /(0) = 0. 

Next, we show that / is an additive mapping. Letting x 2 = —x\ and X3 = X4 = • • • 
in (3.1), we get 

||/(xi) + Z(-xx) + /(0) + • • • + /(0)|| < ||tf/(0) + C/(0)|| = 0, Vxx G X 

Thus /(-x) = -/(x) for all x G X 

Letting X3 = —x\ — x 2 and X4 = X5 = • • • = xn = 0, we get 
||/(xi) + /(x 2 ) - /(X! + x 2 ) + /(0) + • • • + /(0)|| =||/(xi) + /(X 2 ) + /(-X! - x 2 )| 

<||*7(0) + C/(0)|| = 

for all xi, x 2 G X So 

f(x + y) = f(x) + f(y), Vx,yGX 

Thus / is additive. 



(3.1) 



XN 



□ 
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FUNCTIONAL INEQUALITIES IN /3-HOMOGENEOUS F-SPACES 

Theorem 3.2. Let f : X — >■ Y be an odd mapping for which there exists a function 92 : X N — > 
[0, 00) such that 

00 , \ 

< 00, 



A? 



1=1 



< 



c 



+ 99(2:1, • • • ,X N ) 



(3.2) 



/or all x±, ■ ■ ■ , Xn G X. Then there exists a unique additive mapping A : X Y such that 

1 



\\f(x)-A(x)\\ < 



\M-l\l 3 



<p(x, ■ ■ ■ ,x, — (M — l)x, 0, • • • ,0) 



(3.3) 



for all x £ X. 



Proof. Letting x\ = xi = 
(3.2), we get 



xm-i = x , xm = — (M — l)x and im+i = • • • = x^ = in 



|| (M - l)f{x) - f((M - l)x)\\ = || (M - l)/(x) + /(— (M - l)x)|| 

<¥>(*>• " ,x,-(M-l)x,0,--- ,0), 



for all i£l So 



/(x)-(M-l)/ 



M — 1 



Hence one may have the following formula for positive integers m, I with m > I, 



(M-l) l f 



x 



(M — 1)' 



(M-ir/ 



m— 1 / 



(A/ - 1) 

X 



(3.4) 



—x 



l)i+i' ' (M - 1)*+! ' (M - 1) 



,(),••• ,0 . 



It follows from (3.4) that the sequence j(M — l) fe / ( (M-i) fc ) } * s a Cauchy sequence for all 

x £ X. Since Y is an F-space, the sequence |(M — l) fc / ^ p^zyjfc ^ | converges. So one may 
define the mapping A : X — > Y by 



AM:=lnn(M-l)<7 V(M _ 1)t 



, Vx G X. 
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G. LU AND C. PARK 



Now, we show that the uniqueness of A. Let T : X — > Y be another additive mapping 
satisfying (3.3). Then one have 



\\A(x) - T(x) 



(M - I) A 
< |(M- 1)Y 
T 



(M - l) k 



A 



(M- l) k T 



x 



+ 



(M - l) k 

x 



(M - l) k 

x 



(M - l) k 



f 



(M - 1)V \(M - 

<2\M-l\( k - r * l3 $( X ••• X X 

" 1 1 ^V(^"l) fc ' '(M-l) fc ' (M 

which tends to zero as k — > oo for all x € X. So we can conclude that A(x) = T(x) for all 

xex. 

It follows from (3.2) that 



\\A( Xl ) + ■ ■ ■ + A(x N )\\ = lim 

fc— >oo 



(M-l) k f 
+ --- + (M-l) k f 



X\ 



(M-l) 

/, r I X N 



^2 



(M — l) fc 



< lim 



(M - l) k Kf 
+ (M — l) k Cf 



(M - l) k 

X\ H h XM 



+ lim |M - l\ Kp tp 



(M - l) k K 

xm+i j 1- a: at 

(M - l) fc C 

fc/3,_ / x l 



k— >oo 



KA 



XN 



(M-l)* 



(M-l) 



Xl 



Vx M \ n .( xm+i H \~x N 

~K ) + { C 



for all x± , X2 , ■ ■ ■ ,xn G X. 
Thus 

\\A( Xl ) + ■ ■ ■ + A(x N )\\ < 



ka\ Xi + - k +Xm Uca( Xm+1+ c 



xn 



for all xi,X2,--- , xn € X. By Proposition 3.1, the mapping A : X — > Y is additive. This 
completes the proof. □ 
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Some New Solutions of the (3+l)-Dimensional Jimbo-Miwa 
Equation via the Improved (g'/g) -Expansion Method 

Hasibun Naher 1 , Farah Aini Abdullah 1 , Abdur Rashid 2 



Abstract 

The improved (G7G) -expansion method is straightforward and effective mathematical tool for 

establishing exact traveling wave solutions of different nonlinear partial differential equations which arise 
in engineering sciences, applied mathematics and real time application fields. In this article, we have 
constructed some new traveling wave solutions of the nonlinear evolution equation, namely, the (3+1)- 
dimensional Jimbo-Miwa equation via the improved (G7G) -expansion method. In this method, the 
general solution of the second order linear ordinary differential equation involving constants coefficients 

together with A(^) = ^ p. (G'IG)' is employed, where p. (_/' = 0,±1,±2,...,± m) are constants. 

j= - m 

Further, it is worth stating that the obtained solutions become in special functional forms for the particular 
values of the arbitrary constants. In addition, it is noteworthy declaring that, some of our solutions are in 
good agreement with already published results. Moreover, some of the solutions are described in the 
figures with the aid of commercial software Maple. 

Keywords: The improved (G 7 G) -expansion method, the Jimbo-Miwa equation, traveling wave 
solutions, nonlinear evolution equations. 

1. Introduction 

The rigorous investigation of nonlinear evolution equations (NLEEs) for constructing exact solutions 
has become a hot topic for researchers. In the recent past, a wide range of methods have been established to 
obtain analytical solutions for nonlinear partial differential equations (PDEs). For example, the inverse scattering 
method [1], the generalized Riccati equation method [2], the Backlund transformation method [3], the Jacobi 
elliptic function expansion method [4], the Hirota's bilinear transformation method [5], the F-expansion method 
[6,7], the direct algebraic method [8], the Cole-Hopf transformation method [9], the Exp-function method [10- 
13] and others [14-17,39,40]. Wang et al. [18] presented a method to construct traveling wave solutions of some 
nonlinear evolution equations, called the (G'lG) -expansion method. In this method, they employed 

m 

= (G'/G)' as traveling wave solutions, where a m ^ 0. Later on, many researchers [19-24] 

investigated nonlinear partial differential equations to establish traveling wave solutions by using this method. 
More recently, Zhang et al. [25] extended this method and called the improved (G7G) -expansion method. In 

m 

this improved (G7G) -expansion method, w(£) = (G'/G)' is implemented as traveling wave 

solutions, where either p m or p m may be zero, but both p m and p m cannot be zero at a 

time. Afterwards, many researchers executed this powerful method to establish abundant 
traveling wave solutions for different nonlinear partial differential equations. For instance, 
Zhao et al. [26] studied the variant Boussinesq equations by using this method to establish 
analytical solutions. In Ref. [27], Zayed and Al-Joudi investigated some nonlinear partial differential equations 

'School of Mathematical Sciences, Universiti Sains Malaysia, 11800 Penang, Malaysia 
2 Department of Mathematics, Gomal University, Dera Ismail Khan, Pakistan 
Emails: hasibun06tasauf@gmail.com, farahaini@usm.my, prof.rashid@yahoo.com 
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to obtain exact solutions via the same method. Naher et al. [28] constructed some new analytical solutions of the 
(3+l)-dimensional modified KdV-Zakharov-Kuznetsev equation by using this powerful method. Naher and 
Abdullah [29] investigated the nonlinear reaction diffusion equation to establish exact solutions by applying the 
same method whereas Naher and Abdullah [30] concerned about this method for obtaining traveling wave 
solutions of the combined KdV-MKdV equation. In Ref. [31] they constructed exact traveling wave solutions for 
the (2+l)-dimensional Modified Zakharov-Kuznetsov equation via this powerful method and so on. 

Many researchers applied different methods to construct analytical solutions of the (3+l)-dimensional 
Jimbo-Miwa equation. For instance, Liu and Jiang [32] studied this equation by applying the extended 
homogeneous balance method to obtain exact solutions. In Ref. [33], Xu employed the truncated painleve 
expansion method to establish soliton solutions of the same equation. Wazwaz [34] applied the tanh-coth method 
to construct exact solutions of this equation. Zhaqilao and Li [35] investigated the same equation to construct 
traveling wave solutions via the Hirota bilinear method. Li and Dai [36] used the generalized Riccati equation 
mapping method to obtain exact solutions of this equation. Borhanifar and Kabir [37] implemented the Exp- 
function method to study the same equation for obtaining analytical solutions. In reference [38] Zayed 
investigated this equation by applying the basic (G'/G) -expansion method to construct traveling wave 
solutions. To the best of our knowledge, the (3+l)-dimensional Jimbo-Miwa equation is not investigated by 
applying the improved (G'/G) -expansion method to obtain traveling wave solutions. In the basic (G'/G)- 

m 

expansion method, w(£) = (G'/G)' where a m ^0, is employed as traveling wave solutions, instead of 

m 

A(<*)= ^ pj(G'/G) J where either p m or p m may be zero, but both p m and p m cannot be zero at a 

j= - m 

time. The significant of this paper, we have studied the (3+l)-dimensional Jimbo-Miwa equation for obtaining 
some new traveling wave solutions including solitons and periodic wave solutions via the improved (G'/G)- 
expansion method. 



2. Description of the improved (g/g) -expansion method 

Suppose the general nonlinear partial differential equation: 

p[u,u l ,u i ,u y ,u,,u lt ,u KI ,u yl ,u n ,u a ,u xy ,u vc ,u yy ,u^ y ,u„,..^ = 0, (1) 

where u = u(x, y,z,t) is an unknown function, P is a polynomial in m(x, y, z, f) and the subscripts stand for 
the partial derivatives. The main steps of the improved (G'/G) -expansion method [25] are as follows: 
Step 1. Consider the traveling wave variable: 

u(x,y,z,t) = A(%), ^=x+y + z-Vt, (2) 
where V is the wave speed. Now using Eq. (2), Eq. (1) is converted into an ordinary differential equation for 

B(A,A',A",A m ,...) = 0, (3) 
where the superscripts indicate the ordinary derivatives with respect to^. 

Step 2. According to possibility, Eq. (3) can be integrated term by term one or more times, yields constant(s) of 
integration. The integral constant may be zero, for simplicity. 

Step 3. Suppose that the traveling wave solution of Eq. (3) can be expressed in the form [25]: 

A ({)= Z Pj( G ' /G ) ( 4 ) 

j= - m 

with G = G (£) satisfies the second order linear ODE: 

G" + XG' + juG = 0, (5) 
where p j (j = 0,±1,±2,...,± m), X and jU are constants. 

Step 4. To determine the integer m, substituting Eq. (4) along with Eq. (5) into Eq. (3) and then taking the 
homogeneous balance between the highest order nonlinear terms and the highest order derivatives appearing in 
Eq.(3). 



2 



288 



RASH ID ET AL 287-296 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Step 5. Substitute Eq. (4) and Eq. (5) into Eq. (3) with the value of W obtained in Step 4. Equating the 
coefficients of (G'lG)' , (r = 0,±1,±2,...), then setting each coefficient to zero, we obtain a set of algebraic 
equations for pj (/ = 0,±l,±2,...,±m),V,A. and jU. 

Step 6. Solve the system of algebraic equations which are obtained in step 5 with the aid of algebraic software 
Maple and we obtain values for p j (j = 0,±l,±2,...,±m),V ,A and jU. Then, substitute obtained values in Eq. 
(4) along with Eq. (5) with the value of m , we can obtain the traveling wave solutions of Eq. (1). 

3. Applications of the Method 

In this section, we establish some new traveling wave solutions including three different families of the 
(3+l)-dimensional Jimbo-Miwa equation by applying the improved (G'/G) -expansion method. 

3.1 The (3+l)-dimensional Jimbo-Miwa equation 

We consider the (3+l)-dimensional Jimbo-Miwa equation followed by Zayed [38]: 

u + 3u u a + 3u x u + 2u — 3u xz = 0, (6) 

Now, we use the wave transformation Eq. (2) into the Eq. (6), which yields: 

A (4) + 3 A' A" + 3 A' A" - 2VA" - 3 A" = 0, (7) 
Eq. (7) is integrable, therefore, integrating with respect £ once yields: 

C + A'" + 3A' 2 -(2V+3)A' = 0, (8) 
where C is an integral constant which is to be determined later. 

Taking the homogeneous balance between highest order derivative and nonlinear term in (8), we obtain m = 1 . 
Therefore, the solution of (8) is of the form: 

A(Z) = p^G'IcY + Pa + Pl (G'IG), (9) 
where p , , p Q and p l are constants to be determined. 

Substituting Eq. (9) together with Eq. (5) into the Eq. (8), the left-hand side of Eq. (8) is converted into a 
polynomial of (G '/ G) r ,(r = 0,±1,±2,...). According to Step 5, collecting all terms with the same power of 

{CI G). Then, setting each coefficient of the resulted polynomial to zero, yields a set of algebraic equations 
(for simplicity, which are not presented) for p_ x ,p Q ,p x ,C,V,X and jU. 

Solving the system of obtained algebraic equations with the help of algebraic software Maple, we obtain two 
different values. 
Case 1: 

p_, = 0, Po = p , Pl =2,V= l -{l 2 -4//-3), C = 0, (10) 

where p , A and jU are free parameters. 
Case 2: 

p_ x = -2/y, Pa = Po , Pl =0,V = ^[X 2 - 4 M - 3), C = 0, (11) 
where p ,A and jU are free parameters. 

Substituting the general solution Eq. (5) into Eq. (9), we obtain three different families of traveling wave 
solutions of Eq. (8): 

Family 1: Hyperbolic function solutions: 

When /l 2 -4/v>0, we obtain 



3 
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+ Pi 



. . U sinh - ^A 2 - Aju g + V cosh - J A 1 - A/u % 

- + i^ 2 -4/v \ f 

2 2 U cosh - ^A 2 - A/u ^ + V sinh - ^A 2 - A/u £ 

. , Usinh-^A 2 -A/u^ + Vcosh-^A 2 -A/u% 

—+^71^47 2 2 

2 2 f/cosh-7/l 2 -4/7^ + ysinh-7/l 2 -4/7^ 



+ P 



(12) 



If U and V are taken particular values, various known solutions can be rediscovered. 

Family 2: Trigonometric function solutions: 

When A 2 -A/u < 0, we obtain 

r 1 , 1 , V 1 



. , , -t/sin- Mju-A 2 Z + Vcos-JA>u-A 2 E, 



f/cos-^/y-zl 2 ^ + ysin-74//-/l 2 ^ 



1 



_ ; , -Usin-JA>u-A 2 Z; + Vcos-JA>u-A 2 £ 

-A+LfiJ^x 1 2 2 

2 2 f/cos-^-zl 2 ^-i-Vsiii-^-A 2 £ 



(13) 



2 v 2 
If J/ and V are taken particular values, various known solutions can be rediscovered. 

Family 3: Rational function solution: 

When A 2 -Aju = 0, we obtain 



-A V 
2 U+V£ 



+ Po+Pi ■ 

V 



-A V 
2 U+V£ 



J 



(14) 



Family 1: Hyperbolic function solutions: 

Substituting Eqs. (10) and (11) together with the general solution Eq. (5) into the Eq. (9), yields the hyperbolic 
function solution Eq. (12), the obtained solutions become respectively (if U = but V * ): 



A(^) = ^ 2 -4/y)coth^^ 2 -4 / y £]-A + p , 
where %=x+y + z--[A 2 -A/u-i)t. 



-A *Ja 2 -4 j u 
2 2 



co\h^A 2 -Aju <* 



+ Po> 



4(f) = -2/i| 
where £ =x +y + z-^[A 2 -A/u-3) f. 

Moreover, substituting Eqs. (10) and (11) together with the general solution Eq. (5) into the Eq. (9), we obtain 
the hyperbolic function solution Eq. (12), our traveling wave solutions become respectively (if V = but 
t/*0): 



A 3 (^) = N /(2 2 -4 / y)tanh^VA 2 -4 / y t]-A + p . 



A 4 (£) = -2// 



Further, substituting Eqs. (10) and (11) together with the general solution Eq. (5) into the Eq. (9), yields the 
hyperbolic function solution Eq. (12), our exact solutions become respectively (if U 0, U > V ): 



A 5 (^) = ^ 2 -4/y)tanh^^ 2 -^ t + Z )-A + p , 



where 4 = tanh 



t/' 
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where £ = tanh 



u' 



Family 2: Trigonometric function solutions: 

Substituting Eqs. (10) and (11) together with the general solution Eq. (5) into the Eq. (9), yields the 
trigonometric function solution Eq. (13), our obtained solutions become respectively (if U = but V * ): 



where £ =x + y + z--(/l 2 -4/7-3) f. 



4(£) = -2/i 



2 2 



cotj -j4 M -A 2 g 



~Po> 



where £ =x + y + z--(/l 2 -4/7-3) t. 



Again, substituting Eqs. (10) and (11) together with the general solution Eq. (5) into the Eq. (9), yields the 
trigonometric function solution Eq. (13), we obtain following solutions respectively (if V = but U * ): 



4, (4) = ~ ? ) tan ( i ^4/7 - A 2 £ ) - X + Po . 



+ Po- 



Furthermore, substituting Eqs. (10) and (11) together with the general solution Eq. (5) into the Eq. (9), yields the 
trigonometric function solution Eq. (13), our wave solutions become respectively (if U * 0,U > V ): 



A 1 (^) = A /(4//-A 2 )t a nfl A /4//-^ #-£)l-A + /> , 



where £ = tan 



where £ = tan 



C/' 



A 2 (^) = -2// 



- + tanl ^//-A 2 £-4 



Family 3: Rational function solutions: 

Substituting Eqs. (10) and (11) together with the general solution Eq. (5) into the Eq. (9), we obtain the rational 
function solution Eq. (14), we construct following traveling wave solutions respectively (if X 2 -4/j = 0): 



A 3 (£) = 



2V 



i/ , x r i o 

where g=x + y + z-—[A -4//-3J f. ^ 



A 14 (£) = -2//l — + — — 



+ No- 



where £ =x + y + z-^(d 2 -4/7-3) f. 

4. Results and Discussion 

It is important to state that some of obtained solutions are in good harmony with already established 
results and are presented in the following table. Additionally, some of obtained traveling wave solutions are 
illustrated in figure 1 to figure 8 with Maple. 
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4.1 Table. Comparison between Zayed [38] solutions and Newly obtained solutions 



Zayed [38] solutions 


New solutions 


i. If B = 0, A * 0,ju = 0,A = 1 and a Q = 1 solution Eq. 
(3.46) (from section 3, Example 5) becomes: 

= coth-i-^. 


i. If n = Q,A = 1, p = 1 and A, (£) = u solution 
A, (<^) becomes: = coth-i-^. 


ii. If A = 0, B ■£ 0, /u = 0, A = 2 and a = 2 solution 
Eq. (3.46) (from section 3, Example 5) becomes: 

M(£) = 2tanh£. 


ii If jU = 0,A = 2, p =2 and A 3 (^) = U (^) , 
solution A 3 (i^) becomes: M = 2 tanh 


iii. If A = 0, B jt 0, ju = 5, A = 2 and a = 2 solution 
Eq. (3.47) (from section 3, Example 5) becomes: 

u(£) = 4cot(2£). 


iii. If jU = 5, /I = 2, p () = 2 and A 7 = W 
solution A 7 (^) becomes: = 4cot(2^). 


iv. If B = 0, A ^ 0, jj = — , A = 1 and a = 1 solution 
2 

Eq. (3.47) (from section 3, Example 5) becomes: 
M (<f) = +3tan(±|<f). 


iv. If // = —,A = 1, = 1 and A, = u (^), solution 
Aj (^) becomes: = +3tan^±-^j. 


v. If B = 1, A = 1, A = 1 and a = 1 solution Eq. (3.48) 

2 

(from section 3, Example 5) becomes: m(£) = - — — . 


v. If V =\,U = l,A=l, p =1 and A n (%)=u(%), 

2 

solution A 13 (^) becomes: m (£) = - — — . 



Beyond this table, we have constructed new traveling wave solutions A 2 , A 4 , A 6 , Ag, A 10 , A 12 and A 14 which are not 
stated in the earlier literature. 

4.2 Graphical presentations of some solutions 

The descriptions of some traveling wave solutions are being depicted in the figures with the help of commercial 
software Maple: 




Fig. 1: Solutions solution for Fig. 2: Soli tons solution for 

A = 6,m = 9,p = 4,U = 9,V =10 A = 1,// = 2,p =1 
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Fig. 7: Solitons solution for Fig. 8: Solitons solution for 

A = 3,fi=3,p =2 X = = 0.125, p = 1 



5. Conclusions 

In this article, the highly nonlinear partial differential equation, namely, the (3+l)-dimensional Jimbo- 
Miwa equation is investigated by applying the improved (G'/G) -expansion method. We have constructed some 

new traveling wave solutions including solitons and periodic wave solutions. The solutions are presented through 
three different families, like as, the hyperbolic, the trigonometric and the rational functions. Further, it is 
significant to reveal that some of our solutions are identical with the published results, for some special cases and 
others are new. The obtained solutions show that the improved (G'/G) -expansion method gives more general 

solutions and it has more advantages. As a result, we hope this straightforward and efficient method would be 
applied to construct abundant traveling wave solutions of different nonlinear partial differential equations which 
frequently arise in engineering sciences, mathematical physics and other technical arena. 
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1. Introduction and Preliminaries 

Probabilistic metric spaces were introduced by K. Menger in 1942 [8]. In this spaces 
instead of distance d(p, q) between points p and q, we consider distribution function 
F Piq (x) and interpreted its values as probability that distance from p to q is less than 
x. Sherstnev [16] introduced the notion of random normed spaces and later on Hadzic 
[6] introduced the notion of random paranormed spaces as further generalization of 
random normed spaces. 

A paranorm is a function g : X — >■ R defined on a linear space X such that for all 
x,y,z e X 

(PI) g(x) = 0iix = e 

(P2) g(-x) = g(x) 

(P3) g(x + y) < g(x) + g(y) 

(P4) If (a n ) is a sequence of scalars with a n — > a (n — > oo) and x n , a e X with 
x n — > a {n — )>— ?■ oo) in the sense that g{x n — a) — > (n — > oo), then a n x n — > a^a 
{n — > oo), in the sense that g(a n x n — a a) — > (n — > oo). 

A paranorm g for which g(x) = implies x = 9 is called a total paranorm on X, 
and the pair (X, g) is called a total paranormed space. 

A function / : K. — )■ Rq is called a distribution function if it is a non-decreasing 
and left continuous with inf te ]g/(t) = and sup tgR /(t) = 1. By D + , we denote the 
set of all distribution functions such that /(0) = 0. 
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It is obvious that H > f for all / G D + . 

A t-norm is a continuous mapping * : [0, 1] x [0, 1] — > [0, 1] such that ([0, 1], *) is 
abelian monoid with unit one and c * d > a * b if c> a and d > b for all a, b, c G [0,1]. 
A triangle function r is a binary operation on D + which is commutative, associative 
and r(/, H Q ) = f for every / G D + . 

A probabilistic metric space (briefly a PM-space) ([8], [15]) is an ordered pair 
(X, J 7 ) where X is an nonempty set and J 7 : X x X — > D + . The value of J 7 at 
(u, i>) G X x X will be denoted by F u>v . The functions F u>v (u,v G X) are assumed to 
satisfy the following conditions: 

(a) F u>v (x) = 1 for all x > if and only if u — v, 



(d) F u<v (x) = 1 and F v , w (y) = 1 imply F u , w (x + y) = 1. 

A Menger space is a triplet (X, J 7 , *), where (X, J 7 ) is a PM-space and t-norm * 
is such that the Menger's triangle inequality 

(e) F U:W (x + y)> F UtV (x) * F VtW (y) 

is satisfied for all u,v,w G X and for all x > 0, y > 0. 

Let X be a linear space of dimension greater than one, r a triangle, and J 7 : 
X x X — > D + (the value of J 7 at u G X will be denoted by Then J 7 is called 
a probabilistic norm and triplet (X, J 7 , r) a probabilistic normed space (briefly a PX- 
space) ([15], [16]) if the following conditions are satisfied: 

(1) F x (t) = H (t) if and only if x = 0, where F u (t) denotes the value of F x at 
t G R, 

(2) F tt (0) = for each x G X, 

(3) F^t) = F x (|Ji) for every t > 0, a ^ and x G X, 

(4) F a;+W (t) > r{F x {t),F x {t)) whenever x,y,z G X. 
If (4) is replaced by 

(4)' F^h + i 2 ) > F x (tx) * F„(t 2 ) for all i.yGl and i 2 G Mj; 
then (X, J 7 , *) is called a random normed space. 

A random paranormed space (briefly a RPN-space) [6] is an ordered triple (X, J 7 , *), 
where X is a linear space X, J 7 is a mapping of X into D + such that: 
(i?Pl) F x = H if and only if a; = 0; 
(RP2) F x (0) = for each x G X; 



If a G Rq , then if a G P> + , where 




(6) F ttit; (0) = 0, 
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(RP3) for any x G X and each ael, F- X (a) = F x (a); 

(RPA) F x+y {a + 0) > F x (a) * F y {0) for any x, y G X and a, (5 G R; 

(RP5) If (A n ) is a sequence of scalars with A n — > A (n — > oo) and lim F Xn _ x (e) = 1 
for every e > 0, then in the sense that \imF\ nXn _\ x = 1. 

In this paper, we define and study the notion of convergence, statistical conver- 
gence and statistical Cauchy in random paranormed space. 

2. Statistical convergence 

The concept of statistical convergence for sequences of real numbers was introduced 
by Fast [4] and further studied by Fridy [5] and since then several generalizations and 
applications of this notion have been investigated by various authors, namely [2], [7], 
[6], [9], [11], [12], [14]. Recently, in [10] and [13], the concept of statistical convergence 
is studied in probabilistic normed space and in intuitionistic fuzzy normed spaces, 
respectively. Recently, Alotaibi and Alroqi [1] have studied the notion of statistical 
convergence in paranormed space. In this paper we shall study the concept of statisti- 
cal convergence and statistical Cauchy in random paranormed space, hence generazing 
the results of [1]. 

Let K be a subset of the set of natural numbers N. Then the asymptotic density 
of K denoted by S(K), is defined as S(K) = lim n - | {k < n : k G K} |, where the 
vertical bars denote the cardinality of the enclosed set. 

A number sequence x = (xk) is said to be statistically convergent to the number 
L if for each e > 0, the set K(e) = {k < n : \xk — L\ > e} has asymptotic density zero, 
i.e. 

lim-|{Jfe < n : \x k - L \}\ = 0. 

n n 

In this case we write st-\imx = L. 

A number sequence x = (xk) is said to be statistically Cauchy sequence if for every 
e > there exists a number N — N(e) such that 

lim — \{k < n : \x k — x^\ > e}\ = 0. 

n n 

Let (X, J 7 , *) be a random paranormed space. 
Definition 2.1. A sequence x = (xk) is said to be convergent to the number £ in 
(X, J 7 , *) if for every e > and 9 G (0, 1), there exists a positive integer k such that 
F Xk „^(e) > 1 — 9 whenever k > k . In this we write F-limx = £, and £ is called the 
F -limit of x. 
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Definition 2.2. A sequence x = (xk) is said to be statistically convergent to the 
number £ in (X, J 7 , t) (or F(st)- convergent) if for each e > and 9 G (0, 1) 

5({k G N : F Xk _s(e) < 1 - 9}) = 0, 

or equivalent ly 

6({k G N : > 0}) = 1; 

i.e. 

lim^|{A; < n : < 1 - 0}| = 0. 

In this case we write F(st)-\imx = £. We denote the set of all F(st)-convergent se- 
quences by Sf- 

Definition 2.3. A number sequence x = (xk) is said to be statistically Cauchy in 
(X, J 7 , *) (or F(st)-Cauchy) if for every e > and 9 G (0,1) there exists a number 
N = N(e) such that 

\hn-\{k<n:F Xk _ XN (e)<l-6}\ = 0. 

n n 

3. Main results 

Theorem 3.1. If a sequence x = (x^ is statistically convergent in (X, J 7 , *) then 
F(st)-limit is unique. 

Proof. Suppose that F(st)-\imx = £i and F(st)-\imx = £2- Given a > choose 
G (0, 1) such that (1 — 9) * (1 — 9) > 1 — a. Given e > 0, define the following sets as: 

K 1 (e) = {keN:F Xk ^ 1 (e/2)<l-9}, 

K 2 {e) = {k en : F^ie/2) <l - 9}. 

Since F(st)-\imx = £i, we have 5(1^ (e)) = 0. Similarly F(st)-lima; = £ 2 implies 
that <J(iir 2 (e)) = O.Now let K(e) = K^e) U K 2 (e). Then = and hence 

the compliment K c (e) is a nonempty set and 5(K c (e)) = 1. Now if /c G K c (e) = 
iff (e) n K%(e), then we have 

F Xfc _ €l (e/2) > 1 - and i^_ 6 ( £ /2) > 1 - 0. 

Now if Jfe G N\K(£), then we have F €l _ & (e) > F Xn _^(e/2) * F Xn _ & (e/2) > (1 - 9) * 
(1 - 0) > 1 - a. 

Since o > was arbitrary, we get F^-^e) = 1 for all e > 0, and hence £i = £2- 
This completes the proof of the theorem. 
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Theorem 3.2. If F-limx = £ then F(st)-\imx = £ but converse need not be true in 
general. 

Proof. Let F-limx = £. Then for every e > and given 9 G (0, 1), there is a positive 
integer N such that 

F Xk ^(e) >l-9 

for all k > N. Since the set A(e) := {k G N : F Xk ^(e) < 1 — 0} C {1, 2, 3, iV — 1}, 
8(A(e)) = 0. Hence F{st)-limx = f. 

The following example shows that the converse need not be true. 
Example. Let X = £{l/k) := {x = (x^ 

:J2k\ x k \ 1/k < oo}. ThenX is a paranormed 
space with paranorm g(x) = J2 k \ Xk | 1/,fe ; and X is a random paranormed space with 



1, g(x) < e 
0, g(x) > e. 



Define a sequence x = (xk) by 



x k :-- 



k, if k = n 2 ,nGN; 
0, otherwise; 



and write for e > 0, 

K(e) -={k<n: F Xk (e) < 1 -0},0 < 9 < 1. 



We see that 



ifA; = n 2 ,nGN; 
0, otherwise; 



and hence 



, 1, ifk = n 2 ,neN; 

hmF Xk {e) := < 
k I 0, otherwise; 

Therefore F-limx does not exist. On the other hand 5(K(e)) = 0, that is, F(st)- 
limx = 0. 

This completes the proof of the theorem. 

Theorem 3.3. Let F(st)-limx = & and F(st) - limy = £ 2 - Then 
(i) F(st)-lim(a; ± y) =6 ±6, 
(m) F(si)-lim ojx = a£i, a G K. 
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Proof. It is easy to prove. 

Theorem 3.4. A sequence x = (x k ) in (X, J 7 , *) is statistically convergent to £ if and 
only if there exists a set K = {ki < k 2 < ... < k n <„}CH with 8{K) = 1 such that 
F-lim^oo x kn = £. for every e > 0. 

Proof. Suppose that F(st)-\imx = £. Now, write for every e > and for r = 1, 2, .... 




and 

M r := {n G N : F^e) < 

Then = 0, 

■U; ) .1/, ) DM»D M i+1 D , (3.1) 

and 

5(M r ) = l,r = l,2, (3.2) 

Now we have to show that for n G M r , (xk n ) is F-convergent to £. On contrary sup- 
pose that (xk n ) is not F-convergent to £. Therefore there is 9 > such that F Xkn ^(e)> 9 

for infinitely many terms. Let M £ := {n G N : F Xfcn _^(£) < 9} and S>|,rGN, Then 

5(M £ ) = , (3.3) 

and by (3.1), M r C Mg. Hence 8{M r ) = 0,which contradicts (3.2) and we get that (xk n ) 
is F-convergent to £. 

Conversely, suppose that there exists a set K = {k\ < k 2 < k 3 < .... < k n < ...} 
with S(K) = 1 such that F-lim^oo x kn = £. Then there is a positive integer N such 
that F Xn ^(e)> 1 - 9 for n > N. Put K £ := {n G N : F Xn ^(e) < 1 - 9} and K' : = 

{k N+1 ,k N+2 , }• Then 8{K') = 1 and K £ C N-F' which implies that 8{K £ ) = 0. 

Hence F(st)-\imx = £. 

This completes the proof of the theorem. 

Theorem 3.5. A sequence x = (x k ) in a random paranormed space (X, J 7 , *) is 
F(st)-convergent if and only if it is F(st)-Cauchy. 
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Proof. Suppose that F(st)-\imx = £. Choose r > such that (1 — r) * (1 — r) > 1 — 9. 
Then, for all e > 0, we get 

5(A(r)) = 0, (2.5.1) 
where A(r) := {n G N : F x „_ € (e/2) < 1 - r}. This implies that 

5(A c (r)) = 5({n G N : F Xn ^{e/2) > 1 - r}) = 1. 

Let m G A c (r). Then F x „_ f (e/2) > 1-r. Now, let S(r) := {n 6 I : ^-^(e) < 

We need to show that 5(r) C A(r). Let n G -B(r). Then F Xm - Xn (s) < 1 — r and hence 

^r„-«( £ / 2 ) < 1 - r , i- e - " £ ^( r )- Otherwise, if F Xn _^(e/2) > 1 - r then 

1 - r > F Xm _ Xn (e) > F Xn _s(e/2) * F Xm ^ (e/2) > (1 - r) * (1 - r) > 1 - 0, 

which is not possible. Hence B(r) C -A(r), which implies that x = (x k ) is F(st)- 
convergent. 

Conversely, suppose that x = (x k ) is F(st)-Cauchy but not F(st)-convergent. 
Then there exists M G N such that 5(G(r) = 0, where G(r) := {n G N : ^.^(e) < 
1-r}, and S(D(r)) = 0,where £>(r) := {n G N : F x „_ f (e) > 1-r}, i.e. S(D c (r)) = 1. 
Since F Xn _ Xm ( £ ) > 2F Xn ^(e/2) > 1-r, if F x „_ e ( £ /2) > (l-r)/2. Therefore 5 (G c (r)) = 
0, i.e. 5(G(r) = 1, which leads to a contradiction, since x = (x k ) was F(st)-Cauchy. 
Hence x = (x k ) must be F(st)-convergent. 

This completes the proof of the theorem. 
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ABSTRACT 

In this paper we deal with the behavior of the local stability, global attractor and bound- 
edness of solutions of the following difference equation 

%n+l = Q- x n—l H — , Tl = 0, 1,..., 

cx n + dx n - 2 

where the initial conditions x- 2 , x-i, x are arbitrary positive real numbers and a, b, c, d are 
constants. Also, we give a specific form of solution of four special cases of this equation. 

Keywords: stability, global attractor, boundedness, periodicity, solution of difference equations. 
Mathematics Subject Classification: 39A10 



1 Introduction 

In this paper we deal with properties of the local stability, global attractor and boundedness of 
the solutions of the following difference equation 

x n +i = aXn-1 H —3 , n = 0, 1,..., (1) 

cx n + dx n -2 

where the initial conditions x_ 2 , x-i, x are arbitrary positive real numbers and a,b,c,d are 
constants. Also, we obtain the form of the solution of some special cases of Eq.(1). 
Let / be some interval of real numbers and let / : I k+1 — > /, be a continuously differentiable 
function. Then for every set of initial conditions x-k,x-k+i, —,xo e I, the difference equation 

x n+i = f{x n , x n —i, x n —kh n. = 0, 1, (2) 

has a unique solution {x n }^L_ k . 
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The linearized equation of Eq.(2) about the equilibrium x is the linear difference equation 

Ek 9 f{x, x, x) 
i=0 oZ Vn-i- (3) 

UX n —i 

Theorem A [22] Assume that pi g R, i = l, 2, k and fc g {0, 1, 2, ...}. Then 

Eli lftl<i, 

is a sufficient condition for the asymptotic stability of the difference equation 

x n +k +Pix n +k-i + - +PkXn = 0, n = 0, 1,... . (4) 
Consider the following equation 

Xn+l = g(x n , Xn-l,X n - 2 ) (5) 

The following theorem will be useful for the proof of our results in this paper. 

Theorem B [23]: Let [a, b] be an interval of real numbers and assume that g : [a, b] 3 -> [a, b] is 

a continuous function satisfying the following properties : 

(a) g(x,y,z) is non-decreasing in y and z in [a, b] for each x g [a, b], and is non-increasing in 
x g [a, 6] for each y and z in [a, b}; 

(b) If (m, M) g [a, 6] x [a, 6] is a solution of the system 

M = g(m,M,M) and m = g(M,m,m) 

then m = M. Then Eq.(5) has a unique equilibrium x g [a, b] and every solution of Eq.(5) 
converges to x. 

The nature of many biological systems naturally leads to their study by means of a discrete 
variable. Particular examples include population dynamics and genetics. Some elementary 
models of biological phenomena, including a single species population model, harvesting of 
fish, the production of red blood cells, ventilation volume and blood C0 2 levels, a simple epi- 
demics model and a model of waves of disease that can be analyzed by difference equations 
are shown in [26]. Recently, there has been interest in so-called dynamical diseases, which 
correspond to physiological disorders for which a generally stable control system becomes 
unstable. One of the first papers on this subject was that of Mackey [25]. In that paper they 
investigated a simple first order difference-delay equation that models the concentration of 
blood-level C0 2 - They also discussed models of a second class of diseases associated with 
the production of red cells, white cells, and platelets in the bone marrow. 
The study of asymptotic stability and oscillatory properties of solutions of difference equations 
is extremely useful in the behavior of mathematical models of various biological systems and 
other applications. This is due to the fact that difference equations are appropriate models 
for describing situations where the variable is assumed to take only a discrete set of values 
and they arise frequently in the study of biological models, in the formulation and analysis of 
discrete time systems, the numerical integration of differential equations by finite-difference 
schemes, the study of deterministic chaos, etc. For example, [24] the study of oscillation of 
positive solutions about the positive steady state N in the delay logistic difference equation 



N n+1 = N n exp [r (l - E7=oPj N n-j) 
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which describes situations where population growth is not continuous but seasonal with non- 
overlapping generations, leads to the study of oscillations about zero of a linear difference 
equation of the form 

x n+1 -x n + Y^L PiXn-ki=0, n = 0, 1,... . 

Also, difference equations are appropriate models for describing situations where population 
growth is not continuous but seasonal with overlapping generations. For example, the differ- 
ence equation, 

Vn+l = Vnexp [r (l - ^)] , 

has been used to model various animal populations. 

El-Metwally et al. [16] investigated the asymptotic behavior of the population model: 

x n+ i = a + f3x n -ie~ Xn . 
The generalized Beverton-Holt stock recruitment model has investigated in [4,7]: 

x n+ i = ax n + j^f-^d^- 

See also [8,14-15, 27]. The long term behavior of the solutions of nonlinear difference equa- 
tions of order greater than one has been extensively studied during the last decade. For 
example: Cinar [6] has got the solutions of the following difference equation 



Elabbasy et al. [12] investigated the behavior and obtained the solution of some special cases 
of the difference equation 

Xn+1 = /j+7n£cX-<" 

Other related results on difference equations can be found in refs. [1-3,5,9-1 1,13,17-18,28-35]. 
2 Qualitative Behavior of Solutions of Eq.(1) 

In this section we study some qualitative behavior of Eq.(1) such that local stability, global 
attractor of the equilibrium point and boundedness character of solutions of Eq.(1) when the 
constants a, b, c, d are positive real numbers. 

2.1 Local Stability of Eq.(1 ) 

In this section we investigate the local stability character of the solutions of Eq.(1). Eq.(1) has 
a unique equilibrium point which is given by 

x = ax H ^ X - , =4> x 2 (l — a)(c + d) = bx 2 . 

cx + dx v /v ' 

When (c + d)(l - a) = b, Eq.(1) has an infinite number of equilibrium points, and every non- 
negative real number x is its equilibrium point. If (c + d)(l-a) ^ b. Then, it follows the unique 
equilibrium point is x = 0. 
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Let / : (0, oo) 3 — ► (0, oo) be a function defined by 

f(u,v,w)=av + ^. (6) 

Therefore it follows that 

Uu,v,w) = T ^ ? , f v (u,v,w) = a+^, f w {u,v,w) = jM^, 

we see that 

fu(x, x, x) = j^^p , fv{x, x,x) = a + ^qr^, fw{x, x, x) = r^p^p • 
The linearized equation of Eq.(1) about x is 

Vn+l + J^lVn ~ {a + ^) - = 0. (7) 

Theorem 1. Assume that 

a<l, b(3c + d) < (1 - a)(c + d) 2 . 

Then the equilibrium point of Eq.(1) is locally asymptotically stable. 
Proof: It follows by Theorem A that, Eq.(7) is asymptotically stable if 



be 



+ 



+ 



be 



(c+rf) 

That is, 

The proof is complete. 



2.2 Global Attractor of the Equilibrium Point of Eq.(1 ) 

In this section we investigate the global attractivity character of solutions of Eq.(1). 

Theorem 2. If d(l -a)^b, then the equilibrium point x of Eq.(1) is a global attractor. 

Proof: Let p,q be real numbers and assume that g -. [p,q] 3 — ► \p,q] is a function defined by 

g(u, v, w) = av+ J™^ dw , then we can easily see that the function g(u, v, w) is increasing in v, w 
and is decreasing in u. 

Suppose that (m, M) is a solution of the system M = g(m, M, M) and m = g(M, m, m). Then 
from Eq.(1), we see that 

Then 

c(l - a)Mm + d(l - a)M 2 = bM 2 , c(l - a)Mm + d(l - a)m 2 = bm 2 . 
Subtracting we obtain 

d(l - a){M 2 - m 2 ) = b(M 2 - m 2 ), d(l - a) ^ b. 

Thus M = m. It follows by Theorem B that x is a global attractor of Eq.(1) and then the proof 
is complete. 
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2.3 Boundedness of Solutions of Eq.(1) 

In this section we study the boundedness of solutions of Eq.(1). 
Theorem 3. Every solution of Eq.(1) is bounded when (a + \) < 1- 
Proof: Let {x n }™ = _ 2 be a solution of Eq.(1 ). It follows from Eq.(1 ) that 

i bXn—lXn—2 ^ i bx n —lX n —2 i i b\ 

x n+1 = ax„_! + cx n J d : n X ^ ax ^-i + dx n - 2 = ( a + 3)^-1- 

Then 

x n +i < x n -\ for all n > 0. 

Thus, the subsequences {x 2ra -i}^ , {x 2n }^ are decreasing and so are bounded from above 

by M = max{x_2, X-i, xq}- 



3 Explicit Solutions of Some Special Cases of Eq.(1) 

Our goal in this section is to find a specific form of the solutions of some special cases of 
Eq.(1) and give numerical examples in each case when the constants a, b, c, d are nonzero real 
numbers. 



3.1 Case(1) 

In this section we study the following special case of Eq.(1) 

Xn+1 ~ X w _i + Xn+Xn _ 2 , (8) 

where the initial conditions x 2, a?-i, ^0 are arbitrary nonzero real numbers. 
Theorem 4. Let {x n }™=-2 be a solution of Eq.(8). Then for n = 0, 1, 2, ... 

n n 
i=l i=l 

where x_ 2 = r, x_i = fc, x = fc, {A*}£=i = {1, 3, 7, 17, 41, ...}, {B m }% =1 = {1, 2, 5, 12, 29, ...} 
i. e. A m = 2A m - 1 + A m - 2 , B m = 25 m _i + 5 m _ 2 , m > 1, A_i = -1, A = 1, £-1 = 1, 5 = 
(or A m = 2S m _i + = Bm-i + Am-!, m > 0, A_i = -1, 5_i = 1). 

Proof: For n = the result holds. Now suppose that n > and that our assumption holds for 
n - 1, n - 2. That is; 

ra— 1 n— 1 ra—2 

To , - fr TT ( A2i-ik+2B2i-ir \ _ , TT / A 2l fc+2B 2l rA _ > TT / A 2l fc+2B 2 ,r \ 

i=l i=l i=l 

Now, it follows from Eq.(8) that 

X2n-1 - X 2n -3 + X2n _ 2+X2n _ 4 

"fr f A 2i ^ 1 k+2B 2 ^ 1 r \ n f\ ( A 2i k+2B 2l r \ 
, ^ / A M - 1 fc+2B M _ 1 r \ M V ^-ik+A 2 ^r ) h n { B 2l k+A 2i r ) 

1 = 1 V B 2i . lk+ A 2i . ir J Y\f A ^+2B 2i r \ Y?f A 2i k+2B 2i r \ 

}Ji V B 2ik+A 2i r ) +h 1 = 1 ^ B 2i A;+A 2i r J 

, tt / A 2i _ifc+2B 2i _ 1 r \ 



n(& 

2=1 V 



k n ( ^r^f 2 '- 1 : ) + 



fc+A 2i _ir 



/ A 2n _ 2 A;+2 J B 2?1 - 2 r \ ~~ 
^ B 2n _ 2 fc+A 2rl _ 2 r J+ 1 
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(B 2n _ 2 k+A 2n . 2 r)k [ [ B^k+A^r ) 



t, "rr 1 ( A 2 i-ik+2B 2 i-ir \ 
K 11 I B 2i _ 1 k+A 2i . 1 r J 

j. "rr 1 ( A 2 i-ik+2B 2 i-ir \ ( , B 2n - 2 k+A 2n - 2 r \ _ , "yr ( A 2i _ 1 k+2B 2i _ 1 r \ f A 2n - 1 k+2B 2n - 1 r \ 

/_\ V B 2i-ik+A 2t _ ir J y 1 B 2n _ 1 fc+A 2n _ 1 r J - 11 ^ B 2 i-ifc+A 2i -ir ^ ^ B 2 „-ifc+A 2n _ir ^ 



S 2n _ifc+A 2n _ir 



Therefore 



Also, we see from Eq.(8) that 



S2n-1 .11 I B 2i _ x k+A 2i 

i=l 



-ir\ 
-ir ) ■ 



X2r. 



X2n~2 + 



X 2n -2X 2n -'J, 
x 2n -i+x 2n ^z 



n-1 



7 i-r / A 2i k+2B 2i r 

H .11 I B 2l k+A 2i r 
t=l v 



n-1 , 
^ / A 2i fc+2B 2i r 



n 

;=i v 
TT 



S 2i fc+A 2i 



+ 



+ 



, tt ( A 2i k+2B 2i r \ , rr ( A 2l - 1 k+2B 2i _ 1 r 
h 11 I B 2i A;+A 2l r J fc 11 I B 2l _!fc+A 2i _ir 



-p T / / A 2i _ifc+2B 2l _ 1 r \ n rr Y J 4 2l _ 1 fc+2 J B 2 i_ 1 r \ 
t=i\ B 2i -ik+A 2i _ ir ) + * l\\ B 2i -ik+A 2 i-ir J 

a— 1 \ 



ifc+gggjr; 
ifc+A 2i r 



A^ 
B 2 



k+2B 2i r 
k+A 2i r 



1 + 



^-lfc+2B 2 , 1 _ir \ 
n — 1 ' / 



B 2n -!k+A 2 

II 



71' 



Thus 



i=i ^ 7 



Hence, the proof is completed. 

For supporting the results of this section, we consider numerical example for x _ 2 = 2, x _i 
6, x = 11. [See Fig. 1]. 



plotofx(n+1)= x(n-1)+(x(n-i(-x(n-2))/(x(n)+x(n-2)> 




10 15 20 25 30 35 40 45 50 



Figure 1. 

3.2 Case (2) 

In this section we give a specific form for the solutions of the difference equation 



%n— l%n— 2 
%n 2-71—2 



(9) 
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where the initial conditions x_ 2 , £-1, are arbitrary non zero real numbers with x_ 2 7^ xq. 
Theorem 5. Let {x n }™ = _ 2 be a solution of Eq.(9). Then for n = 0, 1, 2, ... 

X2n—2 = r n-i i X2n—1 = JJ^py 1 ' 

where x_ 2 = f, x-\ = k, xo = h. 

Proof: For n = the result holds. Now suppose that n > and that our assumption holds for 
n - 1, n- 2. That is; 



^2n-3 



rr, ^2ra-5 



(h-ry 



Now, it follows from Eq.(9) that 



X2n-2 = X2n-A + 



^2TC-4^2n-5 _ 

2>2n-3+£2n-5 ^n— 2 



32", X2n-4 



h n ~\ \ ( kh n - 2 

r n — 2 



+ 



(h-r) r 



kh n 



(h-ry 



kh n 



(h-rY 



ft"' 1 _ h"- 1 _l 7 ? ^ ( - ft ~ r ' 1 _ h"- 1 (-i , T^rX _ ft"' 1 /h\ 

j>n — 2 y "T" ^. y ^n — 2 \ / 



r'"-^" ft 



ft— r 



ft-ft+r 



Therefore 



£2n-2 



r.n— 1 ' 



Also, we see from Eq.(9) that 



a?2n-l = ^2n-3 + 



^2n-3^2ra-4 
^2n-2 + ^2n-4 

feft™- 1 



kh n 



+ 



fcft" 



n— 1 \ / un—l 



(h-r)"-VV r 



feft™- 1 , V(ft-r)" 1 
T n 



(ft-r) 



fcfc"- 1 T | 1 + 



(ft-r) 



7T 
— i 

r 



kh 
(ft-r 



( h \ 
r)"- 1 \h-r) ■ 



Thus 



kh r - 



X2n-1 



{h-r) n - 
Hence, the proof is completed. 

Assume that x_ 2 = 6, x-i = 1.2, x = 3. [See Fig. 2], for x_ 2 = 9, x-\ = 5, x = 21. [See Fig. 
3], and for x_ 2 = 21, x_i = 11, x = 9. [See Fig. 4]. 



plot ol x(n+1 )= x(n-1 )+(x(n-1 )'x(n-2))/(x(n)-x(n-2)) 




70 80 90 100 



Figure 2. 
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plotofx(n+1). x(n-1)+(x(n-1)*x(n-2))/(x(n)-x(n-2)) 




Figure 3. 



plot of x(n+1). x(n-1)+(x(n-1)'x(n-2))/(x(n)-x(n-2)) 




Figure 4. 

The following cases can be treated similarly. 
3.3 Case (3) 

In this section we obtain the solution of the following special case of Eq.(1) 



— -En— 1 



Xn— l%n— 2 
X n + X n — 2 



where the initial conditions x-2, x-i, x are arbitrary positive real numbers. 
Theorem 6. Let {x„}^_ 2 be a solution of Eq.(1 0). Then for n = 0, 1, 2, ... 



X2n-1 



khn -, x 2n ~ hn+1 



Y[{(2i-l)h+r) U.{2ih+r) 

i=l i=l 

Fig. 5 shows the solution when x-i = 7, x-\ = 2, x = 9. 



(10) 
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plot of x(n+1 )= x(n-1)-(x{n-1 )*x(n-2))/(x(n)+x(n-2)) 




10 12 14 16 18 20 



Figure 5. 



3.4 Case (4) 

In this section we study the following special case of Eq.(1) 



%n+l — %n— 1 



%n— l%n— 2 
•En %n— 2 



(11) 



where the initial conditions x-2, x-i, x are arbitrary non zero real numbers.with x_ 2 ^ xq. 
Theorem 7. Let {x n }% } = _ 2 be a solution of Eq.(1 1 ). Then for n = 0, 1, 2, ... 

X2n-2 = h\-\ , X 2n -1 = « I ^ _ ~ 

Fig. 6 shows the solution when x_ 2 = 3, x-i = 7, x = 8. 



plot of x(n+1). x(n-1)-(x(n-1)'x(n-2))/(x(n)-x(n-2)) 




Figure 6. 
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Abstract 

Bai et al. [Modified HSS iteration methods for a class of complex 
symmetric linear systems, Computing 87 (2010) 93-111.], have presented 
the modified HSS (MHSS) algorithm to solve a class of complex symmetric 
linear systems. In this paper, we establish the generalized MHSS(GMHSS) 
method for solving augmented systems. We prove the convergence of the 
proposed method under suitable restrictions on the iteration parameters. 
Lastly, numerical experiments are carried out and experimental results 
show that the new iterative methods are feasible and effective. 

Key words: Complex symmetric matrix, Hermitian and skew-Hermitian 
splitting, positive definite matrix, iterative methods, convergence. 

AMSC: 65F10; 65F15; 65F50 



1 Introduction 

For solving the linear system 

Ax = b, x,beC n , (1) 
where A = (ojj) G <C nxn is a complex symmetric matrix of the form 

A = W + iT, 
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and W,T G M. nxn are real symmetric matrices with W be positive definite and T 
positive semidefinite. If T 7^ 0, we obtain that A is non-Hermitian. In this paper, 
we use % = \J — I to denote the imaginary unit. 

Since the matrix A naturally possesses a Hermitian/skew-Hermitian splitting 
(HSS) [1-6] 

A = H + S, 

where 

H= 1 -(A + A*), S=\{A-A*) ) 

with A* being the conjugate transpose of A, based on this particular matrix s- 
plitting for solving the system of linear equations (1), the HSS splitting method 
was considered and was further discussed in [7-11]. Recently, Huang et al. [12] 
studied the spectral properties of HSS preconditioner for saddle point problem- 
s. To make the HSS method more attractive, an asymmetric Hermitian/skew- 
Hermitian (AHSS) iteration in [11] was considered. Bai et al. [13] presented 
the modified HSS to the complex symmetric linear systems, and the modified 
HSS(MHSS) iteration method is as following: 

The MHSS iteration method: Given an initial guess x^\ for k = 0, 1, 2 . . . 
until x^ converges, compute 

(W + al)x k+ i = (al - iT)x k + b, 
(T + al)x k+ i = (al + iW)x k+ i - ib, 

(k = 0, 1, • • • ), where x is an arbitrary initial guess and a is a given positive 
constant. They have also proved that for any positive a the MHSS method 
converges unconditionally to the unique solution of the complex symmetric system 
of linear equations. Guo and Wang in [14] studied the convergence of MHSS when 
W and T are not real nonsymmetric matrices. 

Based on the MHSS splitting method, in this paper, we present a differ- 
ent approach to solve Eq.(l), called the generalized modified Hermitian/ skew- 
Hermitian splitting iteration method, shortened to the GMHSS iteration. Let us 
describe it as follows. 

The GMHSS iteration method: Given an initial guess x^°\ for k = 0, 1, 2 . . . 
until x^ converges, compute 

(W + aP)x k+ i = (aP - iT)x k + b, 

(T + pP)x k+1 = (13 P + iW)x k+ 1 - tb, {6} 

where a and (3 are given positive constants, W is positive definite and T is 
positkive semidefinite. We asume that the matrix P is symmetric positive defi- 
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nite and P is exchangeable with the matrices W and T, respectively. 

Remark 1.1. The above matrix P is obtained easily, such as P is positive 
definite diagonal matrix. Obviously, P is exchangeable with matrices W and T. 

In this paper, we will analyze the GMHSS iteration method and we find that 
if the matrix W is positive definite and the matrix T is positive semidefinite, the 
GMHSS iteration can converge to the unique solution of linear system (1) with 
any given positive a and /3, which is restricted in an appropriate region. And the 
upper bound of the contraction factor of the GMHSS iteration is only related to 
paramaters of a and (3, the spectrum of the P~ X W and P~ 1 T. 

The outline of this paper is as follows. First in section 2, we will discuss 
the convergence properties of the GMHSS iterative method. In Section 3 the 
IGMHSS iteration is described. In Section 4, we provide numerical experiments 
to illustrate the theoretical results obtained in Section 2, and the effectiveness of 
proposed methods. Lastly, we obtain some conclusions in section 5. 

2 Convergence analysis of the GMHSS method 

In this section, we will study the convergence properties of the generalized 
MHSS iteration and derive the upper bound of the contraction factor. First, we 
notice that the GMHSS iteration method is a kind of two-splitting iteration s- 
plitting iteration, acturally, so we quote the convergence criterion for a two-step 
splitting iteration. 

Lemma 2.1. [2] let A G C nxn , A = Mi - N t (i = 1,2) be two splitting of 
the matrix A, and x G C n be a given initial vector. If x k is a two-step iteration 
sequence defined by 

f M lXk+ i = N lXk + b, 
\ M 2 x k+1 = N 2 x k + b, 

k = 0, 1, 2, • • • , then 

x k+1 = .U, '.Y,.U, ''.V,./-;, + M 2 ~\I + N 2 M~ l )b, k = 0, 1, 2, • • • . 

Moreover, if the spectral radius p(M 2 ~ 1 N 2 M^ 1 Ni) < 1, then the iterative sequence 
x k converges to the unique solution x k G C n of the linear equations (1) for all 
initial vectors i 6 C" 

For the convergence property of the GMHSS iteration, we obtain the follow- 
ing convergence property based on above lemma 2.1. 
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Theorem 2.2. Let A e C nxn , with W € J R nxn and T e J R nxn symmetric 
positive definite and symmetric positive semidefinite, respectively. Let a and 
P be positive constants, the matrix P be symmetric positive definite being ex- 
changeable with the matrices W and T, respectively. Then the iteration matrix 
M(a, p) of the GMHSS method is 

M(a, p) = (PP + T)-\PP + iW)(aP + W)~\aP - iT), (4) 

and its spectral radius p(M(a, p)) is bounded by 



, ( R , VP 2 + \ 2 . 

d(a,p)= max max — , (5) 

a 1 ga(p- 1 u') a + Aj « i eA(p- 1 T) p + Ui 

where A(M) is the spectral set of matrix M. And, for any given positive parameter 
a, if paramater j3 satisfies 



a 



\ L ^ <P<V / *(a + 2\ mm ), (6) 

V 2a + Xmax 



then 5(a, (3) < 1 , i.e. the GMHSS iteration converges, where A max and A m i n are 
the maximum and minimum eigenvalues of matrix P~ 1 W. 

Proof. We set 

M 1= aP + W, N 1 = aP- iT, IP ■ I and N 2 = f3P + iW, 

in Lemma 2.1. Since a and f3 are positive constants, aP + W and (3P + T are 
nonsingular, we obtain (4). 

By direct computations, we have 

p(M(a,/3)) = p((/3P + T)~ 1 (f3P + iW)(aP + W)~ 1 (aP -iT)) 

< || (pP + T)~\PP + iW)(aP + W)- 1 {aP - iT) || 2 

< || (PP + iW)(aP + Wy 1 || 2 || (aP - IT)(PP + T)~ l || 2 

= || (pi + iP- x W){aI + P^wy 1 || 2 || (al - iP- x T){pi + P^T)- 1 || 2 



, , +Ai 2 Ja 2 +Ui 2 

max - — pr — max -^-5- , 

then we obtain the upper bound of p(M(a, P)) by (5). 

Since W, P are symmetric positive definite and T is symmetric positive 
semidefinite, A« > 0, Ui > 0, and a > and /5 > 0, we obtain the following 
equality: 
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X \ 

a- 

y / ^ 2 +A„ 



max - — pr — = max ■> 

X i ot+Xi j a+\ min ' a+X 



y//3 2 +A„ 



a+A„ 



where 8* is a function of \ max , ^min and a. 

Casel: If 8 > a, then max — — < 1, thus, 



VP 2 + x 2 ! «+ A — ' p - p ' 



5(a, 8) < max 



Ai a + \i 



When /3 < /?*, if v^^°Z < 1 then 

<J(a,/3) < 1 

we can obtain the following inequality easily: 

a < 8 < 8*. (7) 
And when 8 > 8*, by simple computation, we obtain 

/?*</?< y/a(a + 2\ min ). (8) 

Combining (7) and (8), if 

a<8< v / a(a + 2A min ), (9) 

we have 5(a, 8) < 1. 



Case2: If /3 < a, then max V" +"» < max v ^"' + "' < § , thus, 



5(a,8) < f max q+a 



A//9 2 +Aj 

A t 



In order to make the bound S(a, 8) < 1, the following inequality must hold 

VP 2 + V ^ 

max < — . 

Ai a + \i a 
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Similarly, when (3 < (3*, we get 



and when f3 > /?*, we obtain 
Combining (10) and (11), if 



</3<a. (11) 



«\/^— (12) 
V 2a + X max 

we have 6 (a, (3) < 1. 

Case 3: If /3 = a, and P — I, this is just the case in [13], then it is uncondi- 
tionally convergent. 

With the combination of Case 1, 2 and 3, the proof is completed. □ 

For any given positive a, Theorem 2.2 mainly discuss the available (3 for 
convergence of the GMHSS iteration. We can also notice that the choice of (3 is 
only dependent on the spectrum of the matrix P~ l W and the choice of a. Since 

/ , c\\ \ ^ X m ax 2tt -|- Aot\ m i n ~\~ 2\ m i n \ max 

a{a + IXrain) ~ „ > = « „ > > 0, 

ZQ; + A max ACM + A max 

that is to say the available (3 always exists for any given positive a. And if X m in 
and a are large, i] max is small, then the area of available (3 is larger. An upper 
bound of the contraction factor of the GMHSS iteration is given by S(a, (3), which 
is dependent on the spectrum of P _1 W and P~ l T and the parameters choice of 
a and (3. 

Corollary 2.3. Let A, W, T and P be the matrices defined in Theorem 2.2, 
and Xmax and \ min are the upper and the lower bounds for the matrix P~ l W, 
respectively. Then for any given positive parameter a, the optimal (3 should be 



~ / OL (Amin ^max) 2oA m ; n A max . . 

fj= V 9^T\ + A • ( 3) 



Proof. In order to minimize the bound in (5), we can obtain the following 
equality: 



2 

max 



OL ~\~ X m in OL -\- Xmax 

6 



321 



BAI ETAL 316-328 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



By simple calculation, we get (13) and the proof is completed. □ 

Remark 2.4. Let 5(a, (3) = max ^f + "^ A ' max |l, || , we can obtain its op- 
timal parameter a when the first derivative of S(a, 0) is zero, here (3 is a function 
of a. It is difficult to find the explicit expression of a, but we can estimate the 
better values of a by numerical experiments. 



3 The IGMHSS iteration method 

In the GMHSS iteration, we need to solve two linear sub-systems whose coef- 
ficient matrices are aP + W and (3P + T, respectively. This is very costly and im- 
practical to inverse them exactly in actual implementations . In order to improve 
the GMHSS iteration more efficiently, we can employ inexact GMHSS (IGMHSS) 
iteration to solve the two subproblems. As supposed, aP + W and f3P + T are 
symmetric positive definite, we can employ conjugate gradient (CG) method to 
solve these two linear systems. The IGMHSS iteration scheme is as following. 



1. k:=0; 




2. = b-Ax^; 




3. employing CG method approximately to solve (aP + W)yW 


= r (k). 


4. x( fc+ i) = 








6. employing CG method approximately to solve ((3P + T)z^ - 


= ^.(^+5) ■ 


7 . x (k+i) =x (k+±) +z (k). 




8. Set k = k + 1 and goto 2; 




9. Set x = and output x. 




In our implementations of IGMHSS iteration scheme, b = Ae 


,(eis(l,l,.--lf 


C m ). All tests are started from the zero vector. The iteration is 


terminated once 


the current iterate x k satisfies 




H&-^ fe || 2<10 -6 
IH|2 " ' 




and the stopping criteria for the inner CG is 




II y(k,lk) || 

" " < 10" 2 
\\b-Ax k \\ 2 - 





where r^ k,lk ^ represents the residual of the /^th inner iterate in the kth. outer 
iterate, and parameter (3 is chosen to be (3 in (13). 
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4 Numerical experiments 

In this section, we provide numerical experiments to illustrate the theoreti- 
cal results obtained in Section 2 and the effectiveness of GMHSS iterations. All 
numerical experiments are carried out on a PC equipped with Intel Core i3 2.3 
GHz CPU and 2.00 GB RAM memory Using MATLAB R2010a. 

Example 4.1. [13] We consider the linear system of the form 

[{K + 3 -^I) + i(K - 3 -±^I)}x = b, (14) 

T T 

on the unit square [0, 1] x [0, 1] with the mesh-size h = ^j-j-. r is the time step- 
size and K is the five-point centered difference matrix approximating the negative 
Laplacian operator L = —A with homogeneous Dirichlet boundary conditions. 
The matrix K e R nxn possesses the tensor-product form K = I m ®V m + V m ® I m , 
where (g> denotes the Kronecker product, and V m is tridiagonal matrix given by 
with V m = h~ 2 tridiag(—l, 2,-1) e ^ mxm . Hence, K is an n x n blocktridiagonal 
matrix, with n = m 2 . We take 

W = K+ 3 -^I and T = K- 3 -±^I. 

T T 

Different r result in different A. In our tests, we take r = h. Furthermore, we 
normalize the linear system by multiplying both sides through by h 2 . For more 
details, we refer to [15]. 

Example 4.2. [13] consider the linear system of the form 

[(-co 2 M + K) + i(ooC v + C H )]x = b, (15) 

on the unit square [0, 1] x [0, 1] with the mesh-size h = M and K are 

the inertia and the stiffness matrices, Cy and Ch are the viscous and the hys- 
teretic damping matrices, respectively, and u is the driving circular frequen- 
cy. We take Ch = f^K with a damping coefficient, M — I, Cy = 101, and 
K the five point centered difference matrix approximating the negative Lapla- 
cian operator with homogeneous Dirichlet boundary conditions. The matrix 
K E R nxn possesses the tensor-product form K = I m <g> V m + V rn ® I m , where 
® denotes the Kronecker product, and V m is tridiagonal matrix given by with 
V m = h~ 2 tridiag(— 1, 2, — 1) e R mxm . Hence, K is an n x n blocktridiagonal 
matrix, with n = m 2 . We also normalize the system by multiplying both sides 
through by h 2 as before. In our tests, we set u = 7r, and \x = 0.02. We take 

W = K - cu 2 I and T = fiK + 10ul. 
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In Fig.l and 2, we plot the spectral radius of the iteration matrix of MHSS 
and GMHSS methods with different a and different matrix P for example 4.1 
and 4.2 when m = 16,24, respectively, MHSS represents the spectral radius of 
the iteration matrix of the MHSS method and GMHSS represents that of the 
iteration matrix of the GMSS method with corresponding matrix P. 

From Fig.l and 2, it is clear that if /3 is chosen to be the optimal one, the 
spectral radius of the iteration matrix of the GMHSS method is always smaller 
than that of the MHSS method. If P = 0.1 x J, spectral radius of the GMHSS 
is much smaller than that of MHSS and GMHSS. It is obviously that different 
choices of matrix P can decrease spectral radius of the iteration matrix greatly. 
However, the matrix P of GMHSS method is not optimal one and only satisfies 
the condition of theorem 2.2. 

In Fig. 3 and 4, we dipict the number of iterations with different a and 
different matrix P for example 4.1 and 4.2 when m = 16,24, respectively. From 
Fig. 3 and 4, we find that the choices of matrix P have less impact on number of 
iterations. However, the number of GMHSS iterations is still much less than that 
of MHSS as a is increasing. 

In [13], they showed that the upper bound 5(a, ft) is minimized when a = 
v^minAmax- I 11 order to compare MHSS with GMHSS method conveniently, we 
just use this a and report the number of iterations (IT) and the elapsed CPU 
time (CPU) by MHSS and GMHSS methods for Example 4.1 and Example 4.2, 
which is listed in table 1 and table 2. Parameter /3 is still chosen to be /3 in (13). 
From table 1 and 2, we find that IT of GMHSS is just half of IT by MHSS when 
P = I. If p ^ J, IT of GMHSS is still less than that of MHSS. However, the 
CPU for different methods are almost the same. 




Figure 1: Spectral radius of iteration matrices of MHSS and GMHSS methods 
with different a for example 4.1. 
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+++ +++++ 



. MHSS 

• GMHSS (P=l) 

+ GMHSS (P=0.1>; l> 



MHSS 

GMHSS (P=l) 
■ GMHSS (P-aixl) 



5 10 15 20 25 30 35 40 45 50 



5 10 15 



Figure 2: Spectral radius of iteration matrices of MHSS and GMHSS methods 
with different a for example 4.2. 



. MHSS 

■ GMHSS (p=l) 

+ GMHSS(P=0.1>!l) 





+ + + + + »****' 
+ +++ ++++ ******** 



5 10 15 20 25 



40 45 50 



MHSS 

GMHSS (P=l) 
■ GMHSS [P-Q.lx l| 







Figure 3: Number of iterations with different a for example 4.1. 
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. MHSS 

• GMHSS (P=l) 

+ GMHSS(P=10xl) 



. MHSS 
■ GMHSS(P=I) 
+ GMHSS(P=10xl) 



■ 

****** 

. ■■'***** 
■ ** 



35 40 45 50 



5 10 15 



25 30 35 40 45 50 



Figure 4: Number of iterations with different a for example 4.2. 



Table 1 

IT and CPU with MHSS and GMHSS methods for Example 4.1 









m=8 


m=16 


m=24 


m=32 


MHSS 


IT 


60 


82 


102 


118 




CPU 


0.0226 


0.2405 


2.1704 


8.8142 


GMHSS (P=I) 


IT 


30 


41 


51 


59 




CPU 


0.0210 


0.2369 


2.1905 


8.6661 


GMHSS (P = 0.5 x I) 


IT 


40 


48 


54 


59 




CPU 


0.0210 


0.2315 


2.0479 


8.7551 


Table 2 












IT and CPU with MHSS and GMHSS methods for Example 


4.2 










m=8 


m=16 


m=24 


m=32 


MHSS 


IT 


70 


106 


140 


172 




CPU 


0.0213 


0.2923 


2.6583 


10.5413 


GMHSS (P=I) 


IT 


35 


53 


70 


86 




CPU 


0.0213 


0.2838 


2.6104 


10.4714 


GMHSS (P = 10 x I) 


IT 


99 


79 


79 


68 




CPU 


0.0353 


0.2889 


1.8923 


5.6304 
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5 Conclusions and remarks 

In this paper, we present a generalized MHSS iterative method for augmented 
systems and demonstrate that this method converges to the unique solution of the 
linear system. When chosen the various parameters and matrix P, the spectral 
radii of the iteration matrices, the number of iterations (IT) and the elapsed CPU 
time with the proposed method are smaller than those in [13], which is shown 
through numerical experiments. Particularly, one may discuss how to shink the 
upper bound S(a,j3) furtherly, and obtain a set of new optimal parameters in 
order to accelerate the convergence of the considered method quickly. 
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AN ADDITIVE FUNCTIONAL INEQUALITY IN MATRIX NORMED 
MODULES OVER A C*-ALGEBRA 

MYEONGSU KIM, YEONJUN KIM*, GEORGE A. ANASTASSIOU, AND CHOONKIL PARK 

Abstract. Using the direct method, we prove the Hyers-Ulam stability of an additive func- 
tional inequality in matrix normed modules over a C*-algebra. 



1. Introduction and preliminaries 

The abstract characterization given for linear spaces of bounded Hilbert space operators in 
terms of matricially normed spaces [32] implies that quotients, mapping spaces and various 
tensor products of operator spaces may again be regarded as operator spaces. Owing in part to 
this result, the theory of operator spaces is having an increasingly significant effect on operator 
algebra theory (see [6]). 

The proof given in [32] appealed to the theory of ordered operator spaces [3]. Effros and 
Ruan [7] showed that one can give a purely metric proof of this important theorem by using a 
technique of Pisier [26] and Haagerup [17] (as modified in [5]). 

The stability problem of functional equations originated from a question of Ulam [34] con- 
cerning the stability of group homomorphisms. 

The functional equation 

f(x + y) = f(x) + f(y) 

is called the Cauchy additive functional equation. In particular, every solution of the Cauchy 
additive functional equation is said to be an additive mapping. Hyers [18] gave a first affirmative 
partial answer to the question of Ulam for Banach spaces. Hyers' Theorem was generalized 
by Aoki [2] for additive mappings and by Rassias [28] for linear mappings by considering an 
unbounded Cauchy difference. A generalization of the Rassias theorem was obtained by Gavruta 
[14] by replacing the unbounded Cauchy difference by a general control function in the spirit of 
Rassias' approach. 

In 1990, Rassias [29] during the 27 th International Symposium on Functional Equations asked 
the question whether such a theorem can also be proved for p > 1. In 1991, Gajda [13] following 
the same approach as in Rassias [28], gave an affirmative solution to this question for p > 1. 
It was shown by Gajda [13], as well as by Rassias and Semrl [30] that one cannot prove a 
Rassias' type theorem when p = 1 (cf. the books of Czerwik [4], Hyers, Isac and Rassias 
[19]). The stability problems of several functional equations have been extensively investigated 
by a number of authors and there are many interesting results concerning this problem (see 
[1, 8, 9, 10, 11, 21, 22, 24, 27]). 

In [15], Gilanyi showed that if / satisfies the functional inequality 

\\2f(x)+2f(y)-f(xy- 1 )\\<\\f{xy)\\ (1.1) 
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then / satisfies the Jordan-von Neumann functional equation 

2f(x) + 2f(y) = f(xy) + f(xy- 1 ). 

See also [31]. Gilanyi [16] and Fechner [12] proved the Hyers-Ulam stability of the functional 
inequality (1.1). 

Park, Cho and Han [25] proved the Hyers-Ulam stability of the following functional inequalities 



2/ 



x + y + z 



\\f(x) + f(y) + f(z)\\ < 
\\f(x) + f(y) + f(z)\\ < + y + 

\\f(x) + f(y) + 2f(z)\\ < 



(1.2) 



We will use the following notations: 
M n (X) is the set of all n x n-matrices in X; 

ej G Mi jn (C) is that j-th component is 1 and the other components are zero; 
Eij G M n (C) is that (i, j)-component is 1 and the other components are zero; 
Eij © x G M n {X) is that (i, j)-component is x and the other components are zero; 
Fox x e M n {X),y € M k (X), 



x i 



Note that (X, {\\ ■ \\ n }) is a matrix normed space if and only if (M n (X), \\ • \\ n ) is a normed 
space for each positive integer n and ||AcB||fc < || A\\ \\B\\ \\x\\ n holds for A 6 M k ^ n (C), x = 
(xij) G M n (X) and B G M n ^(C), and that (X, {|| • ||„}) is a matrix Banach space if and only if 
X is a Banach space and (X, {|| • || n }) is a matrix normed space. 

Let E, F be vector spaces. For a given mapping /i : E — >■ F and a given positive integer n, 
define /i n : M ri ( J E) -»• M n (F) by 

^(Nl) = [^(scij)] 

for all [xq] G M n (E). 

A matrix normed space (X, {|| • || n }) is called an L°° -matrix normed space if \\x © J/||n+fc = 
max{||x|| n , ||y||fc} holds for all x G M n (X) and all y G M^[X). 

Throughout this paper, assume that A is a unital C*-algebra with unitary group U{A). Let 
(X, {|| • || n }) be a matrix normed module over A and (Y, {|| • || n }) a matrix Banach module over 
A. 



2. Hyers-Ulam stability of the additive functional inequality (1.2) in matrix 

normed modules over a c* -algebra 

In this section, we prove the Hyers-Ulam stability of the additive functional inequality (1.2) 
in matrix normed modules over a C*-algebra by using the direct method. 

Lemma 2.1. Let (X, {|| • ||„}) be a matrix normed space. 

(1) 1 1 .Em © x\\ n = \\x\\ for x £ X. 

(2) \\x kl \\ < \\[ Xij }\\ n < Zl j= i WxijW for [ Xij ] G M n (X). 

(3) lim^oo x n = x if and only if lim^oo x nij = Xij for x n = [x nij ],x = [x^] G M k (X). 

Proof. (1) Since E k i®x = e* k xei and ||e£|| = ||e;|| = 1, ||E'fci©a;|| n < ||x||. Since e k (E k i(&x)e* l = x, 
\\x\\ < \\E M © x\\ n . So \\E kl © x\\ n = \\x\\. 

(2) Since e k xe\ = x M and ||e fc || = ||e*|| = 1, ||x^|| < || [a^ij] |U- 
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Since [xy] = Yhj=i e v ® x ij, 



E^ 



IIMIn 

(3) By (2), we have 

H^nfci %kl\\ — \\[Xnij ||n 



< E ii^ 



ll- 



[^nijr] [^ij] lira — ^ ] ll^ny I 



So we get the result. □ 

We need the following result. 
Lemma 2.2. ([25, Proposition 2.2]) Let f : X — >■ Y be a mapping such that 

\\f(a) + f(b) + f(c)\\<\\f(a + b + c)\\ 
for all a,b,c G X. Then f : X Y is additive. 

Theorem 2.3. Let f : X — ^ Y be a mapping and let 4> ■ X 3 — > [0, oo) be a function such that 



11 

$(a, b, c) := - E ^( 2 ' a > 2 ' 6 > 2?c ) < +°°' 
' =o 



(2.1) 



(2.2) 



\Wfn([Xij]) + Ufnilyij}) + f n {u[Zij])\\ n < \\f n {[xij] + [Vij] + [Zij])\\ n 

n 

+ j Vij j z ij ) 

/or a// a,b,c £ X , u £ U(A) and all x = [x^], y = [yij], z = [zij] £ M n (X). Then there exists a 
unique A-linear mapping L : X Y such that 



\\fn([Xij]) - L n ([ Xij ])\\ n < ^ ®{Xij,Xij,-2x. 



(2.3) 



for all x = [x^} G M n (X). 

Proof. When n = 1, by putting u = 1 G J7(^4) in (2.2), we have 

||/(x) + /(y) + /(^|| < ||/(x + i/ + z)||+^(x,y,z) 

for all x,y,z G X. By the same reasoning as in the proof of [25, Theorem 3.2], one can show 
that there is a unique additive mapping L : X — > Y such that 

||/(x)-L(x)|| <$(x,x,-2x) 

for all x £ X. The mapping L : X — > Y is given by 

1 



L(x) = lim 

l— too Z' 



for all x £ X. 
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By the assumption Hindoo ^^(2 l x, 2 l y, 2 l z) = for all x,y,z G X. So for each u G U(A), we 
get 

\\uL(x) + uL{y) + L{uz)\\ = lim huftfx) + uf(2 l y) + f{u(2 l z))\\ (2.4) 

l— >oo Z 

< lim - 7 ||/(2 i x + 2'y + 2^)|| + lim ^(2 l x,2 l y,2 l z) 

l^oo 2 l l^oo 2 l 

= \\L(x + y + z)\\ 

for all x,y,z G X. 

Putting y = 0, z = —x in (2.4), we get 
||uL(x) + L(— wx)|| < 0. Since L is additive, 

L(ux) = uL(x) (2.5) 

for all u G £/(A) and all x G X. 

Now let a G A(a / 0) and M an integer greater than 4\a\. Then 

a 1 1 _ , 2 

'm' < 4 < 3 ~ ~ 3 

By [23], there exist three elements u\,U2, u% G U (A) such that 3a/M = u\ + U2 + u%. So by (2.5) 

w \ r ,M „a . , , w l „a . M r .„ a . 
L (ax) = L(— ■ 3— x) = M ■ L{- ■ 3— x) = — L(3— x) 
y ' v 3 M v 3 M 7 3 v M 7 

M M 
= — L(u\x + + u 3 x) = — (L(uix) + L(u 2 x) + L(u 3 x)) 

M ... M a r . , . . 

= y l"i + U2 + n 3 )L(x) = y • 3—L{x) = aL(x) 

for all a G A and all x G X. Hence 

L(ax + fa/) = L(ax) + L(6y) = aL(x) + 6L(y) 

for all a, 6 G A (a, b / 0) and all x,y € X. And L(0x) = = 0L(x) for all ifl. So the unique 
additive mapping L : X — > Y is an Adinear mapping. 
By Lemma 2.1, 

n n 

\\fn([xij]) ~ L n ([xij])\\ n < \\f( x ij) ~ L (xij)\\ < Yl QfajiBij'-teij) 

i,j=l i,j=l 

for all x = [xij] G M n {X). Thus L : X — > Y is a unique Adinear mapping satisfying (2.3), as 
desired. □ 

Corollary 2.4. Lei r, &e positive real numbers with r < 1. Let / : X — > Y be a mapping such 
that 

\Wfn([x tJ })+uf n ([ yiJ ])+f n (u[z l3 })\\ n < ||/n(N] + [^] + [%])||„ (2-6) 

n 

/or aZZ x = [xjj],y = = [%] G M n (X). Then there exists a unique A-linear mapping 

L : X — >■ Y such that 

H/ndxy]) - L n ([xij])\\ n < JZ^ 9 W Xi i\ 



for all x = [x^] G M n (X). 
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Proof. Letting <p{a, b, c) = 0(||a|| r + ||6|| r + ||c|| r ) in Theorem 2.3, we obtain the result. □ 

Theorem 2.5. Let f : X — >■ Y be a mapping and let cf> : X 3 — > [0, oo) be a function satisfying 
(2.2) and 

*(*, y, z) := - *4> (|> f ' I) < + °°' (2 - 7) 
i=i 

for all x,y, z G X . Then there exists a unique A-linear mapping L : X — > Y such that 

n 

\\fn([Xij]) ~ L n ([ Xij ])\\ n < ^ §{Xii,X ih -2Xij) 

i,j=l 

for all x = [xij] S M n (X). 

Proof. The proof is similar to the proof of Theorem 2.3. □ 

Corollary 2.6. Let r,8 be positive real numbers with r > 1. Let f : X — > Y be a mapping 
satisfying (2.6). Then there exists a unique A-linear mapping L : X Y such that 

||/n([^)-MN])ll n < E |^IKir 
for all x = [x^] G M n (X). 

Proof. Letting 4>(x,y,z) = 6>(||x|| r + ||y|| r + ||z|| r ) in Theorem 2.5, we obtain the result. □ 

We need the following result. 

Lemma 2.7. ([33]) If E is an L°° -matrix normed space, then \\[xij]\\ n < || [\\xij ||] || n for all 
[x^] G M n (E). " 

Theorem 2.8. Let Y be an L 00 -normed Banach space. Let f : X — > Y be a mapping and let 
4> : X s —7- [0, oo) be a function satisfying (2.1) and 

\\uf n {[ Xij }) + uf n ([ yij }) + fn(u[z i3 ])\\ n < \\f n {[ Xij ] + [ yij ] + [ Zij ])\\ n (2.8) 

+ \\[<i>(Xij,yij,Zij)]\\n 

for all x = [xij],y = [yij], z = [zij] G M n (X). Then there exists a unique A-linear mapping 
L : X — > Y such that 

\\[f{ Xij ) - L( Xij )}\\ n < \\Mxij,Xij,-tei3)]\\n (2-9) 

for all x = [x^] 6 M n (X). Here <1> is given in Theorem 2.3. 

Proof. By the same reasoning as in the proof of Theorem 2.3, there exists a unique A-linear 
mapping L : X — > Y such that 

||/(x)-L(x)|| <$(x,x,-2x) 
for all x € X. The mapping L : X — > Y is given by 

L(x) = /i™ ¥ f{2lx) 

for all x G X. 

It is easy to show that if < ajj < bij for all i,j, then 

IIMIIn<l|[Mlln- (2-10) 

By Lemma 2.7 and (2.10), 

\\[f( Xij ) -L(x l3 )]\\n < ll[ll/(^)-^)ll]lln < WMx&X&^XijMn 
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for all x = [xij] € M n (X). So we obtain the inequality (2.9). □ 

Corollary 2.9. Let Y be an L 00 -normed Banach space. Let r,8 be positive real numbers with 
r < 1. Let f : X —>Y be a mapping such that 

\\uU[x l3 ]) + uU[y t] ]) + f n (u[z t3 ])\\ n < \\fn{[x t] ] + [y t3 ] + {z l3 ])\\n i 2 ' 11 ) 

+ ii^(ii^ir + ii^ir+ii%-ir)]iin 

for all x = [xij],y = [yij], z = \z% 3 \ £ M n (X). Then there exists a unique A-linear mapping 
L : X Y such that 

||/n(ND-MN])|| n < 

for all x = [x^] £ M n (X). 

Proof. Letting cf)(x,y,z) = 6*(||x|| r + \\y\\ r + \\z\\ r ) in Theorem 2.8, we obtain the result. □ 

Theorem 2.10. Let Y be an L°° -normed Banach space. Let f : X — >■ Y be a mapping and let 
<p : X 3 — > [0, oo) be a function satisfying (2.7) and (2.8). Then there exists a unique A-linear 
mapping L : X — > Y~ such that 

\\[f(Xij) - L(Xij)]\\ n < ||[$(Xy,X ij ,-2Xy)]||n 

for all x = [x^] £ M n (X). Here $ is given in Theorem 2.5. 

Proof. The proof is similar to the proof of Theorem 2.8. □ 

Corollary 2.11. Let Y be an L°° -normed Banach space. Let r,6 be positive real numbers with 
r > 1. Let f : X — ^ Y be a mapping satisfying (2.11). Then there exists a unique A-linear 
mapping L : X Y such that 

||/n(N])-L n ([^-])|| n < 

for all x = [x^] G M n (X). 
Proof. Letting (f>(x,y,z) = #(||x|| r + \\y\\ r + |M| r ) in Theorem 2.10, we obtain the result. □ 
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FUNCTIONAL EQUATIONS IN MATRIX NORMED MODULES 

MYEONHU KIM, SANHA LEE*, GEORGE A. ANASTASSIOU, AND CHOONKIL PARK 

Abstract. In this paper, we prove the Hyers-Ulam stability of the Cauchy additive functional 
equation in matrix normed modules over a C*-algebra. 



1. Introduction and preliminaries 

The abstract characterization given for linear spaces of bounded Hilbert space operators in 
terms of matricially normed spaces [25] implies that quotients, mapping spaces and various 
tensor products of operator spaces may again be regarded as operator spaces. Owing in part to 
this result, the theory of operator spaces is having an increasingly significant effect on operator 
algebra theory (see [6]). 

The proof given in [25] appealed to the theory of ordered operator spaces [3]. Effros and 
Ruan [7] showed that one can give a purely metric proof of this important theorem by using a 
technique of Pisier [21] and Haagerup [13] (as modified in [5]). 

The stability problem of functional equations originated from a question of Ulam [29] con- 
cerning the stability of group homomorphisms. 

The functional equation 

f(x + y) = f(x) + f(y) 

is called the Cauchy additive functional equation. In particular, every solution of the Cauchy 
additive functional equation is said to be an additive mapping. Hyers [14] gave a first affirmative 
partial answer to the question of Ulam for Banach spaces. Hyers' Theorem was generalized 
by Aoki [2] for additive mappings and by Rassias [22] for linear mappings by considering an 
unbounded Cauchy difference. A generalization of the Rassias theorem was obtained by Gavruta 
[12] by replacing the unbounded Cauchy difference by a general control function in the spirit of 
Rassias' approach. 

In 1990, Rassias [23] during the 27 th International Symposium on Functional Equations asked 
the question whether such a theorem can also be proved for p > 1. In 1991, Gajda [11] following 
the same approach as in Rassias [22], gave an affirmative solution to this question for p > 1. It 
was shown by Gajda [11], as well as by Rassias and Semrl [24] that one cannot prove a Rassias' 
type theorem when p = 1 (cf. the books of Czerwik [4], Hyers, Isac and Rassias [15]). 

The stability problems of several functional equations have been extensively investigated 
by a number of authors and there are many interesting results concerning this problem (see 
[1, 8, 9, 10, 16, 17, 18, 20, 26, 27]). 

2010 Mathematics Subject Classification. Primary 47L25, 46L05, 39B42, 46L07, 39B52. 
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We will use the following notations: 
M n (X) is the set of all n x n-matrices in X; 

ej G Mi jn (C) is that j-th component is 1 and the other components are zero; 
Eij G M n (C) is that (i, j)-component is 1 and the other components are zero; 
Eij © x G M n (X) is that (i, j)-component is x and the other components are zero; 
For x e M n (X),y e M k (X), 



y 



x o 

y 



Note that (X, {|| • || n }) is a matrix normed space if and only if (M n (X), \\ ■ \\ n ) is a normed 
space for each positive integer n and ||^4arJ5||ft < \\A\\ ||5|| \\x\\ n holds for A G Mfc )Tl (C), x = 
(xij) G M n (X) and 5 G M n> fc(C), and that (X, {|| • || n }) is a matrix Banach space if and only if 
X is a Banach space and (X, {\\ ■ \\ n }) is a matrix normed space. 

A matrix normed space (X, {|| • ||„}) is called an L 00 -matrix normed space if \\x © y||n+fc = 
max{||x|| n , ||y||fc} holds for all x G M n (X) and all y G Mfc(X). 

Let F be vector spaces. For a given mapping /i : E — > F and a given positive integer n, 
define h n : M n (E) -»• M n (F) by 

MND = [M^j)] 

for all [stf] G M n (E). 

Throughout this paper, assume that A is a unital C*-algebra with unitary group U(A). Let 
(X, {|| • || n }) be a matrix normed module over A and (Y,{\\ ■ ||„}) a matrix Banach module over 
A. 

2. HYERS-ULAM STABILITY OF THE CAUCHY ADDITIVE FUNCTIONAL EQUATION IN MATRIX 

NORMED MODULES OVER A C* -ALGEBRA 

In this section, we prove the Hyers-Ulam stability of the Cauchy additive functional equation 
in matrix normed modules over a C7*-algebra. 

Lemma 2.1. Let (X, {|| • || n }) be a matrix normed space. 
(1) \\E k i © x\\ n = \\x\\ for x G X. 



(2) \\x kl \\ < ||M|„<£: 

(3) limn^oo x n = x if and only if lim T , 



ij=i ii-hj 



y|| /or [x^] G M n (X). 



= x^ for x n = [x nij ],x = [xij] G M k (X). 



Proof. (1) Since E k [(&x = e* k xei and ||e£|| = ||e;|| = 1, H-E^ ©x||„ < IMI- Since e k (E k i(&x)e* l 

\\x\\ < \\E M © x\\ n . So ||F fc ; © x\\ n = \\x\\. 

(2) Since e k xe\ = x H and ||e fc || = ||e*|| = 1, ||x^|| < \\[x. 
Since [xy] = Eij=i E v ® x *i> 



iji ||n- 



ijj ||n 



E E y 



< E us 



E 



(3) By (2), we have 



\%nkl x kl\\ — \\[Xnij Xij]\\ n — IK^mj] [*^ij]||n — ^ ] 
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So we get the result. □ 
For a mapping f:X->Y, define D u f : X 2 -»• Y and D u f n : M n (X 2 ) -»• M n (Y) by 

D tt /(a, 6) = f(u(a + 6)) - uf(a) - uf(b), 

D u f n ([Xij], [yij]) := f n (u[Xij + yij]) - uf n ([Xij]) - uf n ([yij]) 

for all a, 6 G X, u G Z7 (A) and all x = [xij],y = [yij] G M n (X). 

Theorem 2.2. Lei / : X — > Y be a mapping and let 4> ■ X 2 — > [0, oo) be a function such that 

1 00 1 

Ha,b):=-J2^ l a,2 l b)<+^, (2.1) 

IIAJn(N],[yij])|| n < ^ <f>( x ij,Vij) ( 2 - 2 ) 

/or a// a, b G X ; u G C/(-A) arid aZZ x = [xjj],y = [y^] G M n (X). Then there exists a unique 
A-linear mapping L : X — > Y such that 

n 

WMxij]) - L n ([ Xij ])\\ n < (2-3) 

/or aZZ x = [xjj] G M n (n). 

Proof. Let n = 1, u = 1 G Z7(^) in (2.2). Then (2.2) is equivalent to 

\\f(a + b)-f(a)-f(b)\\<Ha,b) 

for all a, 6 G X. By the same reasoning as in [12], there exists a unique additive mapping 
L : X ->■ y such that 

||/(a)-L(a)|| <$(a,a) 
for all a G X. The mapping L : X — > Y is given by 



for all a G X. 

By the assumption, 



lim ^0(2<x, 2 ? y) = 

£— »0O 2 



holds for all x, y G X. So for each ix G ?7(^4) , we get 

+ y)) - «L(a;) - uL(y)|| = lim ^||/(u(2'(x + y))) - uf{2 l x) - uf{2 l y)\\ 

l-^oo Z 1 

= lim h\D u f(2 l x,2 l y)\\ < lim ^<P(2 l x,2 l y) = 0. 

Hence 

L(u(x + y)) - uL(x) - uL(y) = (2.4) 
for all u G U (A) and all x, y G X. 
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Putting y = in (2.4), we get 

L{ux) = uL(x) (2.5) 

for all u G U(A) and all x G X. 

Now let a G A{a ^ 0) and M an integer greater than 4|a|. Then 

. a . 1 1 , 2 

— < < = 1 

'M 1 4 3 3 

By [19], there exist three elements u\,U2, u% e U (A) such that 3a/M = u\ + u 2 + u%. So by (2.5) 

a . T ,l a . M,. a , 

L(as) = L(— • 3— x) = M ■ Li- ■ 3—x) = — L(3—x) 
v 7 v 3 M v 3 M 1 3 v M ' 

M M 
= —L(uix + u 2 x + u 3 x) = — (L(uix) + L(u 2 x) + L(u 3 x)) 
o o 

= + «2 + w 3 )L(x) = y • 3— L(x) = aL(x) 

for all a G A and all i£l. Hence 

L(ax + 6y) = L(ax) + L(by) = aL{x) + bL(y) 

for all a, 6 G A (a, b / 0) and all x,y £ X. And L(0x) = = 0L(x) for all So the unique 

additive mapping L : X — > Y is an A-linear mapping. 
By Lemma 2.1, 

n n 

\\fn([xij]) - L n ([xij])\\ n < \\f( x ij) ~ H x ij)\\ < E *(»«»^) 

ij=l i,j=l 

for all x = [xjj] G M n (X). Thus L : X — > Y is a unique ^-linear mapping satisfying (2.3), as 
desired. □ 

Corollary 2.3. Let r, 6 be positive real numbers with r < 1. Let / : X — > Y be a mapping such 
that 

n 

\\D u f n ([ XlJ ], [ yij ])\\ n < ]T 9{\\ Xij \Y + hiAl (2-6) 

for all x = [xij],y = [yij] G M n (X). Then there exists a unique A-linear mapping L : X — >■ Y 
such that 

n 

||/n(N])-L n ([^])|| n < J^W^W 

for all x = [xij] G M n (X). 

Proof. Letting 4>(a,b) = #(||a|| r + ||&|| r ) in Theorem 2.2, we obtain the result. □ 

Theorem 2.4. Let f : X — > Y be a mapping and let <p : X 2 — > [0, oo) be a function satisfying 
(2.2) and 

-i CO / j \ 

^a,6):= 2 E2V(J,^j <+oo, (2.7) 
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for all a, b G X . Then there exists a unique A-linear mapping L : X — ^ Y such that 

n 

\\f n ([xij])-L n ([xij])\\ n < J2 ^{xij.Xij) 
for all x = [xij] G M n (X). 

Proof. The proof is similar to the proof of Theorem 2.2. □ 

Corollary 2.5. Let r,8 be positive real numbers with r > 1. Let f : X — > Y be a mapping 
satisfying (2.6). Then there exists a unique A-linear mapping L : X — > Y such that 



\\f n ([xij]) - L n ([xij])\\ n < ^rr^\\ Xi i\ 



26 

9 

m'=i 



for all x = [xij] e M n (X). 

Proof. Letting 4>(a,b) = #(||a|| r + ||&|| r ) m Theorem 2.4, we obtain the result. □ 
We need the following result. 

Lemma 2.6. ([28]) If E is an L°° -matrix normed space, then \\[xij]\\ n < || [\\xij \\] \\ n for all 
[ Xij ] G M n (E). 

Theorem 2.7. Let Y be an L 00 -normed Banach space. Let f : X — >■ Y be a mapping and let 
4> : X 2 — > [0, oo) be a function satisfying (2.1) and 

P/„([^],[^])||„<||[^,^)]||n (2.8) 

for all x = [xij],y = [y-ij] G M n (X). Then there exists a unique A-linear mapping L : X — > Y 
such that 

||[/(xy)-M^)]ll„< \\Mxij,Xij)]\\n (2-9) 
for all x = [x^] G M n (X). Here $ is given in Theorem 2.2. 

Proof. By the same reasoning as in the proof of Theorem 2.2, there exists a unique additive 
mapping L : X — > Y such that 

\\f(a)-L(a)\\ <$(a,o) 
for all a G X. The mapping L : X — > Y is given by 

L{a) = i^o ¥ f{2la) 

for all a G X. 

It is easy to show that if < a^- < bij for all i,j, then 

Mn<|IMk (2-10) 

By Lemma 2.6 and (2.10), 

\\[f( Xij ) - L(xij)]\\ n < \\[\\f( Xij ) - L( Xij )\\}\\n < WMxij^iMn 
for all x = [xij] G M n (X). So we obtain the inequality (2.9). □ 
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Corollary 2.8. Let Y be an L°°-normed Banach space. Let r,0 be positive real numbers with 
r < 1. Let f : X — >■ Y be a mapping such that 

p/n(N] 5 [^-])L<ii^(ii^ir + ii^ir)]iin (2-n) 

for all x = [xij],y = [yij] 6 M n (X). Then there exists a unique A-linear mapping L : X — > Y 
such that 

\\fn(K])-L n ([x, l3 ])\\n< 

for all x = [x^] £ M n (X). 

Proof. Letting 4>(a,b) = #(||a|| r + ||6|| r ) in Theorem 2.7, we obtain the result. □ 

Theorem 2.9. Let Y be an L°° -normed Banach space. Let f : X — > Y be a mapping and let 
4> : X 2 — > [0, oo) be a function satisfying (2.7) and (2.8). Then there exists a unique A-linear 
mapping L : X — > Y~ such that 

|| [f( Xij ) - L( Xij )]\\ n < WMx&Xij)]^ 

for all x = [x^] £ M n (X). Here $ is given in Theorem 2.4- 

Proof. The proof is similar to the proof of Theorem 2.7. □ 

Corollary 2.10. Let Y be an L 00 -normed Banach space. Let r,6 be positive real numbers with 
r > 1. Let f : X — > Y be a mapping satisfying (2.11). Then there exists a unique A-linear 
mapping L : X Y such that 

||/n(M)-L n ([^])|| n < 

for all x = [x^] £ M n (X). 
Proof. Letting 4>(a,b) = #(||a|| r + ||6|| r ) in Theorem 2.9, we obtain the result. □ 
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Abstract 

In this paper, some new existence results are obtained for fractional differen- 
tial inclusions with a new class of multi-point and fractional integral boundary 
conditions by applying standard fixed point theorems for multivalued maps. The 
cases when the right-hand side has convex as well non-convex values are consid- 
ered. Some illustrative examples are also presented. 

Keywords: Fractional differential inclusions; nonlocal boundary conditions; fixed 
point theorems 

2010 Mathematics Subject Classifications: 34A60, 34A08. 

1 Introduction 

The theory of fractional differential equations and inclusions has received much at- 
tention over the past years and become an important field of investigation due to its 
extensive applications in numerous branches of physics, economics and engineering sci- 
ences [l]-[4]. Fractional differential equations and inclusions are appropriate models 
for describing real world problems, which cannot be described using classical integer 
order differential equations. Some recent contributions to the subject can be seen in 
[5]-[18] and references cited therein. 

1 Corresponding author 

2 Membcr of Nonlinear Analysis and Applied Mathematics (NAAM)-Rcscarch Group at King Ab- 
dulaziz University, Jeddah, Saudi Arabia 
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In this paper we discuss the existence of solutions for a boundary value problem 
of fractional differential inclusions of order q G (1,2] with m— point and fractional 
Riemann-Liouville integral boundary conditions 

D q x(t) G F(t,x(t)), a.e. < t < T, 1 < g < 2, (1.1) 



5^M»*) = 0, Px(T) = ^ V r(p j x{s) ds = 0, (1.2) 

where D q denotes the Riemann-Liouville fractional derivative of order q, I p is the 
Riemann-Liouville fractional integral of order p > 0, F : [0,T] xl-» 7^(IR.), V(M) is 
the family of all subsets of R, < rji < r] 2 < ■ ■ ■ < r] m ^ 2 < T and % — 1, 2, . . . , m — 2 

m-2 , _ m-2 

are real constants such that A 7 ?? -1 7^ 7 7 / ^ ftiVl' 2 - 

A special case of this problem when F = {/}, /3i = 1, (3i = 0, i = 2, . . . , m — 2 and 
rjj = n for some j G {1, ... , m — 2} was studied recently in [19], in which existence 
and uniqueness results are obtained by using Banach's and Krasnoselskii fixed point 
theorems and Leray-Schauder nonlinear alternative. 

Integral boundary conditions have found useful applications in applied fields such 
as blood flow problems, chemical engineering, thermo-elasticity, underground water 
flow, population dynamics. 

We establish new existence results for the problem (1.1)-(1.2), when the right hand 
side is convex as well as non-convex valued. The first result relies on the nonlinear 
alternative of Leray-Schauder type. In the second result, we shall combine the nonlinear 
alternative of Leray-Schauder type for single- valued maps with a selection theorem due 
to Bressan and Colombo for lower semicontinuous multivalued maps with nonempty 
closed and decomposable values, while in the third result, we shall use the fixed point 
theorem for contraction multivalued maps due to Covitz and Nadler. The methods 
used are well known, however their exposition in the framework of problem (1.1)-(1.2) 
is new. 

The paper is organized as follows. In Section 2, we recall some preliminary facts 
that we need in the sequel and Section 3 deals with the main results. Some illustrative 
examples are presented in Section 4. 

2 Preliminaries 

Let us recall some basic definitions of fractional calculus [1, 3, 4]. 

Definition 2.1 The Riemann-Liouville fractional integral of order q > of a function 
g G ^((O^R) is defined by 
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whre T is the Gamma function. 

Definition 2.2 The Riemann-Liouville fractional derivative of order q > of a con- 
tinuous function g : (0, oo) — > R is defined by 

D q g{t) = 1 J ±Y f - f ^ - ds, 

where n = [q] + 1, [q] denotes the integral part of real number q. 

Lemma 2.3 ([1]) Let q > and y G C(0,T) fl L(0,T). Then fractional differential 
equation D q y{t) = has a unique solution 

y(t) = Clt ^ + c^ 2 + ■■■ + C^, 

where c ! 6i,i = l,2,..,,n and n — [q] + 1. 

m-2 / _ 1 "|T m_2 

Lemma 2.4 Suppose that V Z^?" 1 ^ ^— V A^~ 2 , 1 < 9 < 2, p > 0, 

tT (P + 9"l)tf 

< 771 < 772 < • • • < ?7m-2 < 7" and h G C[0, T] . Then the problem 

D q x{t) = hit), < t < T, (2.1) 

m-2 

J]A^)=0, /^(T)=0, (2.2) 
i=i 

/ias a unique solution 



(P+ J-m q T -l)T^ I < r - (2-3) 

(p + <Z-l)r(,)«. £f /> 



m— 2 m— 2 



-i = E«"\ r 2 = ^^r and $ - n - iy • ( 2 - 4 ) 

i=i i=i ^ ' 

Proof. From (2.1) and Lemma 2.3, we have 

x(t) = c^- 1 + c 2 ^- 2 + f (t ~ s)9 \ (g)rfg. (2.5) 

io - 1 - (.9) 
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Substituting t — rji, % — 1, . . . , m — 2 in (2.5) with the first condition of (2.2), we get 
that 

cm + c 2 r 2 = - V A / [Vt ~ S [ h(s)ds, (2.6) 

where ti,t 2 are defined by (2.4). Using the Riemann-Liouville fractional integral of 
order p > for (2.5) and applying Dirichlet's formula [1, p. 56], we obtain 

+ TO/'r (t - sri(s - pr,,i(pM ' ,< ' s 



T(p + q) 2 T(p + q-l) 



The second condition of (2.2) implies 

,™ + c, = - f (27) 

T(p + g) T(p + g-l) J TQo + g) 

Solving the linear equations (2.6)-(2.7) for unknown constants C\ and c 2 , we have that 

ci = -- 2^ A / — ^ — 



and 



c 2 



r(?) 



,<* n7 ;,,v w"' m,/ ',,t'/^ 

(p + <z-i)$£t Vo r( 9 ) w 



r(g - i)tp+<?-2$ y r( P + g) 

where $ is defined by (2.4). Substituting constants c\ and c 2 in (2.5), we obtain (2.3). 

□ 

Now we recall some basic concepts of multi- valued analysis ([20], [21]). 

Let C([0, T]) denote a Banach space of continuous functions from [0, T] into 1R 
with the norm ||x|| = sup te j 0T ] Let L 1 ([0,T],IR) be the Banach space of measur- 

able functions x : [0, T] — > R which are Lebesgue integrable and normed by \\x\\ L i = 
fi\x(t)\dt. 
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For a normed space (X, || • ||), let V d (X) = {Y E V(X) : Y is closed}, V cp (X) = 
{Y G V(X) : Y is compact}, and V cp , c {X) = {Y G V(X) : Y is compact and convex}. 

A multi-valued map G : X — > V(X) is convex (closed) valued if G(x) is convex 
(closed) for all x G X; is bounded on bounded sets if G(B) = U^aG^x) is bounded 
in X for all B G Vb(X) (i.e. sup,j. gB {sup{|?/| : y G G(x)}} < oo); is called upper 
semi- continuous (u.s.c.) on X if for each rr G X, the set G(x ) is a nonempty closed 
subset of X, and if for each open set X of X containing G(xq), there exists an open 
neighborhood Ao of xo such that G(Ao) 5= X; is said to be completely continuous if 
G(B) is relatively compact for every B G ^(X). 

For each y G C([0,T],R), define the set of selections of F by 

S- Fjl/ : = { w g L 1 ([0,T],R) : G F(t,y(t)) for a.e. t G [0,T]}. 

3 Existence results 

Before studying the boundary value problem (1.1)-(1.2) let us begin by defining its 
solution. 

Definition 3.1 A function x G AC 1 ([0,T],R) is called a solution of problem (1.1)- 
(1.2) if there exists a function v G ^([O^T^R) with v(t) G F(t,x(t)), a.e. [0,T] snc/i 
that D q x(t) = v{t), a.e. [0,T] and PMm) = 0, I p a;(T) = 

3.1 The Caratheodory case 

Definition 3.2 A multivalued map F:[0,T]xK^ V(M) is said to be Caratheodory 
if 

(i) t i — >■ F(t, x) is measurable for each x G R; 

(ii) x i — >■ F(t,x) is upper semicontinuous for almost all t G [0, T\; 

Further a Caratheodory function F is called L 1 — Caratheodory if 

(in) for each a > 0, there exists ip a G L 1 ([0,T],R + ) such that 

\\F(t,x)\\ = sup{M : v G F(t,x)} < <p a (t) 

for all \\x\\ < a and for a. e. t G [0,T]. 

We recall the well-known nonlinear alternative of Leray-Schauder for multivalued maps 
and a useful result regarding closed graphs. 

Lemma 3.3 (Nonlinear alternative for Kakutani maps) [25]. Let E be a Banach space, 
C a closed convex subset of E, U an open subset of C and G U. Suppose that F : 
U — > V C p tC (C) is a upper semicontinuous compact map. 
Then either 
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(i) F has a fixed point in U, or 

(ii) there is a u G dU and A G (0, 1) with u G XF(u). 

Lemma 3.4 ([22], [23]) Let X be a Banach space. Let F:[0,T]xl^ V cp , c {X) be 
an L 1 — Caratheodory multivalued map and let be a linear continuous mapping from 
£*([(), T],R) to C([0,T],R). Then the operator 

QoS F : C([0,T],R) -> P cp , c (C([0,T],M)), ih(9o = Q(S F , X ) 

is a closed graph operator in C([0,T],R) x C([0,T],R). 

Theorem 3.5 Assume that: 

(Hi) F : [0,T] x R — > "P(R) zs Caratheodory and has nonempty compact and convex 
values; 

(if 2 ) there exists a continuous nondecreasing function ip : [0, oo) — > (0, oo) and a 
function p G ^([0, T], R + ) snc/i that 

\\F(t,x)\\ v := sup{|y| : y G F(t,x)} < p(t)^(||a;||) for each (t,x) G [0,T] x R; 



(if 3 ) t/iere exzste a constant M > snc/i £/ia£ 

M 



where 



Ai 



A, 



A., 



T^(M)||p|| L i[A 1 + A 2 + A 3 ] 
1 



>1, 



r(g + i) 



|ti| + T|t 2 | 



(p + g-l)(p + g)r(g-l)|$|' 

(p+%-i))E"i 2 l« 



(3.1) 



(p + g- l)r(g + l)T|$| 
T/ien £/ie boundary value problem (1.1)- (1.2) has at least one solution on [0, T]. 

Proof. Define the operator H : C([0,T],R) -> P(C([0, T], R)) by 
h G C([0,T],M) : 



H(x) = < 



h(t) 



1 (t - s)^ 1 



h(s)ds 



nt"- 2 - r 2 t q - 1 



(p + q-l)T(q-l)TP+i- 2 ^ J 

{q-l)Tt q - 2 - (p + q-l)t q - 1 
(p + q- l)r(g)$ 



(T - s)P+9- 1 u(a)ds 



i=l J ° J 
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Nonlocal fractional boundary value problems for differential inclusions 7 
for v G Sp, x - 

We will show that H. satisfies the assumptions of the nonlinear alternative of Leray- 
Schauder type. The proof consists of several steps. As a first step, we show that H 
is convex for each x G C([0, T],R). This step is obvious since Sp, x is convex (F has 
convex values), and therefore we omit the proof. 

In the second step, we show that TC maps bounded sets (balls) into bounded sets in 
C([0,T],R). For a positive number p, let B p = {x G C([0,T],R) : < p} be a 
bounded ball in C([0, T], R). Then, for each h G H(x),x G B p , there exists v G Sf, x 
such that 



(p + 9 -i)r(?)* isi 

Then for t G [0, T] we have 

— r 

r(?) io 



IM*)I < T^T / (t-s)^>(s)Ms 





Tl 


+ T; 


T 2i 




+ 7 

(P + 5- 


- i)r(? 




1)7^1 $| 



u(s)|ds 



'0 



+ (p+ ,- 1) r( g )ii| i:^y ^ 

[ (T — s) p+q - 1 p(s)ds 
Jo 



(p + g- l)r(g- 1)Tp|$| 



m-2 



r(g) Jo 



,.NI)llp||Li(lnl+r|r 2 C 

(p + g- l)r(g- 1)Tp\®\ 



i=i 



< T^ONDMki + ^(lk||)||p||LiT«(|r 1 |+r|r 2 |) 



r(g + l) (p + g-l)(p + g)r(g-l)|$| 

jWDMkZT^ + 2 (g - *)) 55^ \?M_ 

(p + q- l)r(g + l)|$| 
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= Ty(\\x\\)\\ P i 







+ T 


T 2 




(p + q-l)(p + q)T(q-l)\^\ 



, (p + 2(g-i))E^W 

(p + q-l)r(q + l)T\<S>\ 
Consequently, 

||ft|| < T^(|H|)||p|| £ i[A 1 + A 2 + A 3 ], 

where A i: i = 1,2,3 are defined in (3.1). 

Now we show that Tt maps bounded sets into equicontinuous sets o/C([0, T],'. 
Let ti,t 2 G [0, T] with t 1 < t 2 and x G B r . For each ft G H(x), we obtain 



< 



M*2)-M*0I 



w-i 



u(s)|ds 



r(?) 



(ti -s) 9 ~Xs)|ds 



1 1 i o—i , o — 1 1 . i lu?— i jO— 1| r l 

(p + g-l)T^- 2 r(g-l)|$| 7 1 J 

T( (Z -i)|tr 2 -*r 2 i+(p+?-i)i*r 1 -*r 1 i 



p+g-1 



f (s)|ds 



< 



(p + q-l)r(q)\$\ 
^J\t2- sy-'pis^ds -*J\ tl - sf-^s^d 



In I It 



\T2\\t 



o-l 



(p + g- l)Tf+9- 2 r(g- 1)|$| 



(T 



_ .^P+9-l 



p(s)ip(p)ds 



(p + q-l)r(q)\$\ 



rm 

/ fa-*)*- 1 

Jo 



p(s)ip(p)ds. 



Obviously the right hand side of the above inequality tends to zero independently of 
x G B p as t 2 — h — > 0. As H satisfies the above three assumptions, therefore it follows 
by the Arzela-Ascoli theorem that H : C([0,T],R) -> 7>(C([0, T], R)) is completely 
continuous. 

By [20, Proposition 1.2], since 7i is completely continuous, in order to prove that 
it is upper semi-continuous it is enough to prove that it has a closed graph. Thus, 
in our next step, we show that H has a closed graph. Let x n — > x*,h n G 7i(x n ) and 
h n — > ft,*. Then we need to show that ft* G Ti.(x*). Associated with ft n G Ti(x n ), there 
exists t>„ G Sf,x„ such that for each t G [0, T], 



MO 



r(?) 



-u n (s)ds - 



(p + g- l)r(g- l)TP+9- 2 $ 

m— 2 



./0 



(T - s) p+9 -^ n (s)ds 



(q - l)Tt"- 2 - (p + q - l)^- 1 ^ o , . 

i=l 



(p + g- i)r(?)$ 
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Thus it suffices to show that there exists i>* G Sp, x * such that for each t G [0, T], 



h.. 



(t) = f 
Jo 



1 (t - s) 9 " 1 



r(g) 



-v*(s)ds - 



nt q ~ 2 - r 2 t q 



(p + q- l)T(q- 1)Tp+i~ 2 $ 

m-2 



f 

Jo 



(T — s) p+q ~ 1 v # (s)ds 



+ - — }^ Pi / -s) 9 V(s)c?s. 



(p + g-l)r(g)$ 



Let us consider the linear operator 6 : L 1 ([0,T],IR) — > C([0, T],R) given by 
Jo T(q) 



v ^ 9(u)(f) 



-v(s)ds 



T±t q - 2 - T 2 t q - 1 



(T - s) p+q ~ l h(s)ds 

Vft / (rji - s) q - 1 h(s)ds. 
(p + g-l)r(g)<D £T A 



(p + g - l)r(g - 1)Tp+<?~ 2 $ J 
(g - l)Tt«- 2 - (p + q - I)**" 1 ^ 2 fl p 



Observe that 

HM*)-M*)II 

r * (t - s) 9 - 1 



/ 



r(g) 



u n (w) — v*(u))ds 



(p + q-l)T(q-l)TP+i- 2 <f> J 
+ {q_- l)Tt q - 2 -(p + q-l)t q - 1 



(T-s^-^vM-v^ds 



(p + g -l)r(g)$ 



m 2 

£a / fa 

i=i ^ 



s) 9 (u n (u) — v*(u))ds 



0, 



as n — > oo. 

Thus, it follows by Lemma 3.4 that o 5V is a closed graph operator. Further, we 
have h n (t) G Q(Sf, x „)- Since x n — > x*, therefore, we have 



1 (t - s) 9 " 1 



r(g) 



-v*(s)ds 



Tit 11 ' 2 - T 2 t q - 1 



(p + q- l)T(q- l)Tf+9-2$ J 



(T-s)f+«-V(s)rfs 



(g - l)Tt«- 2 - (p + g - 1)£ 9_1 



(p + g- l)r(g)$ 



i=i ^ 



s) 9 1 u Ht (s)ds, 



for some i>* G Sf,x»- 

Finally, we show there exists an open set U C C([0, T],R) with x G' 7i(x) for 
any A G (0, 1) and all x G <9£7. Let A G (0, 1) and £ G XH(x). Then there exists 
f G L 1 ([0,T],M) with i> G S^x such that, for t G [0, T], we have 



x(t) 



1 (t - s)^ 1 



r(g) 



-f (s)ds — 



Tlt q ~ 2 ~ T 2 t q - X 



(p + q- l)r(g - 1)Tp+9-2$ y 



(T - s) p+q - 1 v(s)ds 
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+ (p+g-Diw £ \L { ^- s) v{s)ds - 

Repeating the computations of the second step, we have 

|*(f)| < TV(|k||)|b|| Ll | f ^ I y + 

(p + q-l)T(q + l)T\$\ 
Consequently, we have 

11,-H <L 





T~l\ 


+ T\ 


T 2 




(p + q-l)(p + q)T(q-l)\<S>\ 



T^(\\x\\)\\p\\ Ll [A 1 + A 2 + A 3 ] 

In view of (H 3 ), there exists M such that ||x|| ^ M. Let us set 

U = {xe C([0,T],R) : Hxll < M}. 

Note that the operator H : U — > "P(C([0, T], R)) is upper semicontinuous and com- 
pletely continuous. From the choice of [/, there is no x G such that x G XH(x) 
for some A G (0, 1). Consequently, by the nonlinear alternative of Leray-Schauder type 
(Lemma 3.3), we deduce that Ti has a fixed point x G U which is a solution of the 
problem (1.1)-(1.2). This completes the proof. □ 

3.2 The lower semicontinuous case 

As a next result, we study the case when F is not necessarily convex valued. Our strat- 
egy to deal with this problem is based on the nonlinear alternative of Leray Schauder 
type together with the selection theorem of Bressan and Colombo [27] for lower semi- 
continuous maps with decomposable values. We recall that a subset A of [0,T] x R 
is C <E> B measurable if A belongs to the a— algebra generated by all sets of the form 
J xT>, where J is Lebesgue measurable in [0,T] and T> is Borel measurable in R. 
Also, a subset A of L 1 ([0,T],R) is decomposable if for all u, v G A and measurable 
J C [0,T] = J, the function u\j + VXJ-J £ A, where xj stands for the characteristic 
function of J . 

Lemma 3.6 ([23]) Let Y be a separable metric space and let N : Y -> "Pf^QO, T], R)) 
be a lower semi- continuous (l.s.c.) multivalued operator with nonempty closed and de- 
composable values. Then N has a continuous selection, that is, there exists a continuous 
function (single-valued) g : Y — > L 1 ([0,T],R) such that g(x) G N(x) for every x G Y. 

Theorem 3.7 Assume that (H 2 ), (H 3 ) and the following condition holds: 



352 



TARIBOON ET AL 343-360 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Nonlocal fractional boundary value problems for differential inclusions 11 

(if 4 ) F : [0, T] x R — > V(M.) is a nonempty compact-valued multivalued map such that 

(a) (t, x) i — > F(t, x) is C® B measurable, 

(b) x i — > F(t,x) is lower semicontinuous for each t e [0, T]; 

T/ien the boundary value problem (1.1)- (1.2) has at least one solution on [0, T]. 

Proof. It follows from (H2) and (H4) that F is of l.s.c. type [23]. Then from Lemma 
3.6, there exists a continuous function / : AC\[0, T], R) -> £*([(), T],R) such that 
/(x) E F{x) for all a: E C([0,T],R), where .F : C([0,T] xl)^ 7 7 (L 1 ([0, T],R)) is the 
Nemytskii operator associated with F, defined as 

F(x) = {w E L\[0,T],R) : w(t) E F(t,x(t)) for a.e. t £ [0,T]}. 

Consider the problem 



Dix(t) = f(x(t)), < t < T, 



m-2 



£^(770 = 0, / p a:(T)=0. 



(3.2) 



i=i 



Observe that if x G AC 1 ([0, T], R) is a solution of (3.2), then a; is a solution to the 
problem (1.1)-(1.2). In order to transform the problem (3.2) into a fixed point problem, 
we define the operator TC as 

_ ft (t - s)?- 1 

Hx{t) = J r(g) /(*(«))*» 

+ (p + g -i)r( g )g g y ( * - s) /(x(s))rfs - 

It can easily be shown that TC is continuous and completely continuous. The re- 
maining part of the proof is similar to that of Theorem 3.5. So we omit it. This 
completes the proof. □ 

3.3 The Lipschitz case 

Now we prove the existence of solutions for the problem (1.1)-(1.2) with a nonconvex 
valued right hand side by applying a fixed point theorem for multivalued map due to 
Covitz and Nadler [26]. 

Definition 3.8 A multivalued operator N : X — > V c i{X) is called: 
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(a) j—Lipschitz if and only if there exists 7 > such that 

H d (N(x), N(y)) < >yd(x, y) for each x,y G X; 

(b) a contraction if and only if it is •y—Lipschitz with 7 < 1. 

Lemma 3.9 (Covitz and Nadler fixed point theorem) ([26]) Let (X,d) be a complete 
metric space. If N : X — > V c i(X) is a contraction, then FixN 7^ 0. 

Theorem 3.10 Assume that the following conditions hold: 

(H 5 ) F:[0,T]xK^ V cp {R) is such that F{-,x) : [0,T] -> V cp (M) is measurable for 
each x G R. 

(Hq) H d (F(t,x), F(t,x)) < m(t)\x — x\ for almost all t G [0, T] and x,x G R itra£/i 
m G L 1 ([0,T],M+) and d(0, F(t, 0)) < m(t) for almost all t G [0,T]. 

JTien £/ie boundary value problem (1.1)- (1.2) has at least one solution on [0, T] i/ 

T 9 ||m|| L i[A 1 + A 2 + A 3 ] < 1, 

(Aj, i = 1, 2, 3 are defined in (3.1).) 

Proof. Observe that the set Sf, x is nonempty for each x G C([0, T], R) by the assump- 
tion (H5), so F has a measurable selection (see Theorem III. 6 [28]). Now we show that 
the operator H : C([0, T],R) — > P(C([0, T],R)) defined in the begining of proof of The- 
orem 3.5 satisfies the assumptions of Lemma 3.9. To show that 7i(x) G V c i((C[0, T], 
R)) for each x G C([0, T],R), let {w n }n>o £ H(x) be such that — > it (n — > 00) 
in C([0, T],R). Then u G C([0,T],R) and there exists v n G Sf, x „ such that, for each 

te[o,T], 

u (t) = f ^~fX 1 vJs)ds-- / Tltq l ~ - OJR [ T (T — s) p+q ~ 1 v n (s)ds 

nK> Jo T(q) nK } {p + q-l)T(q-l)TP+i-^J K ' " l ' 



m-2 



i=i 



As F has compact values, we pass onto a subsequence (if necessary) to obtain that 
v n converges to v in L 1 ([0, T],R). Thus, v G Sf, x and for each t G [0,T], we have 



v n (t) - v(t) = jf {t r *£~ h(s)ds 



t q - 2 - T 2 t q - X 



(p + q- l)T(q - 1)Tp+o- 2 $ J 



I {T - sf +q ~ 1 h{s)ds 
Jo 
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Nonlocal fractional boundary value problems for differential inclusions 13 

(q - l)Tti- 2 - (p + q - l)**" 1 ^ Q ^ g _ lut 

+ (p +g - W g A y ^- s)q h{s)ds - 



Hence, u G Q(x). 

Next we show that there exists 5 < 1 such that 

H d (H(x),H(x)) <5\\x-x\\ for each x, x G AC\[0, T],R). 

Let x,x G AC^O^R) and /ij G Then there exists vi(t) G F(t,x(t)) such 

that, for each t G [0,T], 

= r (±zi)ii vi f s ) ds _ — 2 ~ r2t ' \ 9jr r (t ~ s y +q - i v 1 ( s )ds 

+ ; — : tt^t^ > A / [Vi - s) 9 Ui(s)ds. 

i=i Jo 



(p + g-l)r(g)$ 
By (i?6), we have 

H d (F(t,x),F(t,x)) < m(t)\x(t) - x(t)\. 

So, there exists G F(t,x(t)) such that 

|«i(f) -«;(*)! < m(t)|a;(f) t G [0,T]. 

Define U : [0,T] -> P(R) by 

[/■(t) = {«,£«; | Vl (t) - w (t)| < m(f)|a;(f) - x(t)\}. 

Since the multivalued operator U(t) (~)F(t,x(t)) is measurable (Proposition III. 4 [28]), 
there exists a function v^it) which is a measurable selection for U. So ^(O G -F(t, 
and for each t G [0, T], we have |t>i(£) — V2(t)\ < m(t)\x(t) — x(t)\. 
For each t G [0, T], let us define 

!, M /' ( f - «)'"' , w T^- 2 - r 2 t«-' /- T ,„ , 



Thus, 

- 



|/ii(t)-/i 2 (t)l < / ^-prY - h(s)-U2(s)|ds 
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"iPl [ \t ~ - v 2 {s)\ds 





n\ 


+ T\t 2 \ 




+ 7 ' 

[p + q- 


- l)TPT{q 


-l)|<t>| 



/ ^ T r(g) — m ( s )ll x -^ll ds 



< 





Tl 


+ T\t 2 \ 




+ 7 

(p + g- 


- l)TPT{q 


-l)|<t>| 



+ (p + g-i)r(g)|$| g IAI y o (r?i " s) 
1 



< r 9 ||m|| L i 







+ T|r 2 | 




(p + g-l)(p + g)r(g-l)|$| 



(p + g -i)r(, + i)T|*| ' L 

Hence, 

||/ii-/i 2 || <T q \\m\\ L i[A 1 + A 2 + A 3 ]. 
Analogously, interchanging the roles of x and x, we obtain 

H d (H(x),H(x)) < 5\\x-x\\ 

< r 9 ||m|| L i[Ai + A 2 + A 3 ]||a;-x||. 

Since 7i is a contraction, it follows by Lemma 3.9 that 7i has a fixed point x which 
is a solution of (1. !)-(!. 2). This completes the proof. □ 



4 Examples 

In this section, we illustrate our main results with the help of some examples. Let us 
consider the following boundary value problem of fractional differential inclusions with 
nonlocal and integral boundary conditions 



D 3 > 2 x(t)£F(t,x(t)), *e(o,5V 



5 

-x . 
2 V2 



(4.1) 



Note that (4.1) is a six-point fractional boundary value problem. Here we have q = 3/2, 
p = 3/4, T = 5/2, 77! = 1/2, V2 = 1, 773 = 3/2, 774 = 2, ft = 5/2, ft = -4/3, ft = 3/4, 
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Nonlocal fractional boundary value problems for differential inclusions 
(3 4 = -2/5. We find that 

t = ^i = Ez^g w . 7873068 , 



15 



A _i 276^80^6 + ^^ 
r 2 = 2_^PiVi = n: ~ 2.5317303, 

i=l 



|$| 
Ai 
A 2 



Tl 



r 2 (g-l)T 



(p + 5 - 1) 
1 4 



60^ 



45 - 174v/3 



T(g+1) 3^ 



60^ 
0.7522528, 



1.7444234 ^ 0, 







+ T 


T"2 




(p + g-l)(p + g)r(g-l)|$| 



8(1584^- 560^ + 720) 



0.8183803, 



45^(174^ - 45) 

A . (P + 2(g-l))E^ 2 W _ 28(342^+160^ + 405) ^ 
3 (p + g- l)r(g + l)T|$| 75^(174^-45) 

(a) Let F:[0,5/2]xl^ P(R) be a multivalued map given by 

x^F(t,x)= — [4 7+* + l, e-* 2 + ^ 2 + 3 . (4.2) 

|x| + sin x + 1 5 

For / G F, we have 

|/| < max 
Thus, 

\\F(t,x)\\ P := sup{|y| : y G F(i,x)} < 9 = p(t)^(\\x\\) : xeR, 

with = 1, V'dkll) — 9- Further, using the condition (if 3 ) we find that 
M > 241.2044713. Therefore, all the conditions of Theorem 3.5 are satisfied. So, 
problem (4.1) with F(t,x) given by (4.2) has at least one solution on [0,5/2]. 

(b) If F : [0, 5/2] x R -> V(R) is a multivalued map given by 

(t + l)x 2 t|x|(cos 2 a; + 1) 





X 




\x 


+ sin 


2 x + l 



2 4 

+ t + l, e~ x +^ 2 + 3 ) < 9, xE 



x -> F(i,ar) = 
For / G F, we have 



:r 2 + l ' 2(|:r| + l) 



(4.3) 



, (t + l)x 2 tb|(cos 2 x + 1) . 
'^■"ITTP 2( M + 1) 1 ' ' € 
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Here \\F(t, x)\\ v := sup{\y\ : y G F(t,x)} < (t + 1) = p(t)i^(\\x\\), i el, with 
p{t) = t + 1, V(IMI) = 1. It is easy to verify that M > 60.3011178. Then, 
by Theorem 3.5, the problem (4.1) with F(t,x) given by (4.3) has at least one 
solution on [0, 5/2]. 



(c) Consider the multivalued map F : [0, 5/2] x R — > P(R) given by 

x -> F(t,x) 

Then we have 



sin x 1 
' 15(1 +t) 2 + 200 



(4.4) 



Bup{|«| : «E F(t,x)} < ^-y 2 + ^, 
and 

H d (F(t,x), F(t,x)) < — ^\x-x\. 

Let m(t) = t^t—^ — rj. Then H d (F(t,x), F(t,x)) < m(t)\x — x\, and ||m|| L i = 
15(1 ~\~ t) 

— . We can show that T 9 ||m|| L i[Ai + A 2 + A 3 ] w 0.5104857 < 1. 

By Theorem 3.10, the problem (4.1) with the F(t,x) given by (4.4) has at least 
one solution on [0,5/2]. 
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Abstract 

In this paper, we prove the generalized Hycrs-Ulam stability of the additive functional in- 
equality 

\\f(3x + 2y + z) + f(x + 2y + 2z)+f(2x + 2y + 3z)\\ < \\6f(x + y + z)\\ 
in Banach spaces. 

Mathematics Subject Classification: Primary 39B82; Secondary 46Bxx, 
47H10. 

Keywords: Additive functional inequality, Banach space. 

1. Introduction and preliminaries 

In 1940, S.M. Ulam [8] suggested the stability problem of functional equations 
concerning the stability of group homomorphisms as follows: Let (Q, o) be a group 
and let ("H,*, d) be a metric group with the metric d(-, •). Given e > 0, does there 
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exist a 5 = 5(e) > such that if a mapping f : Q — > H satisfies the inequality 

d(f{xoy),f(x)*f(y)) < 5 
for all x, y G Q , then a homomorphism F : Q — >■ H exits with 

d(f(x),F(x))<e 

for all x G Q? 

In the next year, D.H. Hyers [4] gave a first (partial) affirmative answer to the 
question of Ulam for Banach spaces as follows: If 5 > and if f : £ — )■ J 7 is a 
mapping between Banach spaces £ and T satisfying 

\\f(x + y)-f(x)-f(y)\\<5 
for all x,y G £ , then there is a unique additive mapping A: £ — >■ T such that 

\f(x)-A(x)\<b 

for all x G £. 

Thereafter, we call that type the Hyers-Ulam stability. 

We will recall a fundamental result in fixed point theory for explicit later use. 

Theorem 1.1. (The alternative of fixed point) [1, 7] 

Let (S, d) be a complete generalized metric space and A : S — >■ S a strictly con- 
tractive mapping with a Lipschitz constant L. Then, for each element s G S, 
either 

d(A n s, A n+1 s) = oo for all nonnegative integers n 
or there exists a positive integer no such that 

(a) d(A n s, A n+1 s) < oo for all n > n ; 

(b) the sequence(A n s) is convergent to a fixed point t* of A; 

(c) t* is the unique fixed point of A in the set 
S* = {te S\d{A no s,t) < oo}; 

(d) d(t, t*) < ^—jrd(t, At) for all t G S* . 

In recent, several results [2, 3] on the Hyers-Ulam stability using fixed point 
theory was obtained. 

2. Hyers-Ulam stability in Banach spaces 

From now on, let X be a normed linear space and y a Banach space. In 2007, 
C. Park, Y. S. Cho and M.-H. Han [6] proved the generalized Hyers-Ulam stability 
of the additive functional inequality 

\\f(x) + f(y) + f(z)\\<\\f(x + y + z)\\ 

in Banach spaces. In 2011, J. R. Lee, C. Park and D. Y. Shin [5] prove the 
generalized Hyers-Ulam stability of the additive functional inequality 

||/(2a0 + /(2y) + 2/(z)|| < pf(x + y + z)\\ 
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On the Hyers-Ulam stability of an additive functional inequality 3 

in Banach spaces. In this paper, we prove the generalized Hyers-Ulam stability 
of the additive functional inequality 

||/(3x + 2y + z) + f(x + 2y + 2z) + f(2x + 2y + 3z)\\ < \\Qf(x + y + z)\\ 

in Banach spaces. 

Lemma 2.1. Let f : X — >■ y be a mapping with /(0) = 0. Then it is additive 
if and only if it satisfies 

(1) \\f{3x + 2y + z) + f{x + 2y + 2z) + f{2x + 2y + 3z)\\ < \\Qf( x + y + z )\\ 
for all x,y,z G X . 

Proof. If / is additive, then clearly 

||/(3x + 2y + z) + f(x + 2y + 2z) + f(2x + 2y + 3z)\\ = \\6f(x + y + z) \\ 
for all x,y,z G X. 

Assume that / satisfies (1). Suppose /(0) = 0. Putting z = and replacing y 
by —x in (1), we get 

\\f(x) + f(-x)\\ < ||6/(0)|| =0 
and so f(—x) = —f(x) for all x G X. Replacing y by —x — z in (1), we have 

\\f( x -z) + f(-x) + f(z)\\ < 
for all x,ze ^ Replacing z by —2; in above inequality, then we obtain 

f(x + z) = f(x) + f(z) 
for all x, 2; G A". □ 

Theorem 2.2. Let f : X ^ y be a mapping with /(0) = 0. // i/iere a 
function ip : X 3 — >■ [0, 00) snc/i £/ia£ 

(2) \\f(3x+2y+z)+f(x+2y+2z)+f(2x+2y+3z)\\ < \\6f(x+y+z)\\+<p(x,y,z) 
and 

(3) fey, 2) :=]T-^((-2)^,(-2)^,(-2)V) <oo 

3=0 

for all x,y,z G X, then there exists a unique additive mapping A : X — >■ ^ suc/i 

(4) ||/(x)-i4(x)|| < ^(-x,0,x) 
/or all x & X . 
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Proof. Replacing x,y,z by — (— 2) n x, 0, (— 2) n x, respectively, and dividing by 
2 n+1 in (2), since /(0) = 0, we get 



f((-2)^x) /((-2)"s) 



(-2) 



n+l 



(-2y 



< 



2 n+l 



^(-(-2)^,0,(-2)V) 



for all x G X and all nonnegative integers n. From the above inequality, we have 



(5) 



f{(-2) n x) f((-2) m x) 



[-2Y 



[-2Y 



n-1 

£ E 

j=m 
n-1 



f((-2)^x) /((-2)V) 



(-2Y+ 1 (-2)i 
^ E^(-(-2) J x,0,(-2)^) 



for a\\ x <E X and all nonnegative integers to, n with m < n. By the condition (3), 
the sequence { ^zSr^ } is a Cauchy sequence for all x £ X. Since ^ is complete, 

the sequence { ^zfj^ } converges for all x G X. So one can define a mapping 
A : A" ->■ y by 



A (re) := lim 



f((-2) n x) 
(-2)" 



for all Taking to = and letting n tend to oo in (5), we have the inequality 

(4). 

Replacing x,y,z by (— 2) n x, (— 2) n y, (— 2) n z, respectively, and dividing by 2 n 
in (2), we obtain 



f((-2) n (3x + 2y + z))_ f((-2) n (x + 2y + 2z)) f{(-2) n (2x + 2y + 3z)) 



(-2)' 



< 



(-2)" 
6f((-2) n (x + y + z)) 



(-2)" 



(-2)' 



+ -^((-2)^, (-2)^, (-2)^) 



for all x, y, z G X and all nonnegative integers n. Since (3) gives that 



lim -<p((-2) n x,(-2) n y,(-2) n z)=0 



for all x,y,z G X, letting n tend to oo in the above inequality, we see that A 
satisfies the inequality (1) and so it is additive by Lemma 2.1. 
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Let A' : X — > y be another additive mapping satisfying (4). Since both A and 
A' are additive, we have 

\\A(x) - A'(x)\\ = l||A((-2)»x) - A'((-2)»x) || 

< 1(||A((-2)V) -/((-2)V)|| + ||/((-2)»x) - A'({-2)»z)\\) 

<^ip(-(-2) n xA(-2) n x) 

= E^(-(-2) J x,0,(-2)^) 

j=n 

which goes to zero as n — > oo for all x G by (3). Therefore, A is a unique 
additive mapping satisfying (4), as desired. □ 

Corollary 2.3. Let 9 G [0, oo) and p G [0, 1) and let f : A" — >■ y be an odd 

mapping such that 

(6) ||/(3a; + 2y + z) + f(x + 2y + 2z) + f(2x + 2y + 3z)\\ 

< \\6f(x + y + z)\\+9(\\x\\ p +\\y\\ p +\\z\\ p ) 

for all x,y,z G X. Then there exists a unique Cauchy additive mapping A : X — > 
y such that 

99 

\\f(x)-A(x)\\< j^\\x\\ p 

for all x G X. 

Proof. In Theorem 2.2, take tp(x, y, z) := 9(\\x\\ p +\\y\\ p +\\z\\ p ) for aHx,y,z G X. 
Then we have the desired result. □ 

Theorem 2.4. Let f : X — >■ y be a mapping with /(0) = 0. // there is a 
function ip : X 3 — > [0, oo) satisfying (2) such that 



(7) ^»y»^ : =E y V(^(^)J'(^)j) <o ° 

/or a// x,y,z G taen taere exists a unique additive mapping A : X ^ y such 
that 

(8) \\f(x)-A(x)\\ < hp(- x ^x) 
for all x G X . 

Proof. Replacing x,y,z by 0, pfp, (zfp, respectively, and multiplying by 2 n_1 
in (2), since /(0) = 0, we have 



2 )V r-s^ -H 2 ) / 



(-2)v v y J V(-2) n_1 



<2 n -V(r^w>0, 



-2)™' ' (-2) n / 
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for all x G X and all n G N. From the above inequality, we get 



(9) 



(-2)™/ 



x 



-2) n 



- (~2) m f 

n 

s E 

j=m+l 



X 



-2)' 
-2)V 



x 



-2y 



- (-2r v 



< £ 2-\ 



j=m+l 



—X X 
T,0, 



(_2)i' ' (-2)^ 



for all x G ^ and all nonnegative integers m,n with m < n. From (7), the 
sequence {(— 2) n /( ( .j^ n )} is a Cauchy sequence for all x E X. Since ^ is com- 
plete, the sequence {(— 2) n / Q_^„ ) } converges for all x G A\ So one can define 
a mapping A : ,Y — > y by 



A(x) := lim (-2) n f 



x 



;-2)» 



for all iG^. To prove that A satisfies (8), putting m = and letting n — )■ oo in 
(9), we have 

||/(x) - A(x)\\ < £ y- V 0, = \lp(-x, 0, x) 

for all x E X. 

Replacing x,y,z by pf^, respectively, and multiplying by 2™ in 

(2), we obtain 

:-2)vf^^V(-2)vf^^V(-2)v^ +2y+3z 



(-2)" 



< 



-2)"6/ 



(-2) 

X + y + 2 

(-2)" 



+ 2> 



x 



(-2)" 
V z 



(-2)"' (-2)™' (-2)' 



for all x, y, z G A" and all nonnegative integers n. Since (7) gives that 

x y z 



lim 2> 







«->oc r V(-2) n ' (-2)"' (-2) r 

for all x,y,z G A", if we let n — > oo in the above inequality, then we have 

\\A(3x + 2y + z) + A(x + 2y + 2z) + A{2x + 2y + 3z)\\ < \\6A(x + y + z) \\ 

for all x,y,z G X. By Lemma 2.1, the mapping A is additive. The rest of the 
proof is similar to the corresponding part of the proof of Theorem 2.2. □ 

Corollary 2.5. Let p > 1 and 6 be non-negative real numbers and let f : X — >■ 

y be an odd mapping satisfying (6). Then there exists a unique Cauchy additive 
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mapping A: X —> y such that 

\\f\x) - A{x)\\ < ^- 2 \\xf 

for all x G X . 

Proof. In Theorem 2.4, take (p(x, y, z) := ^(||^|| p +||l/|| p +||-2|| p ) for all x,y,z G X. 
Then we have the desired result. □ 



3. Hyers-Ulam stability using fixed point methods 

Now, using fixed point methods, we investigate the generalized Hyers-Ulam 
stability of the functional inequality (1) in Banach spaces. 

Theorem 3.1. Let f : X — >■ y be an odd mapping and : X 3 — > [0, oo) a 

function such that 

(10) ||/(3x + 2x + z) + f(x + 2y + 2z) + f(2x + 2y + 3z)|| 

< \\6f(x + y + z)\\ + <f>(x,y,z) 
for all x,y, z G X . If there exists L G (0, 1) such that 

(11) 0(x, 2/ ,z)<2L0(|,|,|) 

for all x,y,z G X , then there exists a unique Cauchy additive mapping A: X — > y 
satisfying 

(12) \\f{x)-A{x)\\< 1 ^ L( t>{-x^x) 
for all x G X . 

Proof. Consider a set S := {g \ g : X — > y} and introduce a generalized metric 
d on S as follows: 

d(g, h) = d<t,(g, h) := inf S^g, h), 

where 

S^g.h) := {C G (0,oo) : \\g(x) - h(x)\\ < C<p(-x,0,x) for all x e X} 

for all g,h G S. Now we show that (S, d) is complete. Let {h n } be a Cauchy 
sequence in (S, d). Then, for any e > 0, there exists an integer N £ > such that 
d(h m ,h n ) < e for all m,n > N £ . Since d(h m ,h n ) = inf S^hm, h n ) < e, for all 
m,n> N e , there exists C G (0,e) such that 

(13) ||^m( a; ) — ^n(^)|| < C(f)(—X,0,x) < E(f)(—X,0,x) 

for all m,n> N £ and all a; G X. So {/i n (^)} is a Cauchy sequence in y for each 
x E X. Since ^ is complete, {h n (x)} converges for each x G X. Thus a mapping 
h : X ^ y can be defined by 

h(x) := lim /i n (a;) 
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for all x G X . Letting n — > oo in (13), we have 

m > N £ =^> \\h m (x) — h(x)\\ < e<f)(—x,0,x) for all x G X 
e G S<f>(h m , h) 
=>• d(h m , h) = inf S^(/i m , h) < e. 

This means that the Cauchy sequence {h n } converges to h in (S, d). Hence (S, d) 
is complete. 

Define a mapping A : S — > S by 

Ah(x) := \h(2x) 

for all x G X. We claim that A is strictly contractive on S. For any given g,h G S, 
let Cgh G [0, oo] be an arbitrary constant with d(g, h) < C g h- Then, by (11), 

d(g, h) < C gh 
=^> \\g(x) — h(x) II < C g h4>(— x, 0, x) for all x G X 



± g (2x) - h(2x) 
l -g(2x) - l -h(2x) 



< -C gh <t){-2x, 0, 2x) for all x G X 

< LC g h(f)(—x, 0, x) for all x G X, 



that is, d(Ag, Ah) < LC gh . Hence we see that d(Ag, Ah) < Ld(g, h) for any 
g,h G S. Therefore, A is strictly contractive mapping on S with a Lipschitz 
constant L G (0, 1). Replacing x,y and z by —x, and x in (10), respectively, we 
have 

(14) \\f(2x)-2f{x)\\<<i>(-xAx) 
for all x G X. It follows from (11) and (14) that 



(15) 



/(*) - -/(2s) 



< -<f>(-x,0,x) 



for all x G X. Thus we obtain 
(16) 



d(f,Af)<-. 



Therefore, it follows from Theorem 1.1 that the sequence {A n f} converges to a 
fixed point A of A, i.e., 

A: X -¥y, A(x) = lim (A n f)(x) = lim ^f(2 n x) 

and A(2x) = 2A(x) for all x & X . Also, by Theorem 1.1 (c), there exists a positive 
integer n such that A is the unique fixed point of A in the set 



S* = {geS\d(A n °f,g)<oo}. 
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On the Hyers-Ulam stability of an additive functional inequality 
By (11) and (15), we see that 



A7W-A r+ 7(x) = 



< 



1 



f(2 r x) - -f(2 



2L 



r+l, 



2 r+l 



2 r+l 

< ■ < y -^r<f>(-x, 0, x) = —<f>(-x, 0, x) 

for all x E X and all r E N, that is, d(A r f, A r+1 f) < ^ < oo for all r e N. Since 
f E S and 

<*(/, A n V) < <*(/, A/) + d(A/, A 2 /) + • • • + rf(A n °-V, A n °/) < oo, 
we obtain / G 5*. By Theorem 1.1 (d) and (16), we have 

1 ,,.„„, 1 



d(A,f)< 



-d(A/, /) < 



1-L v J1J > ~ 1-2V 

i.e., the inequality (12) holds for all x E X. It follows from the definition of A 
and (10) that 

\\A(3x + 2x + z) + A(x + 2y + 2z) + A(2x + 2y + 3z)\\ < \\QA(x + y + z)\\ 

for all x,y,z E X. By Lemma 2.1, the mapping A : X ^ y is a Cauchy additive 
mapping. Therefore, there exists a unique Cauchy additive mapping A: X — > y 
satisfying (12). □ 

Let 9 E [0, oo) and p E [0, 1) and let / : X — > y be an odd mapping such that 

\\f(3x + 2x + z) + f{x + 2y + 2z) + f(2x + 2y + 3z)\\ 

< 116/^ + ^ + ^11+0(11^+11^11.+ W p) 

for all x,y,z E X. In Theorem 3.1, take (J)(x,y,z) := \\y\\ p + \\z\\ p ) for 

all x,y,z E X and choose L = 2 P ~ 1 , then we have the same result as Corollary 
2.3. 

Theorem 3.2. Let f : X — )■ y be an odd mapping and : X 3 — > [0, oo) a 

function satisfying (10). If there exists L E (0, 1) such that 



(17) 



<f>(x,y,z) < -<P(2x,2y,2z) 



for all x,y,z E X. Then there exists a unique Cauchy additive mapping A : X — > 
y satisfying 

\\f(x) - A(x)\\ < 7 JL rF< J,(- x ,0, x ) 



2-2L 



for all x E X. 



Proof. Consider the complete generalized metric space (S, d) given in the proof 
of Theorem 3.1. Now we consider the linear mapping A : S — > S given by 



Ah(x) :=2Zi(!) 
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for all x G X. For any given g,h G S, let C g h G [0, oo] be an arbitrary constant 
with d(g, h) < C g h- Then, by (17), we have 

d(g, h) < C gh 

\\g(x) — h(x)\\ < C gh (f)(—x,0,x) for all x G X 



-4)- 2,I (i 



< 2C, 



for all x G X 



( x x\ 
(-2'°'2) 

2<?(|) -2/i (|) || <LC 9 ^(-x,0,x) for all x £ X, 



that is, d(Ag,Ah) < LC g h- By the same arguments as the corresponding part of 
the proof of Theorem 3.1, we have the inequality (14). It follows from (14) and 
(17) that 

x 
2 

for all x G X. Thus we obtain 



/(*)-2/( 



< 



< ^0(-^ ? O,x) 



d(f,Af)<-. 

The rest of the proof is similar to the corresponding part of the proof of Theorem 
3.1. □ 

Let p > 1 and 6 be non-negative real numbers and let / : X — > y be an odd 
mapping such that 

|| /(3a; + 2x + z) + f(x + 2y + 2z) + f(2x + 2y + 3z)\\ 

< \\6f(x + y + z)\\+9(\\x\\ p +\\y\\ p +\\z\\ p ) 

for all x,y,z G X. In Theorem 3.2, take (f>(x,y,z) := #(||:r|| p + \\y\\ p + ||-2|| p ) for 
all x, y, z G X and choose L = 2 1 ~ p , then we have the same result as Corollary 
2.5. 
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Abstract 

In this paper, the monotonicity of conjugate gradient method for the linear com- 
plementarity problem with S-matrix has been proved. With this property, we propose 
an algorithm for solving linear complementarity problem with interval data. As far as 
we know, the monotonicity of this algorithm has not been proved or stated explicit be- 
fore. Numerical experiments are presented to show the monotonicity of the algorithm 
and illustrate the efficiency of the new algorithm. 

Key words: Linear complementarity problem; Interval data; M-matrix; Mono- 
tonicity; Total step method with intersection; Single step method with intersection; 
Active index subset. 

AMSC (2010): 90C33; 65G30 

1 Introduction 

The linear complementarity problem (LCP) is of interest in a wide range of appli- 
cations, such as free boundary problems [1], a Nash-equilibrium in bimatrix games [2], 
the interval hull of linear systems of interval equations [3] , contact problems with friction 
[4], optimal stopping in Markov chains [5], circuit simulation [6], linear and quadratic 
programming [7] and economies with institutional restrictions upon prices [8]. 

In [9], they considered that the input data A and b were not precisely know, but 
can be enclosed in intervals. They proposed a total step method with intersection (TI) 
and a single step method with intersection (SI) for solving the linear complementarity 
problem with interval data. An important application of this problem is discretization of 
free boundary problem while neglecting the discretization error, for details in [10]. 

In this paper, in order to solve the linear complementarity problem with interval 
data LCP ([A], [&]), we prove the monotonicity of the algorithm in [11]. The solution of 

"This research is supported by Chinese Universities Specialized Research Fund for the Doctoral Program 
(20110185110020) and NSFC (61170309). 
t E-mail: wangchaol321654@163.com 
'''E-mail: tingzhuhuang@126.com 
§ E-mail: cshyang@163.com 
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LCP([A], [b]) can be found without discussing different cases of [b]. LCP([A], [b]) is simpli- 
fied to compute the minimum solution LCP([A], [b]) which is the solution of LCP([A], [b]) 
and the maximum solution of LCP([A], [b]) which is the solution of LCP([A\, [&]). 

The reminder of this paper is organized as follows. In Section 2, we briefly review 
some important theorems, notations and algorithms of LCP(A,b) and LCP([A], [&]). In 
Section 3, we propose a new algorithm for linear complementarity problem with interval 
data. Moreover, we prove the monotonicity of the original algorithm. Finally, several 
numerical experiments in Section 4 are presented to show the monotonicity of the original 
algorithm and illustrate the effectiveness of the new algorithm. 

2 Notations and preparations 

2.1 Definitions and lemmas 

In this section, we introduce some definitions, lemmas and algorithms for LCP(A, b) 
and LCP([A], [&]). If not stated here, they can be found in [9] or [11]. 

Defination 1 Let A G M nxn and atj < when i ^ j, then A is a Z-matrix. 

Defination 2 Let A G Z nxn , A" 1 exists and A' 1 > 0, then A is an M -matrix. 

Defination 3 Let A = ( aij ) G R nxn and b = (bi) G W 1 be given. LCP(A,b) is to find a 
vector x G R n , such that 

Ax-b>0, x>0, x T (Ax - b) = 0. 

Let x* be the solution of LCP(A, b), Abe an M-matrix, then x* is the unique solution 
of LCP(A,b). 

Suppose that index sets 

J = {i\bi>0}, I Q = N = {1,2,--- ,n}, J = {i\h < 0}. 

Noting that x = (x±,X2, • • • ,x n ) T G M n . Let index set I C N, xi is denoted as the 
subvector of x whose elements are Xi,i G /. Let matrix A = (aij) G R nxn , index sets 
I,JcN, Ajj is the submatrix of A whose elements G J, 7 G J. If / C N is a 

finite set, |/| is the number of elements in /. 

Clearly, if Jo = 0, x* = is the solution of LCP(A, b) and has the following lemmas. 

Lemma 1 [11] The unique solution of LCP(A,b) coincides with the unique solution of 
the following lower dimensional linear system 

( ajx — bi = 0, i G J(x*), 
\ Xi = 0, i G I(x*). 

Lf index sets L,JCN satisfies L n J = and I U J = N, the solution of the lower- 
dimensional linear system 

( ajx — bi = 0, i G J, 
| Xi = 0, i G I . 

satisfies 

xj > 0, A LJ xj - bi > 0, (1) 
then x is the solution of LCP(A,b). 
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Lemma 2 [11] Let the index sets a, (3 satisfy a C J(x*) = {i G N\x* > 0}, a n /3 = iV 
and 

— ^.^(^oa) -1 ^!^ 



6i 



- ^/3a(^aa) _1 ^a 

tu/iere B m G i?H x M is an identity matrix. Then the unique solution of LCP(A,b) coin- 
cides with the unique solution of LCP{A\,b\). 

Lemma 3 [11] Let J = > 0}, J(x*) = {i\x* > 0}, then it has 

Jo C J(x*). 

Lemma 4 [11] Let x° be the unique solution of P(0) and (1) be not satisfied with L = Iq 
and J = Jo- Definite the index set 

Jio = {i e L \ajx° - h< 0}. 

Then we have J\ / and J\ C J([x*]). 

Corollary 1 [11] The solution of the lower-dimensional linear system 

A, hJl X. h - b, K = 

is positive. 

In the following part, we introduce some notations, definitions and theorems in the 
linear complementarity problem with interval data which also can be found in [9]. 

Noting that ffi, IW 1 , IIR nxn are the set of intervals, the set of interval vectors with 
n components, the set of n x n matrices with interval data, respectively. An interval 
always means a real compact interval. Interval vectors and interval matrices are vectors 
and matrices with interval entries, respectively. We write point intervals with brackets 
in which the element are contained. We use the notation [a] = [a, a] for [a] G M, [x] = 
[x,x] = {[ Xi ]) = {[x^Xi]) G IR n , i = 1, • • • ,n and [A] = [A, A] = ([a^]) = ([a^a^]) G 
IM nxn (i,j = I,-- - ,n). 

Defination 4 [9] Let [A] = ([a^]) G IR nxn and [b] = ([6i]) G IR n be given, linear 
complementarity problem with interval data LCP([A],[b]) is to find a vector [x] G IW 1 , 
such that 

[A][x]-[b]>0, [x]>0, [x] T ([A][x]-[b}) = 0. 

Defination 5 [9] Internal matrix [A] G IM. nxn is called 

(1) Regular, if V A G [A] is nonsingular; 

(2) An M -matrix, if\/A<E [A] is an M -matrix. 

Lemma 5 [9] Let [A] G IR nxn be an M-matrix and [b] G IR n , [x] G IE™ be the solution 
of [A] [x] = [b] , u G IW 1 be the solution of Ax = b, and v G IW 1 be the solution of Ax = b. 
Then it holds, inf([x]) = u, and sup([x]) = v. 
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2.2 Active index subset for LCP 

Let A = (cijj) G M nxn and 6 £ E n be given, the linear complementarity problem 
LCP(A, b) is to find a vector x G 1" such that 

Ax - b > 0, x > 0, x T (Ax - b) = 0. (2) 

For converting LCP into lower dimension system of linear equations, we quote some 
notations in [11]. Let N = {1, 2, ■ ■ ■ , n}. We define the index sets of x as 

I(x) = {i G N\xi = 0}, J(x) = N\I(x). 

Suppose that x* is the solution of LCP(A,b), aj , aj, • • • , denote the rows of A. 
From Lemma 1, x* is a solution of the following lower-dimensional linear system 

a?x — b{ = 0, i G J(x*), 
Xj = 0, ig /(x*). 

On the other hand, if x is a solution of the linear system 

ajx-bi = 0, i£j(x), 

Xi = 0, ig /(x). 1 ' 

it has 

x« > 0, for V i G J(x), 

and 

ajx — 6j > 0, for V i G /(x), 

where x is a solution of the LCP(A, b). Solving LCP(A, b) is equivalent to find the solution 
of the linear equations (3). 

Generally speaking, solving a linear system is easier than solving LCP(A,b). With 
the same idea in [18], LCP(A,b) can be locally converted into a linear system. The key 
point of this converting is the way of finding the index sets I{x*) and J(x*) depended on 
the solution x*. 

In [11], they constructed a finite sequence of linear systems for approaching the linear 
system (3). They gave a way to identify the index set J(x*) and constructed a finite 
sequence of index set { JkYk=o satisfies 

J C Ji C • • • C J t C J(x*). 

Evidently, they converted LCP(A,b) into a linear system (3). The set «/& depends on 
the solution of the lower-dimension linear system 

ajx-bi = 0, ieJ k -!, P(k-i) 
Xi = 0, i G 4-1 

for V k G {1, 2, ■ ■ • , t}. Then they got Algorithm 1 to solve LCP(A, b). 
Algorithm 1. ([11]) 

Step 1 Let J = {i\bi > 0}, I = N J . If J is empty, I = N = {1, 2, ■ ■ ■ , n}, k = 0. 
Step 2 Solving the linear equations Aj k j k x j k — bj k = 0, we obtain x} fe . 

Step 3 Let x* = ^ ^ Jfc ^ , h = N\J k , if A JkJk x* Jk - bj k > 0, then x* is the solution 

of LCP(A, b). Otherwise, go to step 4. 

Step 4 Let J ko = {i\ J2 a ij x *j ~ h < 0}, Jfc+i = J' k U J ko , k = k + 1, go to step 2. 



ie4 
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3 Main results 

3.1 An algorithm for LCP with interval data 

Along the ideas in [11], we construct an algorithm to solve LCP ([A], [b]). 

Let [A] = [A, A] G m nxn , [b] = [b,b] G IW n be interval matrix and interval vector. 
The linear complementarity problem with interval data LCP ([A], [b]) is to find an interval 
vector [x] G IR n such that 

[A][x]-[b]>0, [x}>0, [x} T ([A}[x]-[b}) = 0. (4) 

We define the index sets of [x] G IW 1 as 

4 = > 0}, 4 = > 0}, 4 = {i\k > 0}, 

4 = {i\bi < 0}, I' = {ifa < 0}, Ig = {ilk < 0}. 

Let [x*] be the solution of LCP ([A], [&]), and [ai] T , [a2] T , • • • , [a n ] T are the rows of 
[A]. To satisfy [6j] > or [bi\ < 0, we depart [b] into different cases as [ft] 1 , [6] 2 , • • • , 
Note that [6]', / = {1,2,- •• ,s}. 

We give a method to identify the index set J l (x*) of LCP([A], [b] 1 ) by constructing a 
finite sequence of index sets {Jk}\=$ satisfies 

4 C J[ C ■■■ C 4 C 

In fact, solving LCP([j4], [6]') is equivalent to find the solution [x*] of the following 
linear system with interval data 

[a]Jx - [b] t = 0, i G J'([x*]), 
[Xi] = 0, i G J'([z*]). 

If [x] is a solution of the linear system 

[ai] T [x]-[bi} = 0, i€J l ([x]), , , 

N = o, iei l ([x}), lDj 

with 

[£i] > 0, Vi G J'([x]), 

and 

[a?][x]- [bi] >0, ViG/ ; ([x]). 

Then [x] is a solution of the LCP(L4], [b] 1 ). 

Therefore, LCP([A], [b] 1 ) can be converted into the linear system (5). The set j\ 
depends on the solution of lower-dimension linear system 



f [aj}[x]-[b i }=0, ieJ l k _ ± , , . 



for V fe G {1,2,- •• ,t}. 
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With the monotonicity of Algorithm 1 which has been proved in Section 3.3, we do 
not need to discuss the different cases of [b]. Then we get the following algorithm for 
LCP([A],[b}). 

Algorithm 2. 

Step 1 Let Jo = {i\bi > 0}, if J = 0, go to step 2. k = 0. 

Step 2 Solving the linear equation Aj^jiXj^ — 6j/ = 0, we obtain x* Jt . 

Step 3 Let x* = ( ^ J ' k ) , I k = N\J' k , if A r j,x* v - bj> > 0, then x* is the solution 

\ Qj, J k k k k 

of LCP(A, b). Go to step 5. Otherwise, go to step 4. 

Step 4 Let J' kQ = {i\ £ A ijX * -h< 0}, J' k+1 = J' k U J' kQ , k = k + 1, go to step 2. 

Step 5 x* = x. Let ^4 = A, b = b, go to step 1. We get x* is x. Then [x,x] is the 
solution of the LCP{ [A] , [b] ) . 

3.2 Identification of positive variables with interval data 

In this section we prove the solutions of the LCP([A], [b]) with our new algorithm are 
positive. 

According to the condition of Lemma 1, it has to satisfy [6j], i G {1, 2, ■ • • , n} 

[bi] > 0, or [bi] < 0. 

When 6j < < 6j, we have to depart into 

M' = [b t ,0], [h]" = [0,6,]. 

Then [6] is departed into different cases [ft] 1 , [6] 2 , • • • , [b] p . If the number of i which 
satisfies 6j < < 6, is m, it has p = 2 m . Therefore, solving the LCP([A], [b]) is equivalent 
to find the solution of LCP([A], [b] 1 ), I G {1, 2, 3, ■ ■ ■ , 2 m }. In the following part of this 
section, we will prove the solution of the LCP([A], [b]) with the method of Algorithm 1 is 
positive. 

First, we prove the solution of LCP([A], [b] 1 ) is positive. 
Theorem 1 If J l = 0, the solution of LCP([A], [b] 1 ) is [x] = 0. 

Proof: Since Jq = 0, it has [b] 1 < 0. Suppose that [x] / 0, it follows that < x G [x], 
then [A]x - [b] 1 = 0, x G [^l]" 1 [6]'. From A G [A] is an M-matrix, [^l]" 1 > 0, [b] < 0, we 
have x < 0. This is contradicted with x > 0. Thus, [x] =0. □ 

Suppose that J l ^ 0. We have following lemmas. 

Theorem 2 The solution of LCP([A], [b] 1 ) coincides with the solution of the lower- dimensional 
linear system with interval data 

[aj][x]-[bj] l =0, i € J* = {•,[*]' >0}, 
[xi] =0, i G /'. 

On the other hand, the solution of the lower-dimensional linear system with interval 
data 

[aj][x] - [bj} 1 = 0, zeJ 1 , 
[xi] =0, i G /'. 
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satisfies 

Xj>0 and [Au][Xj] - [&/] > 0. (6) 
Proof: The results can be obtained obviously. □ 

Theorem 3 Let Jq = {i, [bi] 1 > 0}, J l (x*) be the index set when the iteration terminates, 
J l (x*) be the index set get from the last lower- dimension linear system with interval data. 
We have 

4 C J l (x*). 

Proof: For x* is the solution of the (LCP[A], [b] 1 ), i G N, it has 

For V i G Jq, [bi] 1 > 0, [a,*] > 0, [x*] > 0. We have i G J'([x*]). The conclusion of this 
lemma has been proved. □ 

Theorem 4 Let the index sets a, f3 satisfy a C j'(x*) = {i G iV|[x|] > 0} ; = 0? 

a n /3 = AT. Noting that 

~ ( [E aa ] KA^y 1 }^] \ 

11 [0 lA aa ]-[A a p][(Aw)]-i[Ap a } )> 

and 

f l _f [(A aa )]^[b a y 

where E aa G mH x H is an identity matrix, \a\ is the number of the elements in index set 
a. 

Proof: Prove as the process of Lemma 2.2 in [1]. □ 

Theorem 5 Let [x°] be the unique solution of lower- dimension linear system LCP([A], [b] 1 ), 
(5(0). (6) is not satisfied by I 1 / I l and J 1 / Jq. Suppose that the index set 

J l lo = {iel l \[aj][x ]-[bi] l <0}. 

It then follows that J l lo / and J l lo C J l ([x*]). 

Proof: It is clear that J l lo / 0. We only need to prove J l lo C J\[x*\). Let 

E ji ji (A ji ji ) ^ A j i ji \ ~ ( (A ji ji ) b ji 

Aji ji — Aji ji (A ji ji) A ji ji I ' \ b T i — Aji ji (A T i T i . 

From Theorem 4, we have LCP([A], [b] 1 ) and LCP([A], [b] 1 ) are equivalent. Note that 
i G J[ if and only if i G I l Q and [b] 1 > 0. From Theorem 3, it has i G J l ([x*]). □ 

The fact that Jq f] J l lo = is obvious. Let J\ = J l Q n J' G , we get J\ D Jo- From 
Theorem 4, j{ C J l (x*). For interval matrix [A] is an M- matrix and [bi] 1 > which 
consists of the index i by J[. Index set J\ in LCP([A], [b]) plays the same role as Jq in 
LCP([A], [b]). Then it has the following corollary. 
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Corollary 2 The solution of the lower-dimensional linear system with interval data 

[A 4 ji][x 4 }-[b 4 ] = o 

is positive. 

Repeating the process above, it has a sequence of index sets 

4c 4c-c 4 = j\x*). 

Here, I is finite, t < n and j\ = J l (x*). The solution of lower-dimension linear system 
with interval data is the solution of LCP([A], [b] 1 ). Then the solution of LCP([A], [b]) is 
positive. 

3.3 The monotonicity of Algorithm 1 

In this section, we prove the monotonicity of Algorithm 1 with several theorems as 
follows. 

Theorem 6 In Algorithm 1, x l J is the solution of kth iteration, x % ] is the solution of 
(k + l)th iteration, then it has 



x\ < x\ , 1 < i < J k , 
J k J k+i 



where J k+ i = JkC] J ko- 



Proof: Since x\ is the solution of kth iteration, we have 

J k 



A J k Jk x J k = b Jk, A JkoJk x ,i k0 ~ Uko < 0- 
Suppose that x Jk+1 = (x' Jk+i , x' Jk J T , then 



{Aj k j k ,Aj kJk0 ) I X J^ ] = (b Jk ). 
V X Jko J 

We have 

Aj k J k x'j k+1 = bj k - Aj k j k0 x' Jk0 . 
From Corollary 2, it has x 'j k+1 , x 'j ko > u - According to A is an M-matrix, it has 
A .hJko < 0. then 

x Jk+i ^ x Jk- 

□ 

Theorem 6 shows that the solution of LCP(A, b) increases with the step increasing. 

Theorem 7 Let A 1 > A 2 , b 1 < b 2 , which mean ajj > afj, 1 < i,j < n, bj < b 2 , 1 < i < n. 
In Algorithm 1, at kth step of iteration, D J%. Then at (k + l)th step of iteration, it 
has 

T 1 1 T 2 
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Proof: When k = 1, it is clear that J\ +l D 

When k ^ 1, we suppose that xi, X2 are the solutions of A±, b\ and A2, b 2 , respectively. 
From Lemma 5, it has 



J L J lo satisf y 



4 1 o = {i|(«!) T ^i-6 l 1 <o}, 
4 2 o = {^IK 2 ) T ^i-^<o}, 

1 1 1 2 2 2 

<4+i = <4 I 1 <4o <4+i = Jk f 1 ^fco- 

According to the condition of this theorem A 1 > A 2 , b 1 < b 2 , it has 

A 2 x 2 -b 2 <A 2 x 2 -b\ 
Let p G Jf G , Xp = Xp = 0, we obtain 

p— 1 p— 1 

IppXp + ] Ojp^i ) > a pp x p + ] a ip x i )• 
j=l i=l 

Evidently, it has 

A 2 x 2 - b 2 < A 2 x 2 - b 1 < A x Xl - b 1 . 
We get J ko C j| o , then the conclusion of this theorem has been proved. 



□ 



Theorem 8 For V A, A' 6 R nxn are M-matrices, A < A' , b > b' , Xj > 0. In Algorithm 
1> if Jk = {1) " " " ^ ^- flS 



(8) 



and 



an 


• — Olfc 


— Ofcl • 
















-°fci • 


• a 'kk 







=1 










K h ) 



) 




( b[ \ 






{ K ) 



(9) 



In (8) and (9), we obtain (x\,--- , x^) > (x^,--- ,x' k ). After one step iteration if 
it has Jfc+i = {1, • ■ ■ , k, k + 1}, (xi, ■ ■ ■ , Xk,Xk + 1) T and (x\, • • • , x' k , Xk + l') T are the 
solutions of 



( an 



-a\k 



-aifc+i \ 



— afci • • • afcfe — afc,fc+i 

\ — Ofc+1,1 • • • ~ a k+l,k a k+l,k+l J 



bk 

V 6fci y 



(10) 
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and 



( a'n 



h \k 



'ifc+i 



—a 



kl 



L kk 



—a 



k,k+l 



' a k+l,k a k+l,k+l 



\ 



7 



b' 



\ -4+1,1 •• 

respectively. Then we have 

(xi, ■ ■ ■ , x k , x^+i) T > (x l5 • • • , x k , x fc+1 ) T 



(11) 



Proof: Let 

/ an 

A x = 

— Ofcl 

V o 

we have 

Aix = 



-aik 



\ 



afc+i.fe+i / 



/ a\ 



A' 

! ^1 



11 



l A:l 



/ an 

-ajfci 
V 

an 



-ai fc 



\ 



a** 
a' 



fc+i,fc+i 



/ 



afc+i,fc+i / 
/ xi 



—a-ik 



-«fci • • • afefc 
, a>k+i,k+i x k+i = &fc+i 

(Xl, • • • ,Xfe,Xfc+l) T . 



/ a\ 



11 



A\x' 



\ 



a' 



fc+i,fc+i 



Xk 

V x k+i ) 



V h 



( x 'i \ 



V 4+i / 



V fe fc+i / 



a n ••• ~ a 'ik \ 








~ a 'ki ■■■ a 'kk J ' 









\ h 'k+i ) 



a A+i,fc+i4+i — K+i 



I i i I \T 

(X l5 ; x fc' x fc+lJ • 

Since (xi,--- ,x fc ) T > (xi,--- ,x' k ) T , a k+1:k +i < a' k+lk+v b k+1 > b' k+1 , it has 

x k+l > x 'k+l- 

In the form of Ai, A±, we obtain 

(xi, ■ ■ ■ , x k , x^+i) T > (xi, ■ ■ ■ , x k , x fc+1 ) T . 
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Now we discuss more general form of A±, A\ . Let 

/an • • • — o,ik — «i,fe+i \ / a n 

, A 2 ' = 



A 



we have 



A2X 



V o 

— Ofcl 

\ ■•■ 

/ 61 \ / an 



«fcfc o 
afc+i,fc+i / 



-a 



lk a l,k+l 



'fci 



a 



fc+i,fc+i 



— 0,1k — a l,k + l \ 

a kk 

Ofc+l,fc+l / 



and 



A 2 V 



bk 

\ b k+1 J 



bk 

V b k+1 j 



( oil 



-Ofcl 



-ai fc 




/xi \ 



Xk 

\ 4+1 I 



1 





-ai,fc+i 








/ *i X 



V o 



a ik a i,fc+i 

<k o 
a 



( 4 \ 



l / k 

fc+i,fc+i / v 4 + i / 







l,fc+l 



V 4+i / 



( K \ 

b k 

Decomposing ■ • • , bk, 6fc + i) T , it follows that 

/an • • • -aifc \ / *i \ 



o o 





,X 



V 4+i / 



and 



-cifei 

V o 



a fc+ i ifc+ i / 



Xk 



v e / 



(12) 





V o 



-ai )fc+ i \ / *i ^ 

Xk 

' \ x k+ i j 








M 2) \ 



4 2) 

v e j 



(13) 



11 
382 



WANG ET AL 372-388 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Decomposing (b^, • • • , b' k , b' k+1 ) T , it has 



/ a' u ■ 




\ 


( A 




( < 1] 






-°fci • 










€ ] 




(14) 


V o 


' a k+i,k+i 


) 


\ x k+i 


J 


\ C 


) 





and 



( ' 


•• 






\ 






bp 


\ 




• 

V o • 


•• 
•• 




o / 


i 

V X k+1 


) 




{ 


b'k (2) 
e 


/ 


(15) 



From the above conclusion, we can infer that if Jk+i = {1, ■ ■ ■ , k, k+1}, Jk = {1, ■ ■ • k}, 
the solution in (12) is bigger than in (14), and the solution in (13) is bigger than in (15), 
then 

(xi, ■ ■ ■ , Xk, Xk+i) > )4i4+i) • 

□ 

Corollary 3 For V A, A' G W ixn are M-matrices, A < A' , b > b' , Xi > 0. In Algorithm 
1, if Jk D Jk and 

A -hJ k x J k = h J k and A J k J k x J k = h 'j k > 

it has xj k > x'j k - Then after one step iteration it has Jk+i D J'k+i- If x Jk+i> x J k +i are ^ e 
solutions of 

Aj k+1 j k+l x Jk+l =bj k+l and A'j k+iJk+i x'j k+1 = b' Jk+1 , 

we have 

x J k +i > x J k+1 ■ 

Proof: With the Theorems 6, 7, 8, we obtain the conclusion of this corollary. q 



4 Numerical experiments 



In this section, we report on the numerical results obtained with a Matlab 7.0.1 im- 
plementation on window XP with 2.39 GHz 64-bit processor. The matrices [A] in the 
experiments are M-matrices. Our main goal is to test the monotonicity of Algorithm 1 
and the effectiveness of Algorithm 2. 

Example 1. Let 



A 



( [10,20] [-4,-1] 

[-5,-1] [10,20] [-4,-1] 



V 



[-5,-1] [10,20] J 



6x6 



[1,1.5] [1,1.5] [1,1.5] [1,1.5] [-0.2,-0.1] [-0.02,-0.01] ) . 
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a2l b 



Figure 2: Changing the elements 021 and b\ in Example 1, we get different solutions of 
LCP([A],[b]). 

With Algorithm 2, we obtain 
[as] = ( [0.0528, 1.2604] [0.0553,1.9011] [0.0528,1.9271] [0,1.1914] [0,0.5947] [0,0] ) T . 

In order to test the monotonicity of Algorithm 1. We change the elements in [A\ and 
[b] when they are mentioned. Then we get Figure 1 and Figure 2. 

In Figure 1 and Figure 2, if an is reduced, the solution x increases, an is a represent 
of dij for V i = j. When a\2 is reduced, the solution x increases. a\i is a represent of 
for Vi / j. When b\ increases, the solution x increases. In [b], b\ is a represent of bi, for 
V i G {!)••■ ; n}. The results of Figure 1 and Figure 2 coincide with the Corollary 3. 
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Example 2. [9] Let 

/ [1,1.5] 



[A] 



-0.5 



and 





[h] = 



-0.5 

[1,1.5] 




-0.5 \ 

-0.5 

-0.5 
[1,1.5] J 



€ 



5 10xl0 



[0.2,0.3] 



i = !,-•• ,10. 



if i = 2k + 1 
[-1,-0.9] ifi = 2k 

From Total step method with intersection (TJ) and Single step method with intersec- 
tion (SI) proposed by Alefeld and Schafer in [11], they get the inclusion 

/ [3.081847279378140£ + 000, 1.951054687500001E + 001] \ 
2.911385459533605£ + 000, 1.380703125000001^ + 001] 
1.583539094650204^7 + 000, 8.404678500000004£ + 000] 
1.787654320987653^7 + 000, 6.403125000000002£ + 000] 
7.407407407407402£ - 001, 3.468750000000001£ + 000] 
1.155555555555555£7 + 000, 3.125000000000001£ + 000] 
2.666666666666664£ - 001, 1.275000000000001E + 000] 
7.999999999999998£ - 001, 1.650000000000001£7 + 000] 
0.000000000000000£7 + 000, 3.000000000000001£ - 001] 
V [5.999999999999998£ - 001, 1.000000000000000^ + 000] / 

after 10 steps using TI, after 10 steps using SI, respectively. 
Let A€[A],b€ [b] in LCP(A, b) has 



( 1.5 




-0.5 





-0.5 


-0.5 


-0.5 


1.5 


-0.5 





1.5 


}< 





We get 



x 



0.2 ifi = 2k + \ 
-1 if i = 2k 



(0.4214, 0, 0.31605, 0, 0.23704, 0, 0.17778, 0, 0.13333, 0) r 
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From Algorithm 2, we get 



( [0.4140,1.6781] \ 
[0,0.3188] 
[0.3161,1.0125] 
[0,0] 

[0.2370,0.6750] 
[0,0] 

[0.1778,0.4500] 
[0,0] 

[0.1333,0.3000] 
V [0,0] / 

after 1 step. 

According to the above solutions of [A] and [b], x is concluded by [a^], but not concluded 
by [xi]. The solution of Algorithm 2 is more precise than TI and SI in [9]. From the 
results of the number of iteration step, Algorithm 2 is more efficient than TI and SI. 
Moreover, comparing with TI and SI, Algorithm 2 do not need to find a initial point. 

Example 3. In this experiment, we present a finite different discretization problem 
of one side obstacle [12]. 

(-Au - f, v - u) > 0, Vu G K, 

where K = {v G H^(tt) :v>0},f = 4sin(4xy), Q = (0 , a) x (0, a), a is an interval data, 
a = [0.9, 1.1]. We can turn it into this form by discretization. 

Ax - b > 0, x > 0, x T (Ax - b) = 0, 

where h = ^^1, n = r 2 ,b= {Ah 2 sin(^)) ij , i, j = 1, • • • r, and 



A 



(B -I 
-I B -I 



V 



\ 



'•. -I 

-I B J 



Here, / G W xr is an identity matrix and 

/ 4 -1 
-14 - 1 

B = 



\ 



-1 4 



/ 



The inner and outer iterative stop criterion are || A j k j k — bj k \\ < 10 and || min{Ax + 
b, x}\\ < 10 -10 . In Table 1, "n" denotes the order of the problem in Experiment 3, "di" 
and u d,2 n stand for the number of elements in Jo when we compute the maximum and 
minimum respectively, "m" and "712" are the number of the iteration when we compute the 



15 
386 



WANG ET AL 372-388 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



maximum and minimum respectively, "i" is the total time we take in Algorithm 2. From 
Table 1, computational estate increase with the dimension of the problem increase but the 
iteration number increase slow with the dimension of the problem increase. Algorithm 2 
is efficient when the dimension of the problem is bigger. 



n 


m 


n2 


di 


d 2 


t 


16 


1 


1 


15 


15 


5.025 


64 


1 


1 


61 


61 


5.438 


144 


2 


2 


138 


138 


4.954 


256 


3 


3 


246 


246 


8.486 


400 


4 


4 


385 


385 


12.765 


576 


5 


5 


555 


555 


29.526 


784 


6 


6 


756 


756 


60.281 


1024 


7 


7 


990 


990 


121.266 


1296 


7 


7 


1255 


1255 


212.751 


1600 


8 


8 


1551 


1551 


392.231 



Table 1: Numerical results for a finite different discretization problem of one side obstacle 
with different dimensions where inner and outer iterative stop criterion are ||^4j fc j k — bj k \\ < 
1Q- 10 and \\mm{Ax + b,x}\\ < 10~ 10 . 



References 

[1] C.W. Cryer and Y. Lin, An alternating direction implicit algorithm for the solution of linear 
complementarity problems arising from free boundary problems, Appl. Math. Optimization, 
13 (1985) 1-17. 

[2] C.E. Lemke, Bimatrix equilibrium points and mathematical programming, Management Sci- 
ence, 11 (1965) 681-689. 

[3] J. Rohn, Systems of linear interval equations, Linear Alg. Appl., 126 (1989), 39-78. 

[4] F. Pfeiffcr and C. Glocker, Multibody Dynamics with Unilateral Contacts, Wiley Ser. Nonlin- 
earSci., Wiley, New York, 1996. 

[5] RW. Cottle, J. S. Pang, and R. E. Stone, The Linear Complementarity Problem, Academic 
Press, San Diego, 1992. 

[6] J.T.J, van Eijndhovcn, Solving the linear complementarity problem in circuit simulation, 
SIAM J. Control and Optimization, 24 (1986), 1050-1062. 

[7] K.G. Murty, Linear Complementarity, Linear and Nonlinear Programming, HcldermannVer- 
lag, Berlin, 1988. 

[8] T. Hansen and A. S. Manne, Equilibrium and linear complementarity — an economy with 
institutional constraints on prices, Equilibrium and Disequilibrium in Economic Theory, 4 
(1978) 227-237. 

[9] G. Alcfcld and U. Schafcr, Iterative mcnthod for linear complementarity problems with interval 
data, Computing, 70 (2003) 235-259. 



16 
387 

WANG ET AL 372-388 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



10l Uwe Sch"afer, An enclosure method for free boundary problems based on a linear comple- 
mentarity problem with interval data, Numerical Functional Analysis and Optimization, 22 
(2001) 991-1011. 

Ill Dong-Hui Li, Yi-Yong Nie, Jin-Ping Zeng, Conjugate gradient method for the linear comple- 
mentarity problem with S-martix, Mathematical and Computer Modelling, 48 (2008) 918-928. 

121 P G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland Publishing 
Company, Amsterdam, 1978. 

131 Uwe Sch"afer, A Linear complementarity problem with a P-Matrix, SIAM Review, 46(2) 
(2004) 189-201. 

141 G. Mewrant, A review on the inverse of symmetric tridiagonal and block tridiagonal matrices, 
SIAM J. Matrix Anal. Appl, 13 (1992) 707-728. 

151 S.P. Shary, On optimal solution of interval linear equations, SIAM J. Numer. Anal, 32 (1995) 
610-630. 

161 W.W. Hager, H. Zhang, A new active set algorithm for box constrained optimization, SIAM 
J. Optimization, 17 (2007) 526-557. 

17] S.Z. Zhou, A direct method for the linear complementarity problem, J. Comput. Math., 2 
(1990) 178-182. 

18] R.S. Varga, Matrix Iterative Analysis, Prentice Hall, London 1962. 

19] K. Fan, Topological proofs for certain theorems on matrices with nonnegative elements, 
Monatsh. Math., 62 (1958) 219-237. 

[20] F. Facchinei, A. Fisecher, C. Kanzow, On the accurate identification of active constraints, 
SIAM J. Optimization, 9 (1999) 14-32. 



17 

388 



WANG ET AL 372-388 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.2, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



An approach based on fuzzy contra-harmonic 
mean operators to group decision making 

Jin Han Park, Seung Mi Yu 
Department of Applied Mathematics, Pukyong National University, 

Pusan 608-737, South Korea 
jihpark@pknu.ac.kr (J.H. Park), sweetymil2@naver.com (S.M. Yu) 

Young Chel Kwun* 
Department of Mathematics, Dong-A University, 
Pusan 604-714, South Korea 
yckwun@dau.ac.kr (Y.C. Kwun) 



Abstract 

Contra-harmonic mean is widely used as a tool to aggregate central 
tendency data and is useful whenever a few individual observations con- 
tribute a disproportionate amount to the arithmetic mean. In this paper, 
we investigate the situations in which the input data are expressed in fuzzy 
values and develop some fuzzy contra-harmonic mean operators, such as 
fuzzy weighted contra-harmonic mean operator, fuzzy ordered weighted 
contra-harmonic mean operator, and fuzzy hybrid contra-harmonic mean 
operator. Especially, all these operators can reduce to aggregate inter- 
val or real numbers. Then based on the developed operators, we present 
an approach to multiple attribute group decision making and illustrate it 
with a practical example. 

1 Introduction 

Decision making is an important subject in business, manufacturing, and ser- 
vice. Group decision making is a typical decision making activity where utilizing 
several experts alleviate some of the decision making difficulties due to the prob- 
lem's complexity and uncertainty. In the real world, the uncertainty, constraints, 
and even unclear knowledge of the experts imply that decision makers cannot 
provide exact numbers to express their opinions. Fuzzy sets [33] are a very 
useful tool to express a decision maker's preference information over objects in 
process of decision making under uncertain or vague environments. In order to 

"This study was supported by research funds from Dong-A University, 
t Corresponding author: yckwun@dau.ac.kr 
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get a decision result, an important step is the aggregation of fuzzy data. Many 
techniques have been developed to aggregate fuzzy data information. Lee and 
Kuo [10] developed the fuzzy number OWA (FN-OWA) operator, which we will 
refer to it as the fuzzy OWA (FOWA) operator, and its application to image 
enhancement. The main characteristic of FOWA operator is that it uses un- 
certain information in the aggregation represented by fuzzy numbers. Mitchell 
and Estrakh [15] presented the OWA operator with fuzzy ranks. Yager [27] 
proposed a method for including importance in the OWA aggregations using 
fuzzy systems modeling. The FOWA operator has been studied by different 
authors [3, 5, 6, 12, 30, 34, 20, 17]. Chen and Chen [4] used fuzzy numbers to 
extend the induced OWA (IOWA) [31] operator to present the fuzzy number 
IOWA (FN-IOWA) operator, wherein fuzzy numbers are used to describe the 
argument values and the weights of the IOWA operator, and the aggregation 
results are obtained by using fuzzy number arithmetic operations. Based on the 
FN-IOWA operator, they developed a new algorithm to deal with multicriteria 
fuzzy decision making problems. Xu [20] introduced the fuzzy ordered weighted 
geometric (FOWG) operator. Xu and Wu [25] proposed the fuzzy induced or- 
dered weighted averaging (FIOWA) operator. Xu and Da [24] developed the 
fuzzy induced ordered weighted geometric (FIOWG) operator. Wang and Luo 
[18] introduced the generalized fuzzy weighted mean (GFWM) operator. It in- 
cludes the fuzzy weighted average (FWA), the fuzzy weighted geometric mean 
(FWGM), the fuzzy weighted harmonic mean (FWHM), the fuzzy weighted 
quadratic mean (FWQM) and the fuzzy weighted root-power mean (FWRM) 
operators as its special cases. They developed linear programming models for 
solving the GFWM and its special cases and investigated the order relation- 
ships among the FWA, the FWGM and the FWHM operators. Xu [22] also 
extended the traditional harmonic mean to fuzzy environments and introduced 
the some fuzzy harmonic mean operators. Based on the developed operators, he 
presented an approach to multiple attribute group decision making. Wei [19] 
developed a fuzzy induced ordered weighted harmonic mean (FIOWHM) op- 
erator, studied some desirable properties of the FIOWHM operators, such as 
commutativity, idempotency and monotonicity, and applied the FIOWHM and 
FWHM operators to group decision making with triangular fuzzy information. 
Merigo and Casanovas [14] presented the fuzzy generalized ordered weighted 
averaging (FGOWA) operator. It is an extension of the generalized ordered 
weighted averaging (GOWA) operator for uncertain situations where the avail- 
able information is given in the form of fuzzy numbers. In [13], they further 
introduced the fuzzy OWAWA (FOWAWA) operator, which unifies the FOWA 
operator and the FWA operator in the same formulation, and studied some of 
its main properties and particular cases including a wide range of new aggrega- 
tion operators such as the FOWA, fuzzy arithmetic weighted average (FAWA) 
and the fuzzy arithmetic OWA (FAOWA) operators. 

Contra-harmonic mean is the arithmetic mean of the squares divided by the 
arithmetic mean, which is a conservative average to be used to provide for ag- 
gregation lying between the max and min operators. Contra-harmonic mean is 
widely used as a tool to aggregate central tendency data and is useful when- 
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ever a few individual observations contribute a disproportionate amount to the 
arithmetic mean. Consider that, in the existing literature, the contra-harmonic 
mean is generally considered as a fusion technique of numerical data, in the real- 
life situations, the input data sometimes cannot be obtained exactly, but fuzzy 
data can be given. Therefore, how to aggregate fuzzy data by using the contra- 
harmonic mean? is an interesting research topic and is worth paying attention 
to. In this paper, we develop some fuzzy contra-harmonic mean (FCHM) opera- 
tors. To do so, the remainder of this paper is arranged in the following sections. 
Section 2 reviews some basic aggregation operators. Section 3 develops some 
FCHM operators, such as fuzzy weighted contra-harmonic mean (FWCHM) 
operator, fuzzy ordered weighted contra-harmonic mean (FOWCHM) operator, 
fuzzy hybrid contra-harmonic mean (FHCHM) operator, and so on. Section 
4 presents an approach to multiple attribute group decision making based on 
the developed operators. Section 5 illustrates the presented approach with a 
practical example. Section 6 ends the paper with some concluding remarks. 



2 Basic aggregation operators 

In this section, we review some basic aggregation techniques and some of their 
fundamental characteristics. 

Definition 1. [8] Let WAA : R n R, if 

n 

WAA(ai,a 2 , . . . , a„) = WjOj, (1) 

where aj (j = 1,2, ...,n) is a collection of positive real numbers, and w = 
(wi,w 2 , ■ ■ ■ , w n ) T is the weight vector of aj (j = 1,2, ... ,n), with Wj > and 
Y^ij=i w j — 1' then WAA is called the weighted arithmetic averaging (WAA) 
operator. Especially, if Wi — 1, Wj = 0, j ^ i, then WAA(ai, a 2 , . . . , a n ) — af, 
if w = (-, -, . . . , i) T , then the WAA operator is reduced to the arithmetic 
averaging (AA) operator, i.e., 

1 " 

AA(ai,a 2 ,...,ffl n ) = - ^aj- (2) 
n ■ i 



Definition 2. [2] Let WCHM : (R+) n -> R+, if 



WCHM(oi, 02, ■ ■ ■ , On) = r; 3 " 3 , (3) 



En 
j=1 Wj(li 

where aj (j = 1,2, ...,n) is a collection of positive real numbers, and w = 
(wi, W2, ■ ■ ■ , w n ) T is the weight vector of aj (j = 1,2, ...,n), with Wj > 
and Y^j=i w 3 = 1' tnen WCHM is called the weighted contra- harmonic mean 
(WCHM) operator. Especially, if Wi = 1, Wj = 0, j ^ i, then WCHM(ai,a 2 , 
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. . . , a n ) = a,i\ if w = ^, . . . , ^) T , then the WCHM operator is reduced to 
the contra-harmonic mean (CHM) operator, i.e., 

CHM(oi,o 2 ,...,o w )= r;r iaj . (4) 

The WAA and WCHM operators first weight all the given data, and then 
aggregate all these weighted data into a collective one. Yager [26, 27, 28, 29] 
introduced and studied the OWA operator that weights the ordered positions 
of the data instead of weighting the data themselves. 

Definition 3. [26] An OWA operator of dimension n is a mapping OWA : 
R n — > R that has an associated vector us — (u!i,u!2, ■ ■ ■ , w„) T such that uij > 
and Y^j^i^j = 1- Furthermore, 

n 

OWA(a 1 ,a 2 ,...,a n )='^2uj j b j , (5) 
i=i 

where 6j is the jth largest of dj (i = 1,2,..., n). Especially, if cj^ = 1, uij = 0, 
j 7^ i, then 6„ < OWA(a 1 ,a 2 , . . . , a n ) = bi < h; if to = (^, ^, . . . , ^) T , then 

OWA(ai,a 2 ,...,o„) = - 6j ; = - ^ = AA(ai, a 2 , . . . , a n ). (6) 

3 Fuzzy contra-harmonic mean operators 

The above-mentioned aggregation techniques can only deal with the situation 
that the arguments are represented by the exact numerical values, but are invalid 
if the aggregation information is given in other forms, such as triangular fuzzy 
number [9] , which is a widely used tool to deal with uncertainty and fuzzyness, 
described as follows: 

Definition 4. [9] A triangular fuzzy number a can be defined by a triplet 
[a L ,a M ,a u ]. The membership function fia(x) is defined as: 



0, x < a L : 

a L < x < a M ; 
a M <x <a l 



x ~ a „M <r ^ <r „U. 

a M -a<J ' 

0, x > a u ', 



where a u > a M > a L > 0, a L and a u stand for the lower and upper values of 
a, respectively, and a M stands for the modal value [9]. Especially, if any two of 
a L ,a M and a u are equal, then a is reduced to an interval number; if all a L 7 a M 
and a u are equal, then a is reduced to a real number. For convenience, we let 
fl be the set of all triangular fuzzy numbers. 
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Let a — [a L ,a M ,a u ] and b — [b L ,b M ,b u ] be two triangular fuzzy numbers, 
then some operational laws defined as follows [9]: 

1) a + b = [a L ,a M , a u ] + [b L ,b M ,b u ] = [a L + b L ,a M + b M , a u + b u \; 



2) Xd = X[a L ,a 



[Xa L ,Xa M ,Xa u ]; 



3) axb=[a L ,a M ,a u ] x [b L ,b M ,b u ] = [a L b L ,a M b M ,a u b u ]; 

A\ I - 1 - [J_ J_ J_] 

a — [a L ,a M ,a u ] ~ la u ' a M ' a L J ' 

In order to compare two triangular fuzzy numbers, Xu [22] provided the 
following definition: 

Definition 5. Let a — [a L ,a M ,a u ] and b = [b L ,b M ,b u ] be two triangular 
fuzzy numbers, then the degree of possibility of a > b is defined as follows: 



p(a > b) = 5 max < 1 — max 



b M - a L 



+(1 — S) max < 1 — max 



{1 — max ( - 



b u 



,M 



a M + b U _ b M- 



,0 



,0 \,Se [0,1] (7) 



which satisfies the following properties: 

< p(a > b) < I, p{a >a) = 0.5, p(a > b) + p(b > a) = 1. 



(8) 



In the following, we shall give a simple procedure for ranking of the triangular 
fuzzy numbers fij (i = 1,2, ... ,n). First, by using Equation (4), we compare 
each di with all the dj (j = 1,2, ... ,n), for simplicity, let pij = p{di > aj), then 
we develop a possibility matrix [7, 23] as 



P = 



(P\\ Pl2 

Pl\ P22 



\Pnl 



Pn2 



■■■ Pin \ 
' ' • P2n 

Pnn ' 



(9) 



where p^ > 0, p^ + Pji = 1, Pu = \, i,j — 1,2, ... ,n. Summing all elements 
in each line of matrix P, we have pi — Y^j=iPij> * = 1,2, ...,n. Then, in 
accordance with the values of Pi (i = 1, 2, . . . , n), we rank the fij (i = 1, 2, . . . , n) 
in descending order. 

Based on operational laws of triangular fuzzy numbers, we extend the WCHM 
operator (3) to fuzzy environment: 

Definition 6. Let dj = [a 1 - ,af] (j = 1,2, ...,n) be a collection of 
triangular fuzzy numbers, and let FWCHM : O™ -> O, if 

£j=l W 3 a 3 



FWCHM(oi,a 2 ,...,a n ) 



En 
j=l W j a 3 



En tj •> sr^n m ' n 

j=i w 3 a j L., : L., : "•..». 



M\2 



(10) 
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where w = (wi,u>2, 
"Uj > and Y^=i' 



, w n ) be the weight vector of dj (j = 1,2, ... , n), with 
= 1, then FWCHM is called a fuzzy weighted contra- 



harmonic mean (FWCHM) operator. 

Especially, if Wi — 1, wj = 0, j ^ i, then FWCHM(a 1 , a 2 , . . . ,a„) = a,; if 
w = (i,i,...,^) T , then the FWCHM operator reduces to the fuzzy contra- 
harmonic mean (FCHM) operator: 



FCHM(oi,o 2 ,...,a n ) = 



En * 
3 = 1 a 

T^=M? EUW 



(11) 



If the triangular fuzzy numbers dj 



[af,af, af] (j = 1, 2, . . . , n) reduce to 
1,2,..., n), then the FWCHM opera- 



the interval numbers dj 

tor (10) reduces to the uncertain weighted contra-harmonic mean (UWCHM) 
operator: 



uwcHM(ai,a 2 ,...,a n ) = 



Wjd) 



.j=l W j a 3 



En TJ i \-^n t, 

1= 1 Ej=l "•./«' 



(12) 



Ifw = (i,i,...,i) T , then the UWCHM operator reduces to the uncertain 
contra-harmonic mean (UCHM) operator: 



UCHM(oi,o 2 , . . • ,a„) 



En 
.7 = 1 «J 



(13) 



If of 



aj, for all j, then Eqs. (12) and (13), respectively, reduces to 



the WCHM operator (3) and the CHM operator (4). 

Example 1. Given a collection of triangular fuzzy numbers: d\ — [2,3,4], 
a 2 = [1,2,4], a 3 = [2,4,6], a 4 = [1,3,5], let w = (0.3, 0.1, 0.2, 0.4) T be the 
weight vector of Oj (i = 1, 2, 3, 4), then by Eq. (10), we have 

FWCHM(oi, o 2 , o 3 ,o 4 ) = [0.5208,3.1935,15.7333]. 



Based on the OWA and FCHM operators, we define a fuzzy ordered weighted 
contra-hamonic mean (FOWCHM) operator as below: 



Definition 7. Let a, 



\af,af,a u 



] (j = 1,2, ... ,n) be a collection of 



triangular fuzzy numbers. A fuzzy ordered weighted contra-hamonic mean 
(FOWCHM) operator of dimension n is a mapping FOWCHM : Q n -> ft, 



G 
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that has an associated vector ui = (u>i, u; 2 , ■ ■ ■ , w„) T such that Uj > and 
E?=i u i = 1- Furthermore, 



FOWCHM(ai,a 2 ,...,a„) 



En 



En 

HU^ (j) ? EU^< 3 )) 2 T,U-A< {3) ? 



(14) 



where a a{j) = [a^ (j) , a^ j} , a^ (j) ] (j = 1, 2, . . . ,n), and (ct(1), ct(2), . . . , <r(n)) is a 
permutation of (1,2,..., n) such that dg-Q-i) > a CT (j) for all i = 2, 3, . . . , n. 

If there is a tie between and aj , then we replace each of cii and fij by their 
average {di + a,j ) /2 in process of aggregation. If k items are tied, then we replace 
these by k replicas of their average. The weighting vector to — (u>\, u; 2 , ■ ■ ■ , w n ) T 
can be determined by using some weight determining methods like the normal 
distribution based method, see Refs [11, 21, 29] for more details. 

Similar to the OWA operator, the FOWCHM operator has the following 
properties: 

Theorem 1. Let a,j = [afaj 1 ,^] (j = 1,2, ...,n) be a collection of 
triangular fuzzy numbers, the following are valid: 

(1) Idempotency: If all a,j (j = 1, 2, . . . , n) are equal, i.e., aj = a, for all i, 
then 

FOWCHM(ai,a 2 , . . . , a n ) = a. 

(2) Boundedness: Let a~ = [minjjaj"}, min^a;^}, minj{af}] and a + = 
[maxj ja^}, maxj{af }, max^a^}] , then 

a" <FOWCHM(ai,a 2 ,...,a„) < a+. 

(3) Monotonicity: Let a* = [af*, af\ af*] (j = 1,2,..., n) be a collection 
of triangular fuzzy numbers, then if a 1 - < a 1 -* , aj 1 < aj 1 * and aJj < a 1 -* for all 
j, then 

FOWCHM(ai,a 2 ,...,o„) < FOWCHM(a*, a*, . . . , a* n ). 

(4) Commutativity: Let a'j = [af ,af ,af'} (j = 1, 2, . . . , n) be a collec- 
tion of triangular fuzzy numbers, then 

FOWCHM(ai,a 2 , • • • ,& n ) = FOWCHM (a^, a' 2 , . . . ,a' n ), 

where a' 2 , ■ ■ ■ , a' n ) is any permutation of (a\, a 2 , . . . , a n ). 

Especially, if to = (i,i,...,i) T , then the FOWCHM operator reduces 
to the FCHM operator; if the triangular fuzzy numbers a,j = [a^- ,a^\ 
{j = 1, 2, . . . , n) reduce to the interval numbers hj = [aj,^] (j = 1,2, ... ,n), 
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then the FOWCHM operator reduces to the uncertain ordered weighted contra- 
harmonic mean (UOWCHM) operator: 



UOWCHM(a j ,a 2 ,...,5„) 



En 
j = l ^3 a <r{j) 



En 
=1 w,-a 



u 



(15) 



where a a ^ = [ a a(j)' a a(j)]' (^l 1 )' CT ( 2 )' • • • j a ( n )) is a permutation of (1, 2, ... ,n) 
such that a CT (j_i) > cWj) f° r a U i = 2, 3, . . . , n. 



If af 



for all j, then the UOWCHM operator reduces to the 



ordered weighted contra-harmonic mean (OWCHM) operator: 



OWCHM(ai,a 2 ,...,a„) 



En i j 



(16) 



where bj is the jth largest of aj (j = 1,2, ... ,n). The OWCHM operator (16) 
has some special cases: 

(1) Ifw= (1,0, ...,0) T , then 



OWCHM(fli,ft 2 , . . . , a n ) = max{aj} = b\. 

(2) If uj = (0,0,..., 1) T , then 

OWCHM(fli,ft 2 , . . . , a n ) = minjaj} = b n . 

(3) If ujj = 1, Wi = 0, i j, then 

b n < OWCHM(ai, a 2) . . . ,a n ) = bj <h. 

(4) If u = (i,i,...,i) T , then 



(17) 
(18) 
(19) 



OWCHM(ai,a 2 ,...,a„) = 



En j 9 x—\n 
j=l h 3 E,-, « 



^ =CHM(oi,a 2 ,...,a n ). (20) 



Example 2. Given a collection of triangular fuzzy numbers: a\ — [3,4,6], 
a 2 = [1,2,4], a 3 = [2,4,5], 04 = [1,3,5], and S5 = [2,5,7]. To rank these 
triangular fuzzy numbers, we first compare each triangular fuzzy number fij 
with all triangular fuzzy numbers dj (j = 1, 2, 3, 4, 5) by using Eq. (9) (without 
loss of generality, set 5 = 0.5), let Pij = p(a, > aj) (j = 1,2,3,4,5), then we 
utilize these possibility degrees to construct the following matrix P = {pij)$x5'- 



'0.5000 



1 



0.6667 0.8750 0.3750 



0.3333 1 0.5000 0.7083 0.2000 
0.1250 0.7083 0.2917 0.5000 0.1000 
V 0.6250 1 0.8000 0.9000 0.5000 / 
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Summing all elements in each line of matrix P, we have 

Pi = 3.4167, p 2 = 0.7917, p 3 = 2.7417, p 4 = 1.7250, p 5 = 3.8250 

and then we rank the triangular fuzzy number di (i = 1, 2, 3, 4, 5) in descending 
order in accordance with the values of pi (i = 1, 2, 3, 4, 5): 

a<x(i) = a 5 , a CT (2) = d\, a a (s) = d 3 , a CT ( 4 ) = a 4 , d CT ( 5 ) = a 2 - 

Suppose that the weighting vector w = (oj-l, uj-i, u 3 , w 4 , Ws) T of the FOWCHM 
operator is w = (0.1117,0.2365,0.3036, 0.3265, 0.1117) T (derived by the normal 
distribution based method [21]), then by Eq. (14), we get 

FOWCHM(ai,a 2 , a 3 ,a 4 ,a 5 ) == [0.7292,3.7787,15.9364]. 

Clearly, the fundamental characteristic of the FWCHM operator is that it 
considers the importance of each given triangular fuzzy number, whereas the 
fundamental characteristic of the FOWCHM operator is the reordering step, 
and it weights all the ordered positions of the triangular fuzzy numbers instead 
of weighting the given triangular fuzzy numbers themselves. By combining 
the advantages of the FWCHM and FOWCHM operators, in the following, we 
develop a fuzzy hybrid contra-harmonic mean (FHCHM) operator that weights 
both the given triangular fuzzy numbers and their ordered positions. 

Definition 8. Let dj = [aj, a™ , aj] (j = 1, 2, . . . , n) be a collection of trian- 
gular fuzzy numbers. A fuzzy hybrid contra-harmonic mean (FHCHM) operator 
of dimension n is a mapping FHCHM : il n — »■ ft, which has an associated vector 
ijj = (uji, cj 2 , • • • , w„) T with oj j > and Y^j=i w i = 1> sucn that 

FHCHM(Si ,a 2 ,...,a n )= ^ 



(21) 



where a CT (j) = ^ s tnc largest of the weighted triangular 

fuzzy numbers dj (dj — nwjdj, j = 1,2,..., n), w — (wi, w 2 , • • • , w n ) T is the 
weight vector of dj (j = 1, 2, . . . , n) with Wj > and Y^j=i w j — 1j an d n IS ^ ne 
balancing coefficient. 

Especially, if w = (^, ^, . . . , ^) T , then dj = dj, for all j, in this case, the 
FHCHM operator reduces to the FOWCHM operator. Moreover, if the trian- 
gular fuzzy numbers dj = [a 1 - ,aj] (j = 1,2, ... ,n) reduce to the interval 
numbers dj = [a 1 - , a^] (j = 1,2, ... ,n), then the FHCHM operator reduces to 
the uncertain hybrid contra-harmonic mean (UHCHM) operator: 

UHCHMfe, Sa, . . . , £„) = ^1"^ , (22) 
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where is the jth largest of the weighted interval numbers dj (dj — nwjdj, 
j = 1,2,..., n), w = (wi, u>2, ■ ■ ■ , w n ) T is the weight vector of dj (J = 1,2, ... , n) 
with Wj > and Ej=i w i = 1; ano ^ n lii tne balancing coefficient. Especially, 
if to = (-,-,... , ^) T , then dj = dj, j = 1, 2, . . . , n, in this case, the UHCHM 
operator reduces to the UOWCHM operator. 

If ~ — dj, for all j, then the UHCHM operator reduces to the hybrid 
contra-harmonic mean (HCHM) operator: 



En 
r- 



HCHM(a i ,tt 2 , . . . , c) = ^ a " 0) , (23) 

Ej=i <*>j<Mj) 

where d CT (j) is the jth largest of the weighted interval numbers dj (dj — nwjdj, 
j = 1, 2, . . . , n), to = (wi,W2, . . . , w„) T is the weight vector of dj (j — 1,2, ... , n) 
with Wj > and Ej=i Wj = 1, and n is the balancing coefficient. Especially, 
if w = (^, ^, . . . , ^) T , then dj = cij, j = 1,2, ... ,n, in this case, the HCHM 
operator reduces to the OWCHM operator. 

Example 3. Given a collection of triangular fuzzy numbers: d\ — [2,4, 5], 
d 2 = [1,3,4], a 3 = [2,3,5], d 4 = [3,4,5], and d 5 = [2,5,8], and let w = 
(0.20, 0.25, 0.15, 0.25, 0.15) T be the weight vector of dj (j = 1,2,3,4,5). Then 
we get the weighted triangular fuzzy numbers: 

Si = [2,4,5], d 2 = [1.25,3.75,5], a 3 = [1.5,2.25,3.75], 
d 4 = [3.75, 5, 6.25], a 5 = [1-5, 3.75, 6]. 

By using Eq. (9) (without loss of generality, set S = 0.5), we construct the 
following matrix: 

/ 0.5000 0.5833 0.9545 0.0385 0.4864 \ 

' 0.4167 0.5000 0.8462 0.4154 ' 

0.0455 0.1538 0.5000 0.1250 

0.9615 1 1 0.5000 0.8571 

\0.5136 0.5846 0.8750 0.1429 0.5000/ 

Summing all elements in each line of matrix P, we have 

Pi = 2.5628, p 2 = 2.1782, p 3 = 0.8243, p A = 4.3187, p 5 = 2.6160 

and then we rank the triangular fuzzy number dj (j = 1, 2, 3, 4, 5) in descending 
order in accordance with the values of pi (i = 1, 2, 3, 4, 5): 

acr(i) = 0,4,, d a {2) = d 5 , a CT ( 3 ) = d\, d CT ( 4 ) = d 2 , d CT ( 5 ) = a 3 . 

Suppose that w = (0.1117, 0.2365, 0.3036, 0.3265, 0.1117) T is the weighting vec- 
tor of the FHCHM operator, then by Eq. (21), we get 



Ej=i Uja a{j) 



FHCHM(ai, d 2 , a 3 , d 4 , a 5 ) 



Ej=i Ujd^ 



= [0.7173,3.9011,15.4360]. 



10 
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Approaches to multiple attribute group deci- 
sion making with triangular fuzzy information 



For a group decision making with triangular fuzzy information, let X = {x\, X2, 
. . . , x n } be a discrete set of n alternatives, and G = {G\ , G2, ■ ■ ■ , G m } be the set 
of m attributes, whose weight vector is w — (w\, W2, ■ ■ ■ , w m ) T with Wi > and 
y]™Li Wi — 1, and let D = {di, d,2, ■ . ■ , d s } be the set of decision makers, whose 



{vi,V2, ■ ■ ■ ,v a y , where v k > and J2k=i v k : 
<„ is the decision matrix, where a-^ = [afj k \ 



1. Suppose 

M(fc) n U(k) } 



. a 



13 



weight vector is v ■ 
that A™ = (4 fe) ) r 

is an attribute value, which takes the form of triangular fuzzy number, of the 
alternative Xj £ X with respect to the attribute Gi G G. 

Then, we utilize the FWCHM and FHCHM operators to propose an ap- 
proach to multiple attribute group decision making with triangular fuzzy data, 
which involves the following steps: 

Step 1. Normalize each attribute value a^f in the matrix A^> into a cor- 



responding element in the matrix = (rj^) T 
using the following formulas: 



(fc) _ r L(fc) M(k) U(k) 



(C = [■ 



]) 



f {k) = 



s(*0 



e; 



.(fc) 

n 

-.1 a i 3 



L(k) 



e; 



u(k) ■ 

= 1 a ij 



for benefit attribute d, 



E?=i(i/aif ) ) 



l/a 



u(k) 

ij 



M(k) 



En m 
3=1 % 



M(fe) 



1 / M 

V a ij 



M(k) 
ij 



U{k) 



2^j=i a ij 



LEy=i(i/«6 w )' E7=i(i/«? w )' E?=i(i/«5 (fc) ) 

for cost attribute G;, 



(24) 



(25) 



where i = 1, 2, . . . , m, j = 1, 2, . . . , n, k = 1, 2, . . . , s. 
Step 2. Utilize the FWCHM operator: 



j 



FWCHM(fg ) ,fg ) 



> 1 mj) 



Em *(k) 



YZ^M^f E£i«*(r? W ) a YZiMrT)* 



E i= i w ^ 



L(fe) 



Em 
i=l w * r ' 



M(fc) 
ij 



EI' 



[/(fc) 



(26) 



to aggregate all the elements in the jth column of i?^-* and get the overall 

(fc) 

attribute value of the alternative Xj corresponding to the decision maker 
d k - 
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Step 3. Utilize the FHCHM operator: 

E^Mj ) 

k=l UkTj 



f j =FRCHM(fy , ,f\- 



1) *(2) _ jsW] 



(27) 



to aggregate the overall attribute values ff^ 1 (fc = 1,2,..., s) corresponding to 



the decision maker dk (k = 1, 2, . . . , s) and get the collective overall attribute 



value rj, where 



.L(<r(fc)) .M{a{k)) -U{a{k)) 
3 ' 3 ' j 



is the fcth largest of the 

weighted data fj ^ (fj ^ = svkfj k \ k = 1, 2, . . . , s), and w = (u>i,u;2, • • • , ^s) T is 
the weighting vector of the FHCHM operator, with Wfe > and Efc=i = 1- 

Step 4. Compare each fj with all fj (i = 1, 2, . . . n) by using Eq. (9), and 
let Pij = p(fi > fj), and then construct a possibility matrix P = (pij) nxn , 
where Pij > 0, ptj +Pji = 1, Pa = 0.5, i, j = 1, 2, . . . n. Summing all elements in 
each line of matrix P, we have p, = Y^j=iPij> * — 1)2, ... ,n, and then reorder 
fj (j = 1,2, ...,n) in descending order in accordance with the values of pj 
(j = l,2,...,n). 

Step 5. Rank all the alternatives Xj (j = 1, 2, . . . , n) by the ranking of fj 
(j = 1,2, ... ,n), and then select the most desirable one. 
Step 6. End. 



5 Illustrative example 

In this section, we use a multiple attribute group decision making problem 
of determining what kind of air-conditioning systems should be installed in a 
library (adopted from [22, 32]) to illustrate the proposed approach. 

A city is planning to build a municipal library. One of the problems facing 
the city development commissioner is to determine what kind of air-conditioning 
systems should be installed in the library. The contractor offers five feasible al- 
ternatives, which might be adapted to the physical structure of the library. 
The alternatives Xj (j = 1, 2, 3, 4, 5) are to be evaluated using triangular fuzzy 
numbers by the three decision makers dk {k = 1,2,3) (whose weight vector 
is v — (0.4, 0.3, 0.3) r ) under three major impacts: economic, functional, and 
operational. Two monetary attributes and six nonmonetary attributes (that 
is, G\: owning cost ($/ft 2 ), G2: operating cost ($/ft 2 ), G3: performance (*), 
G4: noise level (Db), G5: maintainability (*), G§: reliability (%), G7: flex- 
ibility (*), Gs- safety (*), where * unit is from — 1 scale, three attributes 
Gi, G2, and G4 are cost attributes, and the other five attributes are benefit 
attributes, suppose that the weight vector od the attributes Gi (i = 1, 2, . . . , 8) 
is w = (0.05, 0.08, 0.14, 0.12, 0.18, 0.21, 0.05, 0.17) T ) emerged from three impacts 
is Tables 1-3. 
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Table 1: Triangular fuzzy number decision matrix A^> 



[3.5,4.0,4.7] [1.7,2.0,2.3] [3.5,3.8,4.2] [3.5,3.8,4.5] [3.3,3.8,4.0] 

[5.5,6.0,6.5] [4.8,5.1,5.5] [4.5,5.2.5.5] [4.5,4.7,5.0] [5.5,5.7.6.0] 

[0.7,0.8,0.9] [0.5,0.56,0.6] [0.5,0.6,0.7] [0.7,0.85,0.9] [0.6,0.7.0.8] 
[35,40,45] [70,73,75] [65,68,70] [40,42,45] [50,55,60] 

[0.4,0.45,0.5] [0.4,0.44,0.6] [0.7,0.76,0.8] [0.9,0.97,1.0] [0.5,0.54,0.6] 

[95,98,100] [70,73,75] [80,83,90] [90,93,95] [85,90,95] 

[0.3.0.35.0.5] [0.7,0.75,0.8] [0.8,0.9.1.0] [0.6,0.75,0.8] [0.4,0.5.0.6] 

[0.7,0.74,0.8] [0.5,0.53,0.6] [0.6,0.68,0.7] [0.7,0.8,0.9] [0.8,0.85,0.9] 



Table 2: Triangular fuzzy number decision matrix 

X\ X 2 X3 X4 Xf, 

[4.0,4.3,4.5] [2.1,2.2,2.4] [5.0,5.1,5.2] [4.3,4.4,4.5] [3.0,3.3,3.5] 

[6.0,6.3,6.5] [5.0,5.1,5.2] [4.5,4.7,5.0] [5.0,5.1,5.3] [7.0,7.5,8.0] 

[0.7,0.8,0.9] [0.4,0.5,0.6] [0.5,0.55,0.6] [0.7,0.75,0.8] [0.7,0.8,0.9] 

[37,38,39] [70,73,75] [65,66,67] [40,42,45] [50,52,55] 

[0.4,0.5,0.6] [0.5,0.55,0.6] [0.8,0.85,0.9] [0.8,0.95,1.0] [0.4,0.44,0.5] 

[92,93,95] [70,75,80] [83,84,85] [90,91,92] [90,93,95] 

[0.4,0.45,0.5] [0.8,0.85,0.9] [0.7,0.73,0.8] [[0.7,0.85,0.9] [0.4,0.45,0.5] 

[0.6,0.7,0.8] [0.6,0.65,0.7] [0.5,0.6,0.7] [0.7,0.76,0.8] [0.7,0.8,0.9] 



Table 3: Triangular fuzzy number decision matrix 



[4.3,4.4,4.6] 
[6.4,6.7,7.0] 
[0.8,0.85,0.9] 

[36,38,40] 
[0.4,0.46,0.5] 
[93, 94, 95] 
[0.4,0.5,0.6] 
[0.7,0.78.0.8] 



2.5] 



5.5] 
0.7] 



[2.2, 2.4, 
[5.0, 5.2, 
[0.5,0.6, 
[72,73,75] 
[0.4,0.45,0.6] 

[77, 78, 80] 
[0.8,0.9. 1.0] 
[0.5,0.55,0.6] 



[4.5,4.8,5.0] 
[4.7,4.8,4.9] 
[0.6,0.7,0.8] 
[67, 68, 70] 
[0.8,0.95, 1.0] 

[85, 87, 90] 
[0.8,0.86,0.9] 
[0.6,0.68,0.7] 



[4.7,4.9,5.0] 
[5.5,5.7,6.0] 
[0.7,0.8,0.9] 

[45, 48, 50] 
[0.8,0.85,0.9] 
[90, 94, 95] 
[0.6,0.7.0.8] 
[0.8,0.85,0.9] 



[3.1,3.2,3.4] 
[6.0,6.5, 7.0] 

[0.7,0.75,0.8] 
[55, 57, 60] 

[0.5,0.55,0.6] 
[90, 96, 100] 

[0.5,0.57,0.6] 

[0.8,0.85,0.9] 



To select the best air-conditioning system, we utilize the approach based on 
the FWCHM and FHCHM operators, the main steps are as follows: 

Step 1. By using Eqs. (24) and (25), we normalize each attribute value 
in the matrices A^ (k = 1, 2, 3) into the corresponding element in the matrices 
R (k) = (fy)sx5 (k = 1,2,3) (Tables 4-6): 

Step 2: Utilize the FWCHM operator (26) to aggregate all elements in the 
jth column and get the overall attribute value : 



' 1 


= [0.1263,0.2076,0.3530] , 


'2 


= [0.1040,0.1804,0.3272] , 


'3 


= [0.1234,0.2013,0.3325] , 


'4 


= [0.1528,0.2452,0.3777] , 


'5 


= [0.1208,0.2007,0.3376] , 


f(2) 
' 1 


= [0.1316,0.2084,0.3413] , 


f(2) 
'2 


= [0.1229,0.1928,0.3057] , 


f(2) 
'3 


= [0.1346,0.2016,0.3138] , 


r 4 


= [0.1483,0.2365,0.3638] , 


f (2) 
r 5 


= [0.1293,0.2021,0.3229] , 
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Table 4: Normalized triangular fuzzy number decision matrix 



Gi 
G 2 
G 3 
G 4 
G 5 
G B 
G 7 
G s 



X\ X2 X3 X4 £5 

[0.12, 0.16, 0.21] [0.25, 0.32, 0.43] [0.14, 0.17, 0.21] [0.13,0.17,0.21] [0.14,0.17,0.22] 

[0.15,0.18,0.21] [0.18,0.21,0.24] [0.18,0.20,0.25] [0.20,0.23,0.25] [0.16,0.19,0.21] 

[0.18,0.23,0.30] [0.13,0.16,0.20] [0.13,0.17,0.23] [0.18,0.24,0.30] [0.15,0.20,0.27] 

[0.22,0.26,0.32] [0.13,0.14,0.16] [0.14,0.15,0.17] [0.22,0.25,0.28] [0.16,0.19,0.23] 

[0.11,0.14,0.17] [0.11,0.14,0.21] [0.20,0.24,0.28] [0.26,0.31,0.34] [0.14,0.17,0.21] 

[0.21,0.22,0.24] [0.15,0.17,0.18] [0.18,0.19,0.21] [0.20,0.21,0.23] [0.19,0.21,0.23] 

[0.08,0.11,0.18] [0.19,0.23,0.29] [0.22,0.28,0.36] [0.16,0.23,0.29] [0.11,0.15,0.21] 

[0.18,0.21,0.24] [0.13,0.15,0.18] [0.15,0.19,0.21] [0.18,0.22,0.27] [0.21,0.24,0.27] 



Table 5: Normalized triangular fuzzy number decision matrix R^ 



[0.15,0.16,0.19] [0.28,0.32,0.36] [0.13,0.14,0.15] [0.15, 0.16, 0.17] [0.19,0.21,0.25] 

[0.17,0.18,0.19] [0.21,0.22,0.23] [0.21,0.24,0.26] [0.20,0.22,0.23] [0.13,0.15,0.17] 

[0.18,0.24,0.30] [0.11,0.15,0.20] [0.13,0.16,0.20] [0.18,0.22,0.27] [0.18,0.24,0.30] 

[0.25,0.27,0.29] [0.13,0.14,0.15] [0.15,0.15,0.16] [0.22,0.24,0.27] [0.18,0.20,0.21] 

[0.11,0.15,0.21] [0.14,0.17,0.21] [0.22,0.26,0.31] [0.22,0.29,0.34] [0.11,0.13,0.17] 

[0.21,0.21,0.22] [0.16,0.17,0.19] [0.19,0.19,0.20] [0.20,0.21,0.22] [0.20,0.21,0.22] 

[0.11,0.14,0.17] [0.22,0.26,0.30] [0.19,0.22,0.27] [0.19,0.26,0.30] [0.19,0.14,0.17] 

[0.15,0.20,0.26] [0.15,0.19,0.23] [0.13,0.17,0.23] [0.18,0.22,0.26] [0.18,0.23,0.29] 



Gi 
G 2 
G 3 
G 4 
G 5 
G e 
G-r 
G s 



Table 6: Normalized triangular fuzzy number decision matrix R^ 



[0.15,0.17,0.18] [0.28,0.30,0.35] [0.14,0.15,0.17] [0.14,0.15,0.16] [0.20,0.23,0.25] 

[0.16,0.17,0.19] [0.20,0.22,0.24] [0.22,0.24,0.25] [0.18,0.20,0.22] [0.16,0.17,0.20] 

[0.20,0.23,0.27] [0.12,0.16,0.21] [0.15,0.19,0.24] [0.17,0.22,0.27] [0.17,0.20,0.24] 

[0.26,0.28,0.31] [0.14,0.15,0.16] [0.15,0.16,0.17] [0.21,0.22,0.25] [0.17,0.19,0.20] 

[0.11,0.14,0.17] [0.11,0.14,0.21] [0.22,0.29,0.34] [0.22,0.26,0.31] [0.14,0.17,0.21] 

[0.20,0.21,0.22] [0.17,0.17,0.18] [0.18,0.19,0.21] [0.20,0.21,0.22] [0.20,0.21,0.23] 

[0.10,0.14,0.19] [0.21,0.25,0.32] [0.21,0.24,0.29] [0.15,0.20,0.26] [0.13,0.16,0.19] 

[0.18,0.21,0.24] [0.13,0.15,0.18] [0.15,0.18,0.21] [0.21,0.23,0.26] [0.21,0.23,0.26] 



= [0.1479,0.2093,0.3008] , f^ 3) = [0.1196,0.1815,0.2989] , 



Gi 
G 2 
G 3 
G 4 
G 5 
G B 
G 7 
G 8 



r { /> = [0.1355,0.2170,0.3376] , ff> = [0.1530,0.2235,0.3340] , 



ff } = [0.1409,0.2004,0.2921] . 

Step 3. Utilize the FHCHM operator (27) (suppose that its weight vector is 
to = (0.243, 0.514, 0.243) T , let S = 0.5) to aggregate the overall attribute value 
j = 1) 2, 3) corresponding to the decision maker dk (k = 1,2,3), and get 
the collective overall attribute value fj : 

fi = [0.0634, 0.2542, 1.0615] , f 2 = [0.0507, 0.2243, 1.0426] , 
f 3 = [0.0631,0.2484,0.9940] , f 4 = [0.0774,0.2948, 1.0861] , 
f 5 = [0.0618,0.2457,1.0001] . 
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Step 4. Compare each fj with all fj (i = 1,2,3,4,5) by using Eq. (9) 
(without loss of generality, set S = 0.5), and let Pij = p(fi > fj), and then 
construct a possibility matrix: 



P = 



( 0.5 0.5367 0.5158 0.4563 0.5179\ 

0.4633 0.5 0.4785 0.4201 0.4806 

0.4842 0.5215 0.5 0.4397 0.5021 

0.5437 0.5799 0.5603 0.5 0.5622 

V 0.4821 0.5194 0.4979 0.4378 0.5 / 



Summing all elements in each line of matrix P, we have 

Pi = 2.5267, p 2 = 2.3426, p 3 = 2.4475, p A = 2.7460, p 5 



2.4372 



and then reorder fj (j = 1, 2, 3, 4, 5) in descending order in accordance with the 
values of pj (j = 1, 2, 3, 4, 5): 

f 4 > f x > f 3 > f 5 > f 2 . 

Step 5. Rank all the alternatives Xj (j — 1,2,3,4,5) by the ranking of fj 
(.7 = 1,2,3,4,5): 

X4 y xi >- x 3 y x 5 y x 2 

and thus the most desirable alternative is £4. 

From the above analysis, the results obtained by the proposed approach 
are slightly different to the ones obtained Xu's [22] and Park and Park's [16] 
approaches (see Table 7) . Each of methods has its advantages and disadvantages 
and none of them can always perform better than the others in any situations. It 
perfectly depends on how we look at things, and not on how they are themselves. 
As we can see, depending on aggregation operators used, the ranking of the 
alternatives is slightly different. Therefore, depending on aggregation operators 
used, the results may lead to different decisions. However, the best alternative 
is x 4 . 



Table 7: Comparison of the proposed approach with other approaches 





Xu' approach [22] 


Park and Park's approach [16] 


Proposed approach 


Solution method 








Aggregation stage 
Exploitation stage 


FWHM operator 
FHHM operator 


GFWBHM operator 
GFOWBHM operator 


FWCHM operator 
FHCHM operator 


Ranking of 
alternatives 


Xi >- x 5 >- x 3 >- Xi >~ x 2 


Xi >- X 3 >- X 5 >- l! >- X 2 


Xi >~ xi >~ x 3 >- x 5 >~ x 2 



6 Conclusions 

In this paper, we have extended the traditional harmonic mean to fuzzy environ- 
ments and introduced the FWCHM operator. Based on the FWCHM operator 
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and Yager's OWA operator [26], we have developed the FOWCHM operator 
and the FHCHM operator. It has been shown that both the FOWCHM and 
FWCHM operators are the special cases of the FHCHM operator. It has also 
been pointed out that if all the input fuzzy data are reduced to the interval or 
numerical data, then the FHCHM operator is reduced to the UHCHM operator 
and the HCHM operator, respectively. In these situations, the WCHM operator 
and the OWCHM operator are the two special cases of the HCHM operator; 
the UWCHM operator and the UOWCHM operator are the two special cases 
of the UHCHM operator. Moreover, we have applied these operators to multiple 
attribute group decision making. The application of the developed operators in 
other fields is a promising direction for future research. 
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Difference of a new integral-type operator from H°° to the Bloch 
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lglxt@126.com 

Wei zhang 
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l 

Abstract 

Let g be a holomorphic function and ip a holomorphic self-map of the unit ball B. In 
this paper, we characterize the difference of a new integral-type operator from the 
space H°° of all bounded holomorphic functions to the Bloch type space on the unit 
ball, and give some necessary and sufficient conditions for the difference to be bounded 
and compact. 



1 Introduction 

Let B be the unit ball of C™ with boundary 5. If re = 1 we will denote the unit disk B 1 
simply by D, with boundary d D. The class of all holomorphic functions on B will be denoted 
by -ff(B), and by 5(B) denote the collection of all holomorphic self-maps of B. 

A positive continuous function v on [0, 1) is called normal (see, [21]), if there exist three 
constants < S < 1, and < a < b < oo, such that for r e [S, 1) 

v(r) v(r) 

+ °> n \h T 00 



(1 -r) a + ' (1-r) 6 
as r — >• 1. 

Assume v is normal, we recall that the weighted- type space consists of all / e H(M>) 
such that 

= sup v (z)\f(z)\ < oo. 

zGB 

When v(z) = 1, we know that H%° = H°°, that is 

H°° = {/eir(B),sup|/(z)| < cxd}. 

For z = (zi, —,z n ) and w = (wi, ...,io„) in C", we denote the inner product of z and w 

by 

(z,w) = ZiWi + ... + z n w n , 
and we write \z\ = y/(z,z) = ^/\z x \ 2 + ... + |z„| 2 . For / e H(M), let 

j=i j 



x * Corresponding author. The authors were supported in part by the National Natural Science Foundation 
of China (Grant Nos. 11126165) and the Research Programs Financed by Tianjin Collegiate Fund for Science 
and Technology Dcvclopmcnt(Grand Nos. 20131002) .. 
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be the complex gradient of / and the radial derivative of /. 

For a real number a > 0,the a— Bloch space B a (M), (see. e.g., [25, 28, 27]) is the space 
consisting of all / £ if (B) such that 

b a (f) = sup(l - |s| 2 ) a |H/(*)l x sup(l - |z| 2 nv/(z)| < oo. 

where ixfi means that there is a positive constant C such that B/C < A < CB. 
It is well known that B a is a Banach space under the norm defined by 

ll/b = |/(o)| + M/)- 

For a = 1, B 1 = B is the classical Bloch space. Let Bq denote the subspace of B a consisting 
of / £ B a for which 

(l-\z\ 2 ) a m(z)\^0a S \z\^l. 

This space is called the little a— Bloch space. 

Every ip £ 5(B) induces a composition operator C v defined by C v f = foip for / £ H (B), 
z £ B. For some results on composition operators, see, e.g. [1] and the references therein. 

Let g £ ff(D) and <p £ 5(D). The product of integral and composition operator on 
ff(O), was introduced and studied by S. Li and S. Stevic in [9] and [10]. The operator is 
defined as follows: 

j g c v f(z)= f /woMOde- 

Jo 

In [17], S. Stevic has extended the operator to the unit ball setting as follows: let ip £ 5(B), 
g £ if (B) and g(0) = 0, the product of composition and integral operator in the unit ball B 
is defined in this way: 

f 1 rlt 

W(*) = j o mtz))g(tz)j 

for / £ if (B), z £ B. 

If n = 1, then g £ if (D) and g(0) = 0, so that g(z) = zg (z), for some g £ if (D). By 
the change of variable £ = tz, it follows that 

f 1 dt f z 

P°(f)(z) = J Q f(v(tz))tzg (tz)j = ^ /(v(O)flb(Ode- 

Thus operator is a natural extension of the operator J g C v . For some recent results on this 
operator, see, e.g. [17, 18, 19, 20, 24] and so on. 

Recently, many papers focused on studying the mapping properties of the difference of 
two composition operators, i.e., of an operator of the form 

T = C v — C^p. 

In [12], MacClucr, Ohno and Zhao, among other results, characterized the compactness 
of the difference of two composition operators on if°°(D) in terms of the Poincare distance. 
A fewer years later, these results were extended to the setting of H°° (B) by Toews [22] and 
independently by Gorkin ct al. [7]. In [11], Moor house showed that if the pseudo- hyperbolic 
distance between the image values ip and "0 converges to zero as z — > £ for every point £ at 
which ip and ip have finite angular derivative then the difference C v — C$ yields a compact 
operator. Differences of composition operators on the Bloch type space are studied in [13]. 
In 2011, Hosokawa and Ohno [8] studied the boundedness and compactness of the differences 
of two weighted composition operators acting from the Bloch space B to the space ff°° of 
bounded analytic functions on the open unit disk. In 2012, Zhou and Liang [26] characterized 
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the boundedness and compactness of the differences of weighted composition operators from 
Hardy space to weighted-type spaces on the unit ball. As expected, the compact difference 
may be characterized by the pseudo-distance. 

Building on those foundation, this paper continues the research of this part, and discusses 
the difference of two integral-type operators from H°° to the Bloch type space in the ball. 

2 Notation and Lemmas 

First, we will introduce some notation and state a couple of lemmas. 
The pseudo-distance p on B is defined by 

p(z,w) := \& z (w)\ 

for z,w <E B, where $ z is the involutive automorphism in B that interchanges the point 
and z. 

Lemma 1. [18, Lemma 2} Suppose /, g e H(B) and g(0) = 0. Then 

VU»{f){z)=f(<p(z)g(z)). 
Lemma 2. // / e H^'(M), then for all z and w m B we have 

Ki - M 2 r/(z) - (i - M 2 r/M| < c\\f\\ a ■ P (z,w). 

Proof. An exercise in [28] shows that: 

Ki - M 2 r/(z) - (i - M 2 r/M| < c\\f\\ a ■ (3(z,w), 

where 

at \ !, l + p{z,w) 
I3(z,w) = - In 



2 l-p(z,w)' 

If p(z, w) < |, note that for < x < 5, In < 3x, the lemma is true. 
If p(z, w)>\, then we have 

|(1 - |z| 2 r/(z) - (1 - \ W \ 2 ) a f{w)\ < 2H/IU < 4||/|U • p(z,w). 

The lemma follows by combining the two cases above. □ 

Lemma 3. [28, Lemma 1.2] For each a, z e B, we have 

2 (l-|q| 2 )(l-N 2 ) 
1 " P(a ' Z)= |l-<z,a>P • 

Lemma 4. [23, Lemma 3.1} There exists a constant C > such that if f <E , then 

\f(p)-f(q)\<C\\fC-p(z,w) 

for all z, w e D and f E H™ . 

The following lemma is an easy modification of Proposition 3.11 in [1]. 

Lemma 5. Let < a < 00, g G H(M) and ip be a holomorphic self-map of B. Then 
P9 : H°° — > B a is compact if and only if P^ : H 00 — > B a is bounded and for any bounded 
sequence (fk)keN in H°° which converges to zero uniformly on B as k — >• 00, we have 
\\{P°\ ~ P$ Alls- -»• asfc ^00. 

Constants are denoted by C in this paper, they are positive and not necessarily the same 
in each appearance. 
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3 Main theorems 

Theorem 1. Let ip 1 ,ip 2 G S(M) and g 1 ,g 2 G H(M) with gi (0) = 0,g 2 (0) = 0. Then the 
following statements are equivalent. 

(i) P9\ - P^ 2 : H°° ^B a is bounded; 

(ii) 

sup(l - |z| 2 ) Q \gi{z)\ p(<pi(z), ip 2 (z)) < oo (1) 
sup(l - |z| 2 ) Q |.92(2)| p((fi(z), ip 2 (z)) < 00 (2) 



sup 

zeB 



(i-iz| 2 r ffl (z)-(i-|z| 2 r 32 (z) <oo. (3) 



Proof. We first prove (ii) (i). We assume that (1), (2), (3) hold. 

Obviously, \{PS>\ — P$l)f(fy = 0| . By Lemmas 1, 2 and 3, for every / e H°°, we have 



<Pl <P2 1 





sup(l — 




z£B 


< 


sup(l — 




zeB 


+ 


sup(l — 




zeB 


< 


sup(l — 




zeB 


+ 


Csup(l 




zeB 


< 


Cll/lloo 



This shows P^J - P^\ is bounded. 

Next we show that (i) implies (ii). We assume P^J — P^ : H°° — > Z? a is bounded. 
For every w e B, we take the test function 

j ^ = (^( u )(z),^ 3 ( u )(yiH)) 
|^ 2 (u,)(ViM)| 

when ^i(w) 7^ <£2(w); fui(z) = 0, when <£i(w) = p 2 (oj). Some easy calculations show that 

SUP we B ll/u>l|oo < 1- 

C > \\P°l - P^Hb- = sup(l - |z| 2 )« |./U^(z)) ffl (z) - /^ 2 (z)) 52 (z)| 

zeB 

> (i-M 2 ri^ 2M (^( W ))|| 5l Hi 

= (i-M 2 ) a lsiMlp(0iM.^M)- 

Since the arbitrary of w, we have 

sup(l - \z\ 2 ) a \gx{z)\ pfaiz), ?2{z)) < 00. (4) 

zeB 

Similarly, 

sup(l - \z\ 2 ) a \92(z)\ p(M*), M*)) < 00. (5) 

zeB 

We take f(z) = 1, it follows that 

sup(l- \z\ 2 ) a \ 9l (z) - 92 {z)\ <oo. (6) 

zeB 

This completes the proof of this theorem. □ 
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Theorem 2. Let ipi,tp 2 € 
ogi pg-2 



and gi , g 2 € 



with gi(0) — 0,52(0) = 0. Suppose that 



Pp„l ,P?2 '■ H°° — > B a are bounded, then the following statements are equivalent. 



(n) 



P $l - P $l '■ H °° ~+ B " ls compact; 



lim (l-\z\ 2 r\gi(z)\p(Mz)^2(z)) = 
lim (l-|z| 2 r| ff2 (z)|^ 1 (z),^ 2 (z)) = 



lim 



(l-\z\ 2 r 9l (z)-(l-\z\ 2 rg 2 (z) 



= 0. 



Proof. We first prove (ii) => (i). We assume that (1), (2), (3) hold. 
Obviously, for any e > 0, there is a < 5 < 1, such that 



when S < <pi(z) < 1; 



when 5 < <p 2 (z) < 1; 



(l-|z| 2 ) a | ffl W|p(^(z),^(z))< e 



{l-\z\ 2 r\ gi {z)\p{ Vl {z)^ 2 {z))<e 



(i-\z\ 2 r 9l (z)-(i-\z\ 2 r 92 (z) 



< £ 



(7) 
(8) 
(9) 



when 5 < <pi(z) < 1,5 < (fi 2 (z) < 1. 

Assume that (/&) is a sequence in and converges to uniformly on compact subsets 
of B as k — > 00. Then, we have 



= sup(l - |z| 2 ) Q \fk(fi(z))gi(z) - f k {tp2{z))g 2 (z)\ 

< sup (1 - |z| 2 ) Q \MMz))gi(z) - fk(Mz))92(z)\ 

+ sup (1 - |z| 2 ) Q \fk(<Pi(z))gi(z) - fk{¥2{z))g 2 {z)\ 

z£K 2 

+ sup (1 - |z| 2 ) Q \fk{vi{z))gi{z) - fk(<P2(z))g 2 (z)\ 

z£K 3 

+ sup (l - |z| 2 ) Q \f k (<Pi(z))gi(z) - fMz))g 2 {z)\ 

z£K 4 

= h+h+h+h 

where K x = {z e B : \ Vl (z)\ < 5 \ip 2 (z)\ < 5}, K 2 = {z e B : \<pi{z)\ > 5 \^ 2 {z)\ < <5}, 
K 3 = {z G B : |<^(z)| < 5 |<^ 2 (z)| > 6}, K 4 = {z e B : |<^i(z)| > (5 |p 2 («)l > 5}. Obviously, 
Ji — >• 0, as P^J, are bounded and fk converges to on if!. 

Noticing that are bounded and by Lemma 4, we have 

h = su V (l-\z\ 2 r\f k { Vl {z)) 9l {z)-f k ^ 2 {z))g 2 {z)\ 

z£K 2 

< S up(l-\z\ 2 ) a \ gi (z)-g 2 (z)\\f k (<p 2 (z))\ 

z£K 2 

+ sup (1 - \z\ 2 T \fk(Mz)) - fk(M*))\ \9i(z)\ 

z£K 2 

< sup(l-|z| 2 )«| 5l (z)~ ff2 (z)||/ fc (^ 2 (z))| 

zeB 

+ C sup(l-|z| 2 )«| ffl (^|p(^ 1 (z),^ 2 (z))||M| co 

z£K 2 

< C|/ fc ( V2 («))|+Cie. 
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So I 2 — > 0, as k — > oo. Similarly I 3 — > 0, as k — > oo. Lastly, we will show 7 4 — > 0, as fe — > oo. 



h = 


sup (1 — 

z£K 4 


\A 2 T \fk(Vi(z))9i(z) - f k {tp 2 {z))g 2 {z 


< 


sup (1 — 

z£K 4 


\z\ 2 r\ gi (z)- g2 (z)\\f k (Mm 


+ 


sup (1 — 

z£K 4 


\z\ 2 r\f k ( Vl (z))-f k (Mz))\\gi(z)\ 


< 


sup(l — 

zGB 


z\ 2 ) a \9i(z)~ 9 2(z)\\\f k \\o 


+ 


C sup (1 

z£K 2 


-\ Z \ 2 r\ gi (z)\p(Mz),Mz))\\f\\oo 


< 


Ce. 





So I4 — > 0, as fc — > 00. That is (?) holds. 

Next we show that (i) implies (ii). Assume that P^J — Pg* : H°° — > fi a is compact. Let 
{znjneAT be a sequence in B such that |</?i(z„)| — > 1 as n — > 00. We take the test function 



1 - |y?l(-Z„)| 2 (0y 2 (^)(g),0y 2 (q;)(yiH)) 
1- (z )V >l(z„)) I^H^lM)! 



when< y 3 1 (z„) ^ Vz{z n ); f„(z) = 0, when ipi(z n ) = ip 2 (z n ) It is easy to check that sup„ eJV \ \f n \\oc < 
1, and /„ — >• uniformly on compacts of B as n — > 00. 

By using Lemma 5, we have \\(P$\ — P^ 2 2 )fn\\B a -^Oasn^oo. 

Therefor we have 

\\(p$\ - p?M\b- > (i-\z\ 2 T\ gi (z n )\ P (Mz n ),Mzn)) 



So we get 
Using the same way, we can get 



> 0. 



lim (l-|z| 2 n 3l (z)|p(^(z),^ 2 (z))=0. 



lim (l-\z\ 2 r\g 2 (z)\p^ 1 (z),Mz))=0. 

\ V2 (z)\^l 



(10) 



(11) 



When |v2(-Zn)| -> 1 as n ^ 00, 

Lastly, we assume {z n } n& N be a sequence inB such that |</?i(z„)| — > 1 and |v2(<Zn)| — >■ las 
n — > 00. 

Let the test function f n (z) = jz^^^ry^, we can obtain that sup rl£iv ||/ n ||oo < L an d 
/„ — > uniformly on compacts of B as n — > 00. 
By using Lemma 4, we have 



||(P£-P£)/„||b« > (l-NT 



5i(^») - 



i-M*0l s 



1- < </? 2 (z„), ¥>i(z n ) > 



32 (2„) 



> (1 - \z n \ ) a \gi(z n ) - g 2 (zr, 



(i-WT 



1- < </52(Zn),</?l(2:n) > 



M*n)l 



> (l-|z„| 2 ) Q | 5 i(^)-32(^)| 



C(l 



Iff2(^n)| P(<Pl(^n), <^2(Zn))||/n| 
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So we have, 



(i - \ Zn \ 2 r ijiw - 9 2(z n )\ = \\(p°\ - p£)/„ii b « 

+ C(l- | )\p(ip 1 (z n ),(p 2 (z n ))\\f n \ 
Therefore, by Lemmas 5 and 8 we have 

sup (i-|z| 2 r 3l (z)-(i-|z| 2 r 32 (^) <oo. 

This completes the proof of this theorem. 

Using the same way, we can get the following theorem. 
Theorem 3. Let ipi,<fi2 <= S(B) . Then the following statements are equivalent. 



pgi _ P92 ■ tjo 



£>o is bounded; 



ft) 

(ti) P9\ - P°l : H°° -5- B$ is compact; 
(Hi) 



km (l-\z\y\g 1 (z)\p(<p 1 (z),Mz))=U 

\z\-tl 

lim(l-|z| 2 r| ff2 (z)|p(^(z),^ 2 (z)) = 

|z|->l 



lim 



;i-|z| 2 r 5l (z)-(i-|z| 2 r 52 (z; 



= 0. 



(12) 

□ 



(13) 
(14) 

(15) 



Remark If a = 1, then B a will be Bloch space B. The similar results from H°° to the 
Bloch space B corresponding to Theorems 1 and 2 also hold. 
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Abstract 

This paper presents quadrature formulas for Cauchy singular integrals. 
The asymptotic expansions of the errors with the power /i 2 ^(/i = 1, • • • , m) 
are obtained by Euler-Maclaurin expansions. In the first part of this work, 
we derive formulas for One-dimension Cauchy singular integral and their cor- 
responding Euler-Maclaurin expansion on the basis of the midpoint rule and 
Sidi-Israeli's quadrature formulas for the boundary integral equations with 
weak singularities. In the second part of this work, we propose the quadra- 
ture formulas for the Two-dimension singular integral on the basis of quadra- 
ture formulas for the One-dimension Cauchy singular integral. For calculating 
singular integrals the algorithms are very simple and straightforward, with- 
out calculation any derivative value of function, the accuracy order of the 
algorithms is very high. 
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1 Introduction 

Consider One-dimension cauchy singular integral 



Cauchy singular integral and Cauchy singular integral equations have applications 
in wavelet problems with integro-differential equations. It is very important to ex- 
plore the effective methods to calculate singular integral and solve Cauchy singular 
integral equation. However, exact solution can not be acquired easily through direct 
calculation. Therefore, numerical method is usually used to this kind of problem. 
So far the Euler-Maclaurin expansion of the error of a trapezoidal rule has extended 
to many fields such as Cauchy singular and weakly singular integrals, e.g., Navot^ 
constructed modifying trapezoidal rules of integrals with algebraic and logarithmic 
singularties at end point, and proved that the errors have Euler-Maclaurin expan- 
sions. Sidi and Israeli' 1 ' presented Euler-Maclaurin expansions modifying trapezoidal 
rules of integrals with algebraic, logarithmic, and Cauchy singularities at the interior 
points of the interval. Based on another modifying trapezoidal formula and peri- 
odization methods, this paper a high accuracy algorithm for Cauchy singular integral 
will be developed. We derive quadrature formulas for Cauchy singular integral, and 
give their Euler-Maclaurin expansion with the power h 2 ^ (/x = 1, ...,m). 

The rest of the article is organized as follows. In Section 2, we briefly explain 
some notation and some Lemma which are used to state and to prove our results. 
In Section 3, we sate our result with its proof. 

2 Preliminaries 

Some notation and Lemmas as follows are needed in this article. 

From the definition of the Cauchy principal value integrals' 9 ', we have 




(1.1) 



and Two-dimension cauchy singular integral 






In 



d-t 



(2.1) 



and 




(2.2) 
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where t G (c, d) g(y) G C l [c,d], and I G N. Let n be the number of equally spaced 
nodes used in the quadrature, h = (b — a)/n, Xj = a + jh(j = 0, 1, • • • , n) and 
assume the singular point x — t is one of the abscissas, that is, t G {^j}"=i- 

To simplify notations, the double prime on a summation means that coefficients 
of the first and last terms in the summation are 1/2, that is, we let 

V^, 1 1 

j=m 

The following Lemma will be useful to prove the main results. 

Lemma 2.1.W Let f(x) be 21 times differentiable on [a,b], F(x) = f(x)/(x — s) 
and 1(g) = J^F(x)dx. Then 

E l {h) =I(g)-Q(h) 
l-i 



+ 0(h 21 ), as h^O (2.3) 



where 



Q{h) = h " F (^) 

i=l,Xi^=s 

is the quadrature formulas of cauchy singular integral, B 2il is the Bernoulli numbers. 

Lemma 2.2.M Assume that the functions g(x) and g(x) are 2m times differen- 
tiable on [a,b], and that the functions G(x) are periodic function with period T = 
b — a. Moreover, ifG(x) are also 2m times differentiable on (— oo.oo)/{t + /cT}^_ oo; 
the following conclusions hold: 

(a) for G(x) = j^z^ + £/(%), there exists the error estimate 

E n [G] = [g(t) + g\t)]h + 0(h 2m ), as h - 

where 

n 

Q n [G] = h ( 2 - 4 ) 

(b) for G(x) — \x — t\ s g(x) + g(x), s > —1, then 

E n [G\ = -2^ C( ~ ( 2~, 2t/) ff (2 - ) (0^ +s+1 
+ 0{h 2m ), as h^O 
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where 



Q n [G]=h G{x 3 ) + ~g{t)h-2a-s)g{t)h s+l - (2-5) 



(c) for G(x) — \x — t\ s ln\x — t\g(x) + g(x), s > —1, then 

(2i/)! 



E n [G] = 2j2[('(s ~ 2u) - C(s - 2v)lnhf-y-h 2 » +s+1 



+ 0(h 2m ), as h^O 

where 

n 

Q n [G] = h G(x j )+g(t)h + 2[C'(-s)-a-s)lnh]g(t)h s+1 . (2-6) 

j = l,Xj=t 



In particular, if s = in (c), C'(0) = — \ln(2-n), then 



rn-l >'/_9 ^ 



where 



Q n [G] = h G(x 3 ) + ~g{t)h + H — )g(t)K (2-7) 

j = l,Xj^t 

E n [G] = f G{x)dx - Q n [G], 

J a 

B 2fl is the Bernoulli numbers and ((z) is the Riemann zeta function. 

3 Main results 

Our main goal in this section is to establish the following results with proof. 

Theorem 3.1. Let f(x) be 21 times differentiate on [a,b], F(x) = f(x)/(x — s) 
and 1(g) = J^F(x)dx. Then 

E l {h) =I(g) - Q(h) 

= E (2 1 " 2 ^ - |)^ [f(2/j - 1)(q) _ F{ 2,-l )[h)]h 2, 

+ 0{h 21 ), as h^O (3.1) 
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where 



Q(h) = h F(a+^h) (3.2) 

i=l,x t ^s 



is the new quadrature formulas of cauchy singular integral. 
Proof. From Sidi formula' 1 !, as h — > 0, we have 

/b n 
F(x)dx=h " F ( x j) + h 9( s ) 

j=0,x^s 

l -' B 



+ E t^tt^" 1 ^) - F 2 »-\b)]h 2 » + 0(h 21 ), (3.3) 



/b 7 2n , 

F(x)dx=- £ "F{ Xj ) + -g\s 

l-l 



£ |§! [^"» - ^WK^ + O(^), (3.4) 



Using (3.4) x 2 - (3.3) , we have 

^6 2 ™ 



! G(x)dx=h[ £ "G(x,)- £ "<?(*,■)] 



j=0,Xj^t j=0 tX j^t 
l-l 



+ £ -^[G^-^a) - G^-^ft)] x [2 1 - 2 " - l]fc 2 " + 0(/i 



=/i 2^ F(a + ^— hm) 



l-l 

tin 



+ £ T^fG^-^a) - G^-^ft)] x [2 1 " 2 " - l]h 2 » + 0(h 21 ). 



This completes the proof. □ 
We use the first part 



2? - 1 

Q,[G]=/i £ ^+-2-^) (3-5) 

i=l,Xi^is 
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as the quadrature formulas of Cauchy singular integrals with the 0{h 2 ). Comparing 
with current accuracy of the quadrature formulas 0(h), it is greatly improved. The 
formula (3.1) is the asymptotic expansions of the errors with the power h 2tJ- obtained 
by Euler-Maclaurin expansions. We improve the accuracy obviously by the extrap- 
olation. 

Corollary 3.2. Assume that the function f(x) is 21 times differentiable on 
[a,b\. Assume also that the function F(x) is periodic with period T = b — a, and 
that they are 21 times differentiable on (— oo, +oo)\{x + kT}^^^, as h — > 0. Then 
we have 



Remark 3.3 These formulas are advantageous in the following ways: 

(a) Computing the discrete elements of singular integrals and singular integral 
equations is only assignment. Calculation does not need any singular integrals, 
greatly reducing computation cost; 

(b) It has the error asymptotic expansion; 

(c) The condition number for solving integral equations is very small; 

(d) It possesses a posteriori error estimate; 

(e) Extrapolation method can be used to improve greatly the accuracy. 

Based on the quadrature formulas of one-dimension cauchy singular integral, we 
can derive the quadrature formulas of Two-dimension Cauchy singular integrals and 
their asymptotic expansions. 

Let n be a positive integer, h m = {b — a)/m, h n = (d — c) / 'n, X; L = a + ih m , y,j = 
a + jh n (i, j = 0, 1, n) and s e {xi\ < i < n}, t e {yj\ < j < n}. 

Theorem 3.4. Let f(x,y) be 21 times differentiable for x and y on [a,b] x 



[c,d], and let F(x,y) = J%ff_ t) , F^y) = f™, F 2 (x,y) = fgf and I(x,y) = 




(3.6) 
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fa Ic F(x,y)dxdy. Then as h m — > and h n — > 0, 
E m , a {h m , hn) =I(x, y) - Q(h m , h n ) 



2^ , i 2j-l h _/Z^L / 2lj) I 

X[ dx^ (x-s) lx=a dx 2 ^ (x-s) |x=6j) 

+ e ^£)r~ l) Ma> t] + ° ( ^ } - (3 - 7) 



where 



m n tit 2i—l u i 2?'— 1 l 

Q(/lm ' M " ^ . f-, . (a + ^ m - S )(c+^ n -t) (3 - 8) 

i=l, Xi ^s j=l,yj^t v 2 m /V 



is a new quadrature formula of Two-dimension Cauchy singular integral, 

Q2n-1 rb Q2fi-1 rb 

MM) = ^n J F(x,y)dx\ y=c - J F(x,y)dx\\ y=d , 

and B 2fl is the Bernoulli numbers, h = max(h m , h n ). 
Proof. From Theorem 3.1, we have 

Hx , y)= f f n*M = f i [ f ip^i ]dx 



x-s)(y-t) J a (x-s)J c (y-t) 
1 ^ f(x,c+^h n ) "ftfB^p-*"-!) 

^ n „, 23-1 U + + 2^ 



(*sV n j= ^ t c + ^h n -t (2,)! 
x r^ 1 /(^y), f\x,y) ]+0(h »„ dT 

x [ dy^ ri Jy~^T) ly=c " J^t) ly=d] 0{K)]dx 

I 1 (x,y) + I 2 {x,y) + I 3 (x,y). (3.9) 
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Here, 



n 1 f b f(x c + ) 



j= i, yj ^t c+ 2 n n t . =lx ^ s a+ 2 n m s 

^ h^B^^-l) d^ 1 f(x,c+ 2 -^h n ) 
^ (2a*)! [ dx 2 ^ 1 (x-s) lx ~ a 

- dx^ &=7) lx=b] + 0{hJ} 

Q(h m ,h n ) +Iu(x,y) + I 12 (x,y), (3.10) 



where 



D(h h \ —h h J\ a ^ 2 "" m ^ c J2 2 ' Ln > 



i=l,Xi^s j=l,yj^t 



(3.11) 



^cb 2 ^ 1 (x-s) U=a dx 2 ^" 1 (x-s) U=feJI ' 



(3.12) 



/i 2 (^,y)=^ E — ^ — "0(0 



( m) V c y-f ^ (2/i)! K y-t 



y 1 

= In I ^ |0(C) - £ ^ (21 1)B2 ^ (t)0(h^) + 0(« 

=0(/£). (3.13) 
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Using Theorem 3.1 again, we have 



, V 1 _ f dy !A hW-* - 1)B 2 1 



w ^.n -■ I. J ■ 

y=d 



•y-t 



i2 ^\ i + o(h*) 



d-t y4 h^{2^- l)B 2 ,(-l)^- 1 (2 f i- 1)! 



Therefore, 



MM) = [im^l - 1 ^-^-i)--'(2,-i): ^ (t) + 0(ft?)| 

m l(_ c l2^ ( 2 „)! " (s '""' 2^ ( 2 „)! " ls ' /l "' 

^ /^(2^ - l)j? 2 „(-l)=fr-i(2/i - 1)! 
X ^ (2/i)! ™ 2 " W 

+ E ^^'^ ^ WZ), (3-15) 



where 



and 



«( a ^)=[^=r — — l«-a^=r — ^ — l*=d- ( 3 - 17 ) 
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Next, 



^ h^B 2 ^~^ - 1) f b dx d 2 ^ 1 fjx, y) 
h W L (x-s) [ dy^Hy-t) 



y=c 



d 2 ^ 1 f(x,y) 



\y=d\ 



where 



MM) = gy^ZT J F(x,y)dx\ y=c - J F(x,y)dx\\ y=d }. (3.19) 
In addition, 

=oK)in|^|+o()4)o(« 

s — a 

=0(0- (3.20) 
According to formula (3.11-13, 3.18, 3.20), this completes the proof. □ 
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Abstract 

In the present paper we establish several differential superordinations regarding the operator RD™ a 
defined by using Ruscheweyh derivative R n f(z) and the generalized Salagean operator D"f(z), RD" a : 
A-y A, RD^ a f(z) = (l-a)R n f(z) + aD^f{z), zeU, where n € N, A, a > and / € A, A = {/ € H(U) : 
f(z) = z + Y^jLi a i z " '> z £ U}. A number of interesting consequences of some of these superordination 
results are discussed. Relevant connections of some of the new results obtained in this paper with those in 
earlier works are also provided. 

Keywords: differential superordination, convex function, best subordinant, differential operator. 
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane, U = {z G C : \z\ < 1} and H(U) the space of holomorphic 
functions in U. 

Let An = {/ G H(U) : f(z) = z + a n+1 z n+1 + . . . , z e U} with A x = A and H[a, n] = {/ G H{U) : f(z) = 
a + a n z n + a n+1 z n+1 + z e U} for a G C and n G N. 

Denote by K = If G A : Re z j,^ + 1 > 0, z G ll\ , the class of normalized convex functions in U. 

If / and g are analytic functions in U, we say that / is superordinate to g, written g -< f, if there is a 
function w analytic in U, with w(0) — 0, \w(z)\ < 1, for all z G U such that g(z) — f(w(z)) for all z G U. If / 
is univalent, then g -< f if and only if /(0) = g(0) and g(U) C f(U). 

Let ip : C 2 x U — > C and /i analytic in £/. If p and V (p C' 2 ) > C- 2 ) > ■ 2 ) are univalent in U and satisfies the 
(first-order) differential superordination 

h(z) ^i>(p(z),zp'(z);z), zeU, (1) 

then p is called a solution of the differential superordination. The analytic function q is called a subordinant of 
the solutions of the differential superordination, or more simply a subordinant, if q -< p for all p satisfying (1). 

An univalent subordinant q that satisfies q -< qfor all subordinants q of (1) is said to be the best subordinant 
of (1). The best subordinant is unique up to a rotation of U. 

Definition 1.1 (Al Oboudi [9]) For f G A. A > and neN, the operator is defined by D\ : A -> A, 
D°J(z) = f(z) 

D\f{z) = (l-X)f(z) + Xzf'(z)=D x f(z),..., 
D n x +1 f{z) = (l-X)D n x f(z) + Xz(D n x f(z))' = D x (D n x f(z)), z G U. 

Remark 1.2 IffeA and f(z) = z + _]°1 2 ajZ j , then D r x l f (z) = z + J2f=2 I 1 + U - A l" a j zJ > zeU - 
For X = 1 in the above definition we obtain the Stiltigean differential operator [14]. 
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Definition 1.3 (Ruscheweyh [13]) For f £ A, n £ N, the operator R n is defined by R n : .4 — > A, 

R°f(z) = f(z) 
Rifiz) = zf'(z) 
(n + l)R n+1 f(z) = z{R n f{z))'+nR n f{z), z £ U. 

Remark 1.4 If f £ A, f(z) = z + £~ 2 ajz j ' , then R n f (z) = z + C^ +j _ 1 a j z j , z£U. 

Definition 1.5 [3] Let a, A > 0, n £ N. Denote by RD™ a the operator given by RD% a : A — > A, 

RDlJ(z) = (1 - a)R n f(z) + aDZf(z), z £ U. 

Remark 1.6 If f £ A, f(z) = z + Y^=2 a j z3 ' > then 

RDl J(z) = z + £~ 2 {a [1 + (j - 1) A]" + (1 - a) C» . j , } ajz j , z £ U. 
This operator was studied also in [6], [7], [4], [10], [11]. 

Remark 1.7 For a = 0, RD% f(z) = R n f(z), where z £ U and for a = 1, RD^ J(z) = D%f(z), where 
z£U. 

For A = 1, we obtain RD^ a f (z) = L™f (z) which was studied in [1], [2], [5[. 

For n = 0, RD^ J (z) = (1 - a) R°f (z) + aD°J (z) = f (z) = R°f (z) = D°J (z), where z £ U. 

Definition 1.8 We denote by Q the set of functions that are analytic and infective on U\E (f), where E (/) = 
{C £ dU : lim/ (z) = oo}, and are such that f (£) ^ for ( £ dU\E (/). The subclass of Q for which f (0) = a 

is denoted by Q (a). 

We will use the following lemmas. 

Lemma 1.9 (Miller and Mocanu [12, Th. 3.1.6, p. 71]) Let h be a convex function with h(0) — a and let 
7 £ C\{0} be a complex number with Re 7 > 0. If p £ H[a,n] n Q, p(z) + ^zp'(z) is univalent in U and 
h{z) -< p(z) + -zp'{z), z £ U, then q(z) -< p(z), z £ U, where q(z) = —77^- / * h(t)f 1 / n ~ 1 dt, z £ U. The function 
q is convex and is the best subordinant. 

Lemma 1.10 (Miller and Mocanu [12]) Let q be a convex function in U and let h(z) = q(z) + ^zq'(z), z £ U, 
where Re 7 > 0. Ifp £ H [a,n]C\Q, p(z) + ^zp'(z) is univalent in U and q{z) + - zq' (z) -< p(z) + ^zp' (z) , z £ U, 
then q{z) -< p(z), z £ U, where q(z) = nz 1/ n Jq h(t)f f / n ~ 1 dt, z £ U. The function q is the best subordinant. 



2 Main results 

Theorem 2.1 Let h be a convex function, h(0) = 1. Let n £ N, A, a, 6 > 0, / £ A and suppose that 
( flg %° /(z) ) (RDlJ{z^j ' is univalent and ( flg ".; /(z) ) S eH [i iS }nQ. If 

6-1 



then q{z) < {^f^-)\ z £ U, where q(z) = -pr Jq h(t)t s 1 dt. The function q is convex and it is the best 
subordinant. 

Proof. Consider ^ - ( ™>W) \° ( ^^{^-^^C^a^ 



z£U. Differentiating we obtain f RD ^ f( - z A 6 1 (RD% >a f(zj)' = p(z) + \zp\z), z £ U. 



s-i 

) 

Then (2) becomes h(z) -< p(z) + ^zp'(z), z £ U. By using Lemma 1.9 for n = 1 and 7 = 6, we have 

q(z) -< p(z), z £ U, i.e. q(z) -< ( fl£> % a/(z) ) , z £U, where q(z) = £ f* h(t)t s - 1 dt. The function q is convex 
and it is the best subordinant. ■ 
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Corollary 2.2 Let h{z) = 1+( ^; 1)z be a convex function in U, where < (3 < 1. Let n € N, A, a, 6 > 0, / € A 
and suppose that {^£l^iML^ b 1 (rD^ J{z)}' is univalent and ( RD ^f {z) ^ 8 eH[l,6] n Q. If 



h(z) ~< 



RDlJ(z) 



s-i 



(RDU(z))', zeu, 



(3) 



then 



q(z) ■< ( 



is convex and it is the best subordinant. 



^ , z GU, where q is given by q(z) = 2/3 — 1 + 2( " 1 ^/^ Jq ^jdt, z € U. The function q 



(J££) m f (z) \ 
) ' ^ e 

differential superordination (3) becomes h(z) = 1+ ^\^}^ z -< p(z) + §p'(z), z € U. 

By using Lemma 1.9 for 7 = 6 and n = 1, we have q(z) -< p(z), i.e., q(z) = h(t)t s ~ 1 dt = 

$ Jo t^-^^dt = A |« [ (2/3 _ i) +2(1-/3)^]*= (2/3 - + /o* ^ (*^W) ^ , 

z e U. The function o is convex and it is the best subordinant. ■ 

Theorem 2.3 Let q be convex in U and let h be defined by h(z) = q(z) + jq'(z). If n £ N, X,a,S > 0, 

(RD n f(z)\^~ * / \' / RD" f(z)\^ 

A '° - j ( RD1 a f(z) \ is univalent and ( — A '° - j e W [1,5] n Q and satisfies 

the differential superordination 



h(z)=q(z) + -q' (z) ~< 



RDlJ(z) 



5-1 



(RDl a f(z))', zeu, 



(4) 



i/ien (7(2;) -< ( flgA '; /(z) ) , z e £/, where o(z) = £ f Q z h(t)t s - 1 dt. The function q is the best subordinant. 

— Aj f J , the 

differential superordination (4) becomes q(z) + ^q'(z) -< p(z) + |p' (z) , z € U. 

Using Lemma 1.10 for n = 1 and 7 = 5, we have 9(2) -< p(z), zeU, i.e. q(z) = £ /* h^t^dt -< RD ">° f( - z \ 
z e U, and q is the best subordinant. ■ 

Remark 2.4 For n = 1, A = |, a = 2, 5 = 1 we obtain the same example as in [8, Example 4-3.2, p. 136]. 
Theorem 2.5 Let h be a convex function, h(Q) = 1. Let X,a,6 > 0, n S N, / S A and suppose that 



j6+1 RDx, a f(z) 



z 2 RDl_ a }{z) 



I! 



(RDx, a f(z))' _ {RDx^mY 



h(z) < z 



6 + 1 RDlJ(z) 



R D x, a f(*) 



t* RDlJ(z) 



R D f^~f(z) 



RD\ 



is univalent and z , RD „ x l^} z \i £ H [0, lJnQ. 



(RD^f(z)) 6 (RD^f(z) 



- 2 



(RD^fiz)) 2 

(RDl^fiz))' 



zeu, (5) 



then q(z) -< z , „„+°^ 7^ ■ 



subordinant. 



' {RDl^f(z)Y 



RDlJ(z) ~ RD^fiz) 
z € [/, w/iere q(z) = ^ J Q Z h(t)t s ~ 1 dt. The function q is convex and it is the best 

_ „ 6+l ggjU/(f) , RD tccf{z) 



Proof. Consider p(z) = z RD ^™^ z \-2 and we obtain p (z) + jp' (z) = z^ 

(RDl a f(z))' n {RDl +1 f{z))' 

R D Z,J{*) RD n x + a L f(z) 



r + 



(RD^mY i y ' ' SF v ; 6 (RD^mY 1 s (RK^my 

. Relation (5) becomes h(z) -< p(z) + ^p'(z), z € U. 
By using Lemma 1.10 for n = 1 and 7 = 6, we have 0(2;) -< z £ U, i.e. 0(21) = ^ h(t)t s ~ 1 dt -< 



^TrnrrrrTTT--^, z £ U. The function g is convex and it is the best subordinant. 



'(RDx^m) 2 
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Theorem 2.6 Let q be convex in U and let h be defined by h (z) = q(z)+^q'(z).Ifn e N, A, a, 6 > 0, / € A, sup 

pose thatz^ ,*y w v +^ ,*y ( '> -2 ^ if{z) y ' 



RD^J(z) RD^f(z) 

7i [0, 1] fl Q and satisfies the differential superordination 



■ i , i RDx„f(z) 

is univalent and z-. ' , .n £ 



h(z) < z 



6+1 RDlJ(z) z 2 RDlJ(z) 



{RD^f(z)) 2 ' 6 (RD^fiz)) 2 [ RD IM 2 



■(RD^f(z)) 2 



zeu, (6) 



then q(z) -< z . RD ^^ z \-2 , z G U, where q{z) = f* h{t)t s 1 dt. The function q is the best subordinant. 



Proof. Let p(z) = z . ^^r^-K^ , z £ U. Differentiating, we obtain p(z) + fr>' (z) = ^^+1 ^^"^'L - 

^ V ; (RD^+J-fiz)) ' & ' ^ V ; 81 y ' b /(«)) 



RDl,J(z) RD^f(z) 



z e U, and (6) becomes h(z) = q(z) + jq'(z) -< p(z) + §p'{z), 



z 2 RD^ a f{z) 
* {RDl^f(z)) 2 

zeU. 

By using Lemma 1.10 for n = 1 and 7 = 5, we have q(z) -< p(z), z £ U, i.e. 9(21) = ^ J* h(t)t s ~ 1 dt -< 
-g / RDx i°t^ Z \± , z £ U, and o is the best subordinant. ■ 

Theorem 2.7 Let h be a convex function in U with h(0) — 1 and let A, a, S > 0, n e N, / € A, z 2 ^ 2 - 



(iU3j ja /(z))" 


/ (fl^, /( Z ))'\ 2 


«OJ.a/(*) 





is univalent and z 2 € W [0, 1] fl Q. // 



/i(z) -< 2; 



5 RDU(z) + 6 



RDlJ(z))" ( (rdij(z))' 



RDIJ(z) RDlJ(z) 



z e U, (7) 



i/ien q(z) -< z 2 ^flt°j( Z | , z £ U, where q(z) = J* h(t)t s 1 dt. The function q is convex and it is the best 



subordinant. 

Proof. Let p(z) = z 2 ^^/ff' , z £ U. Differentiating, we obtain p (z) + fj/ (z) = z 2 ^ ( ^° /W) ' 



■»,„/(*). 



+ 



RD^J(z) 

, z GU. Using the notation in (7), the differential superordination becomes 



h(z) -< p{z) + \zp'(z), z eU. 

By using Lemma 1.9 for n = 1 and 7 = 5, we have q(z) -< p(z), z G U, i.e. = ^ J* h(t)t 6 ~ 1 dt -< 

z 2 - y^y , z £ U. The function g is convex and it is the best subordinant. ■ 

Theorem 2.8 Lei q be a convex function in U and h(z) = q (z) + f <?' (2). Lef A, a, i5 > 0, n 6 N, / € suppose 



z 6 RDl a f(z) ^ S 

and satisfies the differential superordination 



(RDl a f(z))" _ f (RDl a f(z))' 



is univalent in U and z 2 € W [0, <5]nQ 



2 8 + 2(R D lJ^))' z* 



6 RDlJ(z) 



(RDlJ(z))" ( (RDlJ{z))' 



RDU(z) 



V 



RDlJ(z) 



, zeU, 



(8) 



then q(z) -< z' 



{RDx.cfjz))' 
R D x, a f(z) 



, z € U, where q(z) — f Q h{t)t 6 1 dt. The function q is the best subordinant. 



Proof. 



'• Let P( z ) = z2 {R r D d{j11) ■ Differentiating, we obtain p{z) + fj/ (z) = z 2 ^ ^ R D Jf f f { fJ + 
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(ggjUfWT _ ( {RDx, a f(*))' 



z € U. Using the notation in (8) , the differential superordination becomes 



h(z) = q(z) + lq'(z) ~< p(z) + lzp'(z). 



By using Lemma 1.10 for 7 = 6 and n = 1, we have q(z) -< p(z), i.e., q(z) = J Q h(t)t b 1 dt -< z 2 v RI £l a j^y 



z £ U. The function g is the best subordinant. 



Theorem 2.9 Le£ h be a convex function, h(0) = 1. Lef n € N, A, a, 5 > 0, / G .4 and suppose that 1 — 
RDZafizyiRDl^fiz))" 

f7 5 r-772 15 UlliVLLlCIlL LLIIU—7 : ~; 



— is univalent and ^^r^iT^v •= ^ [1; 1] n <3- 



RDlJ(z).(RDlJ(z))" 
h(z) ~< 1 ^ 

(RDlJ(z)) 



zeU, 



(9) 



then q(z) -< rwr^f^Trrp ' z ^U, where q is given by q{z) = ^ J* h(t)dt, z € U. The function q is convex and it 

z\RD Xa j (z) ) 

is the best subordinant. 



Proof. Let p(z) 



RDZ a f(z) . RDZ f(z)-(RDl f(z))" 

z(RDi a fM)" Z U - Differentiating, we obtain 1 [( ^ /(z))T =P(*) + 



zp' (z) , z € U, and (9) becomes h(z) -< p(z) + zp'(z), z € U. 

Using Lemma 1.9 for 7 = 1 and n = 1, we have q(z) -< p(z), z € U, i.e. g(z) = ^ f* h{t)dt < 
z € U. The function g is convex and it is the best subordinant. ■ 



z(RDlJ(z))' 



1+< ^i+z 1%>Z be a convex function in U, where < (3 < 1. Let n € N, A, a, 6 > 0, 



Corollary 2.10 Let h(z) 

f £ A and suppose that 1 - ^."^H^a Q /<*)) ^ univalent and , RDx ' af [ z \i € H [1, ll n Q. if 



i RDU(z)-(RDl a f(z))" 
{RDIJ(z))'Y 



zeU, 



(10) 



i/ien g(z) -< /„nt'°^!v 1 z ^ U, where q is given by q(z) = (2/3 — 1) + 2 (1 — /3) ln ( 1+ *) ; z £ U. The function q 
is convex and it is the best subordinant . 

Proof. Following the same steps as in the proof of Theorem 2.9 and considering p(z) = 7—^ jrrp 1 the 

differential subordination (10) becomes h(z) = -< p(z) + zp'(z), z £ U. 

By using Lemma 1.9 for 7 = 1, we have q(z) -< p{z), i.e. q{z) = \ Jq h{t)dt = \ 1+ ^ 2l ^ t 1 ' >t dt = 



Vo (2/3-1) + 



2(1-/3) 
1+t 



dt = (2/3 - 1) + 2 (1 - (3) -< 



z{RDlJ(z)) 



7, z eU. 



Theorem 2.11 Let q be convex in U and let h be defined by h (z) = q(z) + zq'(z). IfnGN, A, a, 6 > 0, / £ A, 

€ W [1, 1] n Q and satisfies the differential 



suppose that 1 — RD> '^^ ^ RDx '°'3 z ^ is univalent and 



superordination 



[(RDl a f(z))'] 



RDl a f(z) 
z(RDl a f(z))' 



RDU (z) ■ (rDU (z))" 
h(z) ~< 1 ^ 

(RDlJ(z)) 



zeU, 



(ll) 



then q{z) -< 
subordinant. 



RDx, a f( z ) 
,(RDl a f(z))' 



, z e U, where q is given by q(z) = - / Q z h(t)dt, z G U. The function q is the best 
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Proof. Let p(z) = Differentiating, we obtain 1 - gj%^igg%ffilT = p ( z ) + zp > ( z ) 

z G [7, and (11) becomes ft,(z) = g(z) + zq'(z) -< p(z) + zp'(z), z e U. 

Using Lemma 1.9 for 7 = 1 and n = 1, we have g(z) -< p(z), z G U, i.e. g(z) = i Jlf h(t)dt -< 7— ^4t~ty > 
z e U. The function g is the best subordinant. ■ 



Example 2.12 Let (z) = a convex function in U with h(0) = 1. Let / (z) = z + z 2 , z £ U. For n = 1, 
A = \, a = 2, we obtain RD\ J (z) = -i? 1 / (z) + 2D\ f (z) = -zf (z) + 2 (\f (z) + \zf (z)) = / (z) = z + z 2 , 

zee/. 



Then [rD\J(z)) = /' (z) = 1 + 2z, 



J{z) 

2 ,z 

f(z) 



z+z 2 _ l+z 
z(l+2z) l+2z> 



RD\ 

2 


J(z> 




" 


I 


H 







_ (z+z 2 )-2 _ 2z 2 +2zf l ( \ _ 1 _ _l , 21n(l-MQ 

1 (i+2z)' 2 ~ (1+2^ ' ^e nave qyzj - z j Q 1+t ai — 1+ z 

Using Theorem 2.9 we obtain 2 ^ < 2 ^+ 2 ^ ) t 1 , z G 17, induce -1 + 21n( z 1+ * ) -< z £ U. 

Theorem 2.13 Let h be a convex function, h(0) = 1 and let A, a > 0, n G N, / G .A, suppose that 



[rDIJ (zjj ' + RDU (z) • [rDIJ (zjj " is univalent and 



IiDx, a f(z){RDx, a f(z))' 



g n [0, 1] n Q. if 



h(z) -< \(RDU (z))'l + RDU (z) • (RDU (z))" ,z€U, 



(12) 



RD n f(z) ( RD n fizW 

then q(z) -< vJl ,; , z G U, where q(z) = \ J* h{t)dt. The function q is convex and it is the best 

subordinant. 

r n 2 

Proof. Let p(z) = RD "^ f(z) < RD ^ f(z) ) | z e Um Differentiating, we obtain {RDI J (z)) ' +RD^ a f (z) • 

[RDl a f (z)) = p (z) + zp' (z) , z G U, and (15) becomes h(z) -< p{z) + zp'(z), z G U. 

Using Lemma 1.9 for n = 1 and 7 = 1, we have q(z) -< p(z), z G U, i.e. q(z) = \ h(t)dt -< 

RD n f(z) ' ( RD n f( z ) V 

— — — — — , z G U. The function q is convex and it is the best subordinant. ■ 

Corollary 2.14 Let h(z) = 1+( ^; 1)z be a convex function in U, where < f3 < 1. Le£ A, a > ; n € N, 
/ G A, suppose that (i?D" Q / (z))' + RD^ J (z) • (RDI J (z))" is univalent and E^Mi^El^ll e 

w [o, i] n Q. // 

/^H [(flfl A "J(z))'] 2 + ^ /(z).(^V(z))", zGf/, (13) 

t/ien g(z) ^ J? ^° /(z),( f J "-° /( " )) ' , z eU, where q is given by q{z) = 2(3 - 1 + 2(1 - z G U. The 

function q is convex and it is the best subordinant. 

RD n f(z)-( RD n f(z) V 

Proof. Following the same steps as in the proof of Theorem 2.13 and consideringp(z) = — — ^ — — '—, 

the differential superordination (13) becomes 

By using Lemma 1.9 for 7 = 1 and n = 1, we have g(z) -< p(z), i.e., g(z) = ^ h{t)dt = ^ = 

2/g - 1 + 2(1 - (3)lMz + 1) -< fl ^ /( "-^ f " ) ) 1 
subordinant. ■ 



-, z G C/. The function q is convex and it is the best 



Theorem 2.15 Let q be a convex function in U and h be defined by h (z) = q (z) + zq' (z). Let A, a > 0, n G N, 



f £ A, suppose that 



(RDU (*))' + flOJU/ ( z ) • (^",a/ («))" 15 «n*«a/en< and RD W*H* D Z«f(*)Y e 
H [0, 1] fl Q and satisfies the differential superordination 

h(z) =q(z) + zq' (z) ~< [(RDU (z))'] ' + RD^f («) ■ (^A, a / W)" (14) 

t/ien g(z) -< RDx - a ^ z ^ ( R °^°- f ^) ; z £ U, where q(z) = | / Q z h(t)dt. The function q is the best subordinant. 
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Proof. Following the same steps as in the proof of Theorem 2.13 and consideringp(z) = — — z A '° — , 

the differential superordination (14) becomes h(z) = q(z) + zq' (z) -< p(z) + zp'(z), z £ U. 

By using Lemma 1.10 for 7 = 1 and n = 1, we have q(z) ■< p(z), i.e., q(z) = \ J* h(t)dt ■< E^al^H^^}} [ 
z e U. The function g is the best subordinant. ■ 

Example 2.16 Let h (z) — ^p§ « convex function in U with h(0) = 1. Le£ / (21) = 2 + z 2 , z £ [/. Lor n = 1, 
A = i, a = 2, we obtain RD\ J (z) = -R x f (z) + 2D\ f (z) = -zf (z) + 2 (§/ (z) + \zf (z)) = /(«) = z + z 2 , 

zeU. 2 ' 2 

J%en(iJDj i2 /(«)J = /' (z) = l+2«, — ^ Z_ = if+fj^f) = 2z 2 +3z+lj ^J^)) 

+#L> 1 i 2 / {z)-(RD\J (z))" = (1 + 2z) 2 + (z + z 2 )-2 = 6z 2 +6z+l. We have q{z) = \ f* ±=§di = _l+ ^isOlfi . 
f/sin# Theorem 2.13 we obtain i=§ -< 6z 2 + 6z + 1, z £ C/, induce -1 + 2 ln( z 1+z) -< 2z 2 + 3z + 1, z £ [7. 

Theorem 2.17 Lei h be a convex function, h(0) = 1. Let A, a > 0, 5 £ (0, 1) , n £ N, f £ A, and suppose that 

J is { Roi+jm ~ 6 RDf^m ) 18 unwalent and — i { rd£hz) ) ew[o,i]ng. 



If 

u ( z \ S RD^f(z) ((RDftfizj)' X RD ^ nz) ) 
h(z) -< 1 1 



~ S \™ tt J h z ^ ( 15 ) 



V 



then q{z) -< R ° x 'l ■ (^ RD n Z ) , z £ U, where q(z) = p-z^ J* h(t)t s dt. The function q is convex and it 
is the best subordinant. 

Proof. Let p(z) = ' ~ '~ - ' ■ [ RD J f(z) ) , z £ U. Differentiating, we obtain ( RD ^ f(z) ) — j^ 1 - 

( ^l^f/^J ~ S {R RD£!m ) =P( Z ) + R^' (z),z£ U, and (15) becomes h(z) ~< p(z) + j^zp^z), z £ U. 

Using Lemma 1.9, we have q(z) -< p(z), z £ U, i.e. g(z) = h(t)t~ s dt -< A, ° • f j, g „ z j , 

z e U. The function g is convex and it is the best subordinant. ■ 

Theorem 2.18 Let q be a convex function in U and h(z) = q(z) + jz^q' (z). If X,a > 0, 6 £ (0,1), 

n £ N, / £ A, suppose that (^ RD ^ Z /( z ) ) — 1*=/^ ^m""'/^ ^flfl;°/t? ^ * s univalent and RDx ' z ■ 

(y -ftjynr /( z ) ^) S W [0, 1] fl Q satisfies the differential superordination 



h{z) < 



V 



, zeU, (16) 



i/ien g(z) -< fl£lA ' z ^^" > • (^ _r_d" Z /(^) ) ' z *= U> vihere q[z) = J* h(t)t 6 dt. The function q is the best 
subordinant. 

Proof. Let p(z) = A, ° • f ^ g n Z J • Differentiating, we obtain 

^DJ Q /(z)J r=S ^ RDZ+Jf(z) ~° RDlJ(z) J -p{z)+ —z P (z),zeu. 

Using the notation in (16), the differential superordination becomes h(z) — q(z) + jzrgq' (z) -< p(z) + 

R,D n ^~^~ f(z} 

rrhgzp'(z). By using Lemma 1.10, we have q(z) -< p(z), z £ U, i.e. q(z) = jr^ Jo h(t)t- s dt -< — A '° • 
( rd" Z /(z) ) ' z ^ ^' an< ^ 9 ^ S ^ e ^ es ^ subordinant. ■ 



443 

7 



LORIANA VLAD 437-444 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



References 

[1] A. Alb Lupa§, On special differential subordinations using Salagean and Ruscheweyh operators, Mathemat- 
ical Inequalities and Applications, Volume 12, Issue 4, 2009, 781-790. 

[2] A. Alb Lupa§, On a certain subclass of analytic functions defined by Salagean and Ruscheweyh operators, 
Journal of Mathematics and Applications, No. 31, 2009, 67-76. 

[3] A. Alb Lupa§, On special differential subordinations using a generalized Salagean operator and Ruscheweyh 
derivative, Journal of Computational Analysis and Applications, Vol. 13, No.l, 2011, 98-107. 

[4] A. Alb Lupa§, On a certain subclass of analytic functions defined by a generalized Salagean operator and 
Ruscheweyh derivative, Carpathian Journal of Mathematics, 28 (2012), No. 2, 183-190. 

[5] A. Alb Lupa§, D. Breaz, On special differential superordinations using S&l&gean and Ruscheweyh operators, 
Geometric Function Theory and Applications' 2010 (Proc. of International Symposium, Sofia, 27-31 August 
2010), 98-103. 

[6] A. Alb Lupa§, On special differential superordinations using a generalized Salagean operator 
and Ruscheweyh derivative, Computers and Mathematics with Applications 61, 2011, 1048-1058, 
doi:10.1016/j.camwa.2010.12.055. 

[7] A. Alb Lupa§, Certain special differential superordinations using a generalized Salagean operator and 
Ruscheweyh derivative, Analele Universitatii Oradea, Fasc. Matematica, Tom XVIII, 2011, 167-178. 

[8] D.A. Alb Lupa§, Subordinations and Superordinations, Lap Lambert Academic Publishing, 2011. 

[9] F.M. Al-Oboudi, On univalent functions defined by a generalized Sdldgean operator, Ind. J. Math. Math. 
Sci., 27 (2004), 1429-1436. 

[10] L. Andrei, Some differential subordinations using Ruscheweyh derivative and generalized Stiltigean operator, 
submitted 2013. 

[11] L. Andrei, Differential subordinations using Ruscheweyh derivative and generalized Salagean operator, sub- 
mitted 2013. 

[12] S.S. Miller, P.T. Mocanu, Subordinants of Differential Superordinations, Complex Variables, vol. 48, no. 
10, 815-826, October, 2003. 

[13] St. Ruscheweyh, New criteria for univalent functions, Proc. Amet. Math. Soc, 49(1975), 109-115. 

[14] G. St. Salagean, Subclasses of univalent functions, Lecture Notes in Math., Springer Verlag, Berlin, 
1013(1983), 362-372. 



444 

8 



LORIANA VLAD 437-444 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Generalized block diagonal and block triangular 
preconditioners for non-symmetric indefinite linear systems 
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Abstract 

In this paper, we study the block diagonal and block triangular preconditioners con- 
taining a parameter for general two-by-two block linear systems with zero (2,2)-block. The 
boundary estimates of eigenvalue of preconditioned system are given. If the parameter 
is chosen appropriately, the preconditioned system will have a more clustered spectrum, 
which results in faster convergence for Krylov subspace methods in many applications. 
Finally, numerical experiments are presented to illustrate the performance of these precon- 
ditioners. 

Keywords: Saddle point problem; Indefinite systems; Eigenvalue bounds; Precondition- 
ers; Parameter. 

AMS classification: 65F10, 65F15, 65N22. 



1 Introduction 

We consider the following 2x2 block linear systems of the form 

A B T \ ( x\ _ ( f 



C J \ y J \ g 



(1) 



where A G R nxn j s non-singular, and B and C G /j mx ™ ( m < n ) arc of full rank. Such problems 
are referred to as generalized saddle point problems, which appear in many applications and 
have attracted a lot of research [6,7,11,14-16,23,25]; especially, see [5] for a comprehensive 
survey and related references. 

As is known, there exist two kinds of methods to solve the linear systems: direct methods 
and iterative methods. Direct methods are widely employed when the size of the coefficient 
matrix is not too large, and are usually regarded as robust methods. The memory and the com- 
putational requirements for solving the large linear systems may seriously challenge the most 
efficient direct solution method available today. Naturally, it is necessary that we make use of 
iterative methods instead of direct methods to solve the large sparse linear systems. Meanwhile, 
iterative methods arc easier to implement efficiently on high performance computers than direct 
methods. Currently, Krylov subspace methods [18] are considered as one kind of the impor- 
tant and efficient iterative techniques available for solving large linear systems, because they arc 
cheap to be implemented and are able to exploit the sparsity of the coefficient matrix. However, 
in fact, the Krylov subspace methods are not competitive without a good preconditioner. To 
speed up the convergence, it is profitable to use a good preconditioner. A lot of preconditioners 

* Corresponding author. E-mail: yzlil982@163.com. 
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are presented for solving systems (1), such as block-diagonal preconditioncrs (with exact Schur 
complement and approximate Schur complement) [4, 6, 11, 16, 23], augmentation block precon- 
ditioned [7] and constraint preconditioners [14,25]. For the case C = B, there also exist lots 
of iterative methods and preconditioners for solving systems (1), see [8, 17, 19, 20, 22, 24, 27] for 
more details. Especially, the spectral analysis of the preconditioned matrix are given on block 
diagonal and triangular preconditioners in [1-3, 12, 13]. 

Recently, De Sturler and Liesen [23] provided a detailed analysis on the eigenvalues of the 
preconditioned matrix with block diagonal preconditioner. Let 

A = G - E (2) 

be a splitting of A, where G € R nxn is non-singular, then the block diagonal preconditioner 

8 = I n rrn-i uT J ( 3 ) 



v CG^B 
was shown in [23]. And the preconditioner 

v =(o -cgV) W 

was considered in [6] by Cao. When G = A, the preconditioners Q and V were analyzed in [16] 
and [8], respectively. By the combination ideas of [22], we introduce a combination parameter 
/?, and present the following preconditioner 

W = /» + (l-^=(? ( 2/3 J )CG -w) ' (5) 
For the simple of the notations, we define the preconditioner (5) as 

P a (G) = ( Q G aCG \ T ) • (6) 

Moreover, we also study the following two block triangular preconditioncrs containing a param- 
eter in different place: 

F a (G) = ( ^ a CG- 1 B T ) ' (7) 

and 

H a (G) = ^ C q B i b t ) ■ (8) 

We will analyse the properties of preconditioned matrix P a (G)~ 1 A, F a (G)~ 1 A and H a (G)~ 1 A, 
and provide their bounds of eigenvalues. 

The remainder of this paper is organized as follows. In Sections 2 and 3, the block diagonal 
and block triangular preconditioners are presented, and bounds of eigenvalues of the precon- 
ditioned system are analysed. Section 4 and 5 give numerical experiments and conclusions, 
respectively. 

2 Block Diagonal Preconditioner 

Throughout this paper, || • || indicates the matrix 2-norm, | • | stands for the modulus. Now, we 
discuss the properties of the block diagonal preconditioned matrix 

p ir^- 1 A - ( In ~ ° lE n G~ X B T 
a( > ^(CG- 1 B T y 1 C 
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Denote M = {CG- 1 B T ) 1 C, N = G^ 1 B T , S = G~ 1 E, then we have 

T(S) = T a (S) = P„(G)-U = ( \ M S * ) , (9) 

where M G R mxn , N G R nxm and MN = I m , (NM) 2 = NM. Note that NM is a projection 
matrix of rank m. Let Ui — [ui, ...,u n _ m ] G R nx ( n - ,n ) form a basis of N{NM), the nullspace 
of ATM, and let U 2 = [u n - m+1 , ...,u n ] G R nxm form a basis of 1Z(NM), the range of NM. 
Thus, we have that [Ui, U 2 ] G _R nx " is non-singular and 

NM[U 1 ,U 2 ] = [U 1 ,U 2 ] ( J ^ ) , (10) 

i.e., \U\, U2] is an eigenvector matrix of the projector matrix NM. Next, we give properties of 
eigenvalues and eigenvectors of T(0) which is the preconditioned matrix P a (A)~ 1 A (for short 

n 



Theorem 1 The block diagonal preconditioned matrix T = P a (A) 1 A is diagonalizable and 
ret aisLincL eigenvalues: 1, a~~ = 

Y(0): 



has three distinct eigenvalues: 1, A ± = — 2 + ° ( a ^ — ^ e e ig envec t° r matrix is given by 



Y V>=(" 1 (X^MU 2 (X-) U? MU 2 )- <"> 

Proof. The proof is anaglous to that of Theorem 3.3 of [23] or Theorem 2.1 of [6], hence, it 
is omitted. □ 

remark 1 T satisfies (T — I)(T 2 — T — ^ J) = 0. W^/ien a = —4, t/ie preconditioned matrix T 
has only two distinct eigenvalues, but it is not diagonalizable; when a < 0, the preconditioned 
matrix T is a positive stable matrix, i.e., the eigenvalues have positive real parts; when a > 0, 
the preconditioned matrix T is indefinite and all the eigenvalues are real number. 

Now, we derive bounds of the eigenvalues of each matrix T(S) in terms of the corresponding 
matrix T. 

Theorem 2 Let Y(0) be the eigenvector matrix of T, for each matrix S, and each eigenvalue 

i±\/i+ — 

As ofT(S), there is an eigenvalue A(A = 1 or — ^ — ~) ( a ~ 4) of T such that 

lAs-Al^imO)- 1 ^ I °)r(0)||, (12) 

<Ca||[^l,^2] _1 S[^l,^2]||, (13) 



< a: 




where positive number c a satisfies c 2 a = 



Proof. The proof of the Theorem 2 is similar to that of Theorem 3.5 of [23] or Theorem 2.1 
of [6], but for the completeness, we also give the proof. Matrix T(S) can be splitting into 

T(S)=T(0)-( S Q ° ) . (14) 
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Since T(0) is diagonalizable and has eigenvector matrix Y(0), inequality (12) follows from a 
well-known result in matrix perturbation theory [21] or Bauer-Fike theorem [26]. 
To prove (13), we consider the following two- by- two block decomposition 



Y(0) 



Y21 Y22 



where Yii = [U U U 2 ] € R nxn and Y 22 = (X~)~ 1 MU2 S R mxm are both invertible. Then 
Y(0) _1 can be expressed as 



no) -i = ( (Yn - Y 12 Y^Y 21 ) 1 -Y^Y 12 (Y 22 - Y^Y^Y^) 1 

V -^22^21 (Yn - Y 12 Y^Y 21 ) 1 (Y 22 - Y 21 Y^Y 12 ) 1 

By simple calculation, we have 

(Y n - Y 12 Y 2 - 2 l Y 21 )- x =([£/ 1; U 2 ] - C/ 2 (A-)(MC/ 2 )- 1 [0, (A+)" 1 MU^ 1 

=({u 1 ,u 2 ]-{o,(\-/\ + )u 2 })- 1 

In — m. 

L 

rJ, 



L n—m 





A+-A- 



PnU,}- 1 



-JnpnU^- 1 



and 



-K^i^n - y 12 y^ 1 y 21 )- 1 = -[o, {\-/\+)i m ]i n [u u u 2 }-' 

= -[0,^ J =Im][Ul,U 2 ]- 1 



Using these relations, we obtain 



nor ! ( ) Yl!,] 



L[Ui, U^Spn U 2 ] I n [Ui, Ui^SUi 
I m [Un U 2 ]- 1 S[U 1 , U 2 ] I m [U u U 2 ]- X SU 2 

2 



< max 

\\c\\<V2 



[UnU^SiUnU^c 



< 2( UUiU^Sp^] + LiUiU^SWiU^ ) 

<c 2 a Ww^u^sp^W 2 . 

The remainder of the proof concerns the expression of c a in (13) for each particular case. It is 
easy to know that 



L n = 



Let s = h + 



0. 



1 



1 



2 2^ 



2V 1 +7 



2 V 1+ ; 

I t=f. There are several cases which should be considered. 

2 2-yi+T 



Case 1: If a > 0, obviously, < s < 1, then c\ = 2[1 + i 2 ] - 



a+4 



q+4 ' 
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Case 2: If a < —4, obviously, s > 1, then 

9 „r 9 9, „ r l 1 i 2a + 4 

c « = 2 t s + ' ] = 2[ 2 + 27tW = ^tt- 

Case 3: If — 4 < a < 0, then s and t are complex numbers, and 

1 1 



U\ 2 = \t\ 2 



4 4(l+£)" 



2a+10 
a+4 



If |s| < 1, i.e., -3 < a < 0, then c£ = 2[1 + \t\ 2 } 
If |s| > 1, i.e. -4 < a < -3, then 4 = 2[|.s| 2 + \t\ 2 } = 

With the combination of cases 1, 2 and 3, the proof of the theorem is completed. 

Using the general result (Lemma 3.6 of [23]), the condition number of [U\, U2] is given by 

<Pi,Ufl = , (15) 

where ui\ is the largest singular value of U\ T U2, i.e., uj\ = \\Ui T U2\\- □ 
Using (15) and Theorem 2, we have the following corollary. 

Corollary 1 In the notation of Theorem 2, for each eigenvalue A5 ofT(S), there is an eigen- 
value A o/T(0) such that 

|A5-A|<^(1±^)'||S|| • (16) 

In the next section, the block triangular preconditioners will be considered, and the correspond- 
ing bounds of eigenvalues of the preconditioned matrix are given. 

3 Block Triangular Preconditioners 

In this section, we consider two block triangular preconditioners (7) and (8), which contain a 
parameter a in different location. 

If the triangular preconditioncr is given by F a (G) in (7), then the preconditioned matrix 
becomes 

F( S ) = F„( )-U=('»-f-^ M Q W ) , (17) 

specially, 

*»-(*•-£" „"). 08) 

Theorem 3 The block triangular preconditioned matrix T = F(0) is diagonalizable, and it has 
following eigenvalues and eigenvectors: 

• n eigenvalue of 1, the corresponding eigenvectors are [uj T ,0] , j = 1,2,..., n — m and 

i u /Ai Mu j) T ] . j = n-m+l,...,n. 

• m eigenvalue of —^(a ^ —1), the corresponding eigenvectors are 

[uj T , (— Muj) T ] T , j = n — m + 1, n. 

Furthermore, the eigenvector matrix of F(0) is given by 

Y - ( Ul U > U2 \ (19) 
{ IMV2 -MU 2 ) ' 1 ' 
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T „,TlT 



T „,TlT 



9[u T ,v 



which 



Proof. Let (0, [u , v ]) be the eigenpairs of F(0), then F(0)[u ,v 
is equivalent to the following two equations 

(i) (I n - -NM)u + Nv = 9u, (it) -Mu = 9v. 
a a 

If 9 = 1, we insert (ii) into (i). By simple computation, we know that (i) is an identical equation. 
So the corresponding eigenvectors are [uj T , 0] , j — 1, 2, n — m and [uj T , (^Muj) T ] , j = 
n — m + 1, n. 

If 6 ^ 1, inserting (ii) into (i) and using some basic computation, we obtain 

iVMu = -Oau. 

Hence, 9 = — i, and the corresponding eigenvectors are [wj T , (-M«j) T f , j = n — m+1, ...,n. 
□ 

remark 2 satisfies (T — + ^1) = 0, and when a = — 1, the preconditioned matrix T 
is not diagonalizable. It is interesting to find that if parameter a < 0, then the preconditioner 
F a (G) is indefinite and the preconditioned matrix J 7 is positive stable. Nevertheless, if parameter 
a > 0, then the preconditioner F a (G) becomes positive stable definite and the preconditioned 
matrix T is indefinite. 

The next theorem will give the relation of the eigenvalues of each matrix F(S) in terms of 
the corresponding matrix F(0). 

Theorem 4 With eigenvector matrix Y given in (19), for each matrix S, and each eigenvalue 
9s of F(S), there is an eigenvalue 9 (9 = 1 or — ^) of F(0) such that 



\o s -e\<\\Y-' 



S 




Y\\ 



(20) 
(21) 



whe 



2+2ct 
(a+1) 2 



a > 



2' 



a < 



2- 



Proof. As the proof of Theorem 2, it is easy to know that there exists the following two- by- 
two block decomposition 



where 



and 



Hence, 



Zn = 



y- 1 = 



a+l J 



Z21 Z22 



[UuUi]- 1 = InlUuUi]- 1 



z 2 i = [0,—5-r i m ][Ui, U2}- 1 = i m [Ui, u 2 }-\ 

a + 1 



Y- 1 



S 




Y 



< 2( IniUl^-'Sp^} + InPl.^T^p^] ) 
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Now, we give the expression of c a . There are two cases which should be considered. 
Case 1: If -\ < a, clearly, |^| < 1, then, c\ = 2[1 + (^) 2 ] = 2 + 

Case 2: If a < — |, obviously, |^pj| > 1, then, 

From what has been discussed above, the proof of the theorem is completed. □ 

Corollary 2 In the notation of Theorem 4, for each eigenvalue 6s of F{S), there is an eigen- 
value 9 of F(0) such that 

|0s-0|<c a (i±^) 4 ||S|| - (22) 

Next, we consider another block triangular preconditioner H a (G). Then the preconditioned 
matrix becomes 

' I n -S- aNM N 
M 



H(S) = H a (G)-U= - , ( 23 ) 



I n -aNM N _ (24) 



particularly, 

- ( In ~ 

M 

Theorem 5 The block triangular preconditioned matrix H = H(0) is diagonalizable, and it has 
the following eigenvalues and eigenvectors: 

• n — m eigenpairs of the form (1, [uj T , 0] ), where j = 1,2, n — m. 

• 2m eigenpairs of the form (rf^, [uj T , (i] ± )~ 1 (Muj) T ] ), where 

± (l-a)± v / 4+(l-a) 2 . 

rf 1 = '—^ — — , J =n-m + l,...,n. 

Furthermore, the eigenvector matrix y of H(0) is given as 

Proof. The proof is anaglous to that of Theorem 3, therefore, it is omitted. □ 

remark 3 H satisfies (H — I)(H 2 — (1 — a)H — I) = 0. It is obvious that the eigenvalues ofH 
are real and the preconditioned matrix H is indefinite for all a £ R. 

Theorem 6 With eigenvector matrix y given in (25), for each matrix S, and each eigenvalue 
r]s of H(S), there is an eigenvalue r\ (rj = 1 or 77 * = — ") =I= V 4 +( 1 ") ) of H such that 



\vs-v\ <\\y-' ( 



s 





y\\ (26) 



<c„ II [^i,I^] _1 S[^i,£/2] II, (27) 



where c 2 a = ^f^ - , (1 ~ a) ■ 

a 4+(l-a) 2 x /4+(l-a)2 



Proof. The proofs of (26) and (27) are similar to that of Theorem 2. Considering the 
following two-by-two block decomposition 



y- 1 



W n W 12 
W 2 i W22 
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where 



7/+— r]~ 71 



[U U U 2 



+ 





(1-tt) 

2 V / 4+(1-q)2 



[Ui,U 2 



and 



W 2l 



o h- 1 

' ^ 2v /4+(i-«) 2 y 

/m^l,!^]- 1 . 



[C/l,^2 



Denote s = ^ 

i (i-cQ 



- t = i 



(i-cQ 



2 1 2> /4+(l-a)2 ' 2 2 v / 4+(l-a)2- 

< 1, so < s < 1, < t < 1, and then 



For all a € i?, it can be concluded that 



4 = 2(1 + 4^ 



3(1 -a) 2 + 10 



(1-a) 



4+(l-a) 2 ^4+ (1-a) 2 ' 
Based on the above discussion and analysis, we complete the proof of the theorem. □ 

Corollary 3 In the notation of Theorem 6, for each eigenvalue rjs of H{S), there is an eigen- 
value n of H(0) such that 

(28) 



k7s-r/|<c Q (i±^) 5 !|S!| 



There is no zero eigenvalue of the preconditioned matrix, which means that As, 9 s and 
rjs 7^ 0. By (16), (22) and (28), the smaller c a is, the closer As, 9s and 773 are to A, 9 and 77, 
respectively. It means that the eigenvalues of the preconditioned matrix may be more clustered, 
and the preconditioners may significantly improve the clustering properties of the spectrum of 
the original systems by choosing appropriate parameter a. Therefore, a Krylov subspace method 
such as GMRES(^) method [18] may converge more quickly. However, these inequations (16), 
(22) and (28) only give a rough estimate, so the distribution of the spectrum may not describe 
the rate of convergence completely. 



4 Numerical experiments 

The problem under consideration is the Oseen problem [10] 



-i/Aii + w ■ Vu + Vp = /, in f2 
divu = 0, in Ct 



(29) 
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with suitable boundary conditions on dfl, where fl C R 2 is a bounded domain and w is a given 
divergence free field. The scalar v is the viscosity, the vector u represents the velocity, and p 
denotes the pressure. 

The test problem is a leaky two-dimensional lid-driven cavity problem. We discretize equa- 
tion (29) with the IFISS software written by Howard Elman, Alison Ramage and David Silvester 
[9]. The mixed finite element used is the bilinear-constant velocity-pressure Qi — Po pair. The 
finite clement subdivision is based on n x n uniform grids of square elements. Since the matrix 
B produced by the software is rank deficient, we drop the first two rows of B to get a full rank 
matrix. 

In our numerical experiments, the resulting saddle point-type matrix 

A= ( C ) 

satisfies C = B, A is positive real, i.e., A + A T is symmetric positive definite. We take G as an 
incomplete LU factorization of A: 

A = LU + R, G = LU, 

with drop tolerance t [18], where L and U are the lower and upper triangular matrices, respec- 
tively. We give some results to show the convergence behaviors of preconditioned GMRES(IO) 
method. The initial guess is taken to be U( ) — an d the stopping criteria is ||r fc || 2 < 10~ 6 ||r || 2 , 
where = b — Avr^) is the residual vector after fcth iteration. The right-hand side vectors b 
are taken such that the exact solutions x and y are both vectors with all components being 
1. We take some values of v. v = 1, v = 0.1 and v = 0.01 and two mesh grids h: 1/16 
and 1/32. We give the iteration numbers and CPU time, though the codes are not optimally 
tuned. In these tables, m(n) means number of outer (inner) iterations, CPU time lie inside 
[ ]. All computations are performed in Matlab 7.0 with intel(R) Pentium CPU 3.00GHz and 1 
GB memory. Denote the preconditioners P a (G), F a (G) and H a (G) as P(a), F(a) and H(a), 
respectively. 

In Tables 1- 4, we show the iteration numbers and CPU time of preconditioned GMRES(IO) 
applied to solve the saddle point linear systems with different preconditioners P(ct), F(a) and 
H(a). At the same time, we give, in Figures 1- 4, the convergence curve for these precondi- 
tioners with an appropriate parameter a. From these tables and figures we can see that: 

• For the block diagonal preconditioner P a (G), there is no apparent difference for different 
parameter a in computational performance. 

• If we choose an appropriate value a, the block triangular preconditioners F a (G) and H a (G) 
are significantly more efficient than the block diagonal preconditioners P a (G). Moreover, in 
most case, the block triangular preconditioners F a (G) is better than H a (G). 

• Tables 1- 4 show that the smaller the value of |a| is, the smaller the iteration numbers 
of GMRES(IO) preconditioned by F a (G) are. A great number of numerical experiments show 
that a = —0.1 and a = 1 are relative 'optimal' choices for the block triangular preconditioners 
F a (G) and H a (G), respectively. 

5 Conclusion 

In this paper, the generalized block diagonal and block triangular preconditioners contain- 
ing a parameter a are presented for the non-symmetric saddle point problems. The spectral 
properties of the preconditioned matrix are investigated and the bounds of eigenvalues of the 
preconditioned matrix are given. The numerical experiments indicate that the performance of 
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Table 1: Preconditioned GMRES(IO) iteration numbers and CPU time for 16 x 16 grid with drop 
tolerance r = 0.01 and different parameter a. 



a 


v = 1 


v = 0.01 


P(a) 


F(a) 


G(a) 


P(a) 


F(a) 


G(a) 


-4 


3(3) [0.875] 


2(8) [1.125] 


3(4) [1.516] 


8(10) [4.969] 


6(10) [5.234] 


7(9) [6.109] 


-3 


3(3) [0.875] 


2(8) [1.078] 


3(4) [1.437] 


8(4) [4.610] 


6(9) [5.328] 


9(4) [7.547] 


-2 


3(4) [1.031] 


2(7) [1.125] 


3(4) [1.641] 


7(10) [4.984] 


5(7) [4.250] 


8(3) [7.016] 


-1 


3(2) [0.844] 


2(6) [0.969] 


3(4) [1.469] 


6(9) [3.562] 


4(10) [3.532] 


8(3) [6.562] 


-0.5 


3(3) [0.875] 


2(5) [0.922] 


2(10)[1.187] 


6(7) [3.500] 


4(8) [3.453] 


7(9) [6.125] 


-0.25 


3(2) [0.860] 


2(4) [0.828] 


3(2) [1.375] 


6(5) [3.437] 


4(5) [3.203] 


8(5) [6.516] 


-0.1 


3(2) [0.844] 


2(4) [0.875] 


3(2) [1.312] 


5(5) [2.797] 


3(9) [2.656] 


7(8) [6.016] 


0.1 


3(2) [1.656] 


2(4) [0.953] 


2(10)[1.312] 


6(7) [3.500] 


3(10) [2.687] 


7(5) [5.672] 


0.25 


3(2) [0.906] 


2(4) [1.009] 


2(8) [1.157] 


6(10) [3.657] 


5(3) [3.843] 


8(3) [6.360] 


0.5 


3(2) [0.906] 


2(6) [1.016] 


2(9) [1.250] 


6(10) [3.765] 


5(7) [4.375] 


6(9) [5.266] 


1 


3(2) [0.922] 


2(6) [1.109] 


2(6) [1.031] 


7(7) [4.156] 


6(6) [4.969] 


6(6) [5.047] 


2 


2(9) [0.782] 


2(9) [1.203] 


2(10)[1.265] 


8(8) [4.844] 


7(7) [5.843] 


9(2) [7.141] 


3 


2(9) [0.781] 


2(9) [1.219] 


3(4) [1.546] 


8(9) [4.813] 


7(10) [6.250] 


9(9) [8.203] 


4 


2(9) [0.782] 


2(8) [1.203] 


3(6) [1.687] 


8(7) [4.609] 


8(8) [6.829] 


9(7) [7.843] 


5 


2(9) [0.782] 


2(9) [1.265] 


3(6) [1.672] 


9(9) [5.438] 


8(6) [6.750] 


9(8) [7.828] 



Table 2: Preconditioned GMRES(IO) iteration numbers and CPU time for 32 x 32 grid with drop 
tolerance r = 0.01 and different parameter a. 



a 


v = 1 


v = 0.01 


P(a) 


F(a) 


G(a) 


P(a) 


F(a) 


G(a) 


-5 


4(8) [30.625] 


4(3) [37.719] 


5(8) [55.640] 


3(3) [22.640] 


2(8) [25.375] 


3(6) [36.468] 


-4 


4(8) [35.204] 


4(1) [41.797] 


5(7) [64.094] 


3(3) [29.156] 


2(8) [33.109] 


3(6) [46.141] 


-3 


4(8) [31.766] 


3(9) [34.172] 


4(10) [48.297] 


3(3) [32.313] 


2(8) [37.063] 


3(5) [49.297] 


-2 


4(8) [37.172] 


3(7) [37.203] 


4(10) [56.656] 


3(6) [28.765] 


2(7) [29.047] 


3(7) [42.547] 


-1 


4(8) [33.484] 


3(3) [27.563] 


5(7) [57.718] 


3(6) [30.094] 


2(6) [27.078] 


3(7) [44.797] 


-0.5 


4(8) [32.860] 


3(3) [28.281] 


4(6) [43.453] 


3(5) [32.031] 


2(6) [29.907] 


3(6) [48.156] 


-0.25 


4(9) [33.359] 


3(3) [27.750] 


4(8) [47.859] 


3(6) [35.485] 


2(5) [30.906] 


3(5) [49.531] 


-0.1 


4(8) [30.453] 


3(2) [25.407] 


4(8) [42.843] 


3(6) [33.875] 


2(4) [28.641] 


3(4) [45.875] 


0.1 


4(9) [31.453] 


3(3) [27.953] 


4(6) [42.203] 


3(5) [37.515] 


2(6) [32.719] 


3(4) [44.390] 


0.25 


4(9) [31.312] 


3(5) [27.969] 


4(5) [38.516] 


3(6) [30.406] 


2(6) [28.469] 


3(5) [44.015] 


0.5 


4(8) [30.562] 


3(6) [29.829] 


3(10) [32.937] 


3(5) [29.578] 


2(6) [28.625] 


2(10)[34.281] 


1 


4(8) [30.328] 


3(9) [31.875] 


3(9) [31.891] 


3(5) [29.391] 


2(6) [28.672] 


2(6) [28.281] 


2 


4(8) [30.203] 


4(4) [37.593] 


3(10) [33.032] 


3(3) [27.313] 


2(9) [33.031] 


3(4) [42.219] 


2.5 


4(8) [32.296] 


4(2) [37.313] 


4(3) [37.625] 


3(3) [27.297] 


2(9) [33.453] 


3(5) [44.609] 


4 


4(9) [31.859] 


4(5) [39.375] 


4(7) [41.969] 


3(2) [27.891] 


2(9) [32.187] 


3(6) [45.516] 
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Table 3: Preconditioned GMRES(IO) iteration numbers and CPU time for 16 x 16 grid with drop 
tolerance r = 0.1 and different parameter a. 



a 


v = 1 


v = 0.1 


P(a) 


F(a) 


G(a) 


P(a) 


F(a) 


G(a) 


-5 


4(7) [1.891] 


3(10) [1.890] 


5(6) [2.922] 


5(1) [1.891] 


4(2) [1.969] 


5(4) [2.734] 


-3 


4(6) [1.500] 


3(7) [1.735] 


5(2) [2.843] 


4(6) [1.390] 


3(9) [1.782] 


5(6) [2.922] 


-2 


4(6) [1.407] 


3(6) [1.750] 


4(8) [2.484] 


4(8) [1.453] 


3(6) [1.641] 


4(8) [2.438] 


-1 


4(7) [1.437] 


3(2) [1.469] 


4(7) [2.437] 


4(6) [1.438] 


3(3) [1.516] 


5(2) [2.750] 


-0.5 


4(5) [1.375] 


2(10) [1.282] 


4(5) [2.343] 


4(8) [2.516] 


3(2) [1.422] 


4(3) [2.078] 


-0.25 


4(6) [1.469] 


2(9) [1.187] 


4(6) [2.281] 


4(9) [1.562] 


2(10) [1.266] 


4(7) [2.328] 


-0.1 


4(6) [1.421] 


2(10) [1.297] 


4(6) [2.391] 


4(8) [2.640] 


2(10) [1.297] 


4(6) [2.328] 


0.1 


4(6) [1.484] 


3(2) [1.500] 


4(5) [2.250] 


4(6) [1.484] 


2(10) [1.328] 


4(3) [2.141] 


0.25 


4(6) [1.484] 


3(3) [1.578] 


3(8) [1.797] 


4(6) [1.438] 


3(2) [1.468] 


4(2) [2.110] 


0.5 


4(5) [1.469] 


3(4) [1.625] 


3(9) [1.875] 


4(5) [1.390] 


3(5) [1.656] 


4(1) [2.032] 


1 


4(5) [1.453] 


3(7) [1.843] 


3(7) [1.797] 


4(4) [1.344] 


3(7) [1.734] 


3(7) [1.719] 


2 


4(6) [1.438] 


3(9) [1.828] 


3(8) [1.875] 


4(6) [1.406] 


4(2) [2.032] 


3(8) [1.718] 


3 


4(5) [1.438] 


3(9) [1.875] 


4(6) [2.390] 


4(6) [1.500] 


4(2) [2.063] 


3(10)[1.859] 


5 


4(5) [1.500] 


4(6) [2.375] 


4(6) [2.344] 


4(6) [1.515] 


4(8) [2.375] 


4(6) [2.235] 



Table 4: Preconditioned GMRES(IO) iteration numbers and CPU time for 32 x 32 grid with drop 
tolerance r = 0.1 and different parameter a. 



a 


v = 1 


v = 0.1 


P(a) 


F(a) 


G(a) 


P(a) 


F(a) 


G(q) 


-5 


6(9) [47.719] 


5(5) [54.703] 


8(5) [91.719] 


6(3) [40.375] 


5(3) [51.766] 


7(8) [83.266] 


-4 


6(8) [47.109] 


5(3) [53.313] 


9(7) [104.984] 


6(3) [40.953] 


4(10) [48.250] 


8(6) [93.484] 


-3 


6(6) [45.125] 


4(8) [46.531] 


9(10) [107.422] 


6(4) [44.031] 


4(7) [45.781] 


8(3) [89.047] 


-2 


6(8) [54.343] 


4(7) [47.454] 


7(6) [79.062] 


6(3) [41.125] 


4(6) [44.063] 


7(6) [81.859] 


-1 


6(9) [53.797] 


4(6) [49.922] 


7(7) [92.672] 


6(6) [43.203] 


4(5) [44.360] 


8(1) [89.343] 


-0.5 


7(4) [64.218] 


4(5) [55.172] 


6(7) [87.250] 


7(3) [48.235] 


4(4) [41.625] 


7(2) [75.109] 


-0.25 


7(3) [64.453] 


4(5) [53.625] 


7(5) [98.407] 


7(3) [48.234] 


4(4) [42.141] 


6(9) [74.593] 


-0.1 


7(6) [55.328] 


4(4) [44.453] 


6(8) [73.219] 


7(2) [47.297] 


4(3) [42.234] 


6(7) [71.672] 


0.1 


6(9) [56.062] 


4(6) [53.079] 


6(10) [84.609] 


6(9) [46.672] 


4(6) [45.012] 


6(8) [70.844] 


0.25 


7(3) [67.750] 


4(9) [64.532] 


6(8) [90.672] 


6(9) [47.485] 


4(8) [47.640] 


6(5) [68.328] 


0.5 


6(8) [60.515] 


4(10)[64.625] 


6(6) [89.219] 


6(7) [45.031] 


4(10) [48.922] 


5(9) [60.532] 


1 


6(9) [62.157] 


5(9) [75.250] 


5(9) [73.921] 


6(8) [45.437] 


5(7) [57.203] 


5(7) [60.250] 


2 


7(6) [78.828] 


6(8) [104.516] 


5(5) [83.297] 


6(8) [44.523] 


6(2) [65.656] 


5(2) [54.344] 


3 


7(8) [81.012] 


6(10) [109.797] 


5(4) [76.968] 


6(4) [56.203] 


5(10) [80.922] 


5(4) [73.359] 


4 


7(6) [73.359] 


7(8) [111.031] 


5(4) [78.625] 


6(9) [61.375] 


6(9) [95.172] 


5(4) [72.203] 


5 


7(9) [76.015] 


8(5) [122.110] 


5(4) [71.984] 


6(3) [55.437] 


5(3) [72.328] 


7(8) [114.032] 



Table 5: Values of n and m, and order of A 



Grid 


n 


m 


Order of A 


16 x 16 


578 


254 


832 


32 x 32 


2178 


1022 


3200 
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Xiao-Yan Li: Generalized block diagonal and block triangular preconditioncrs 



Number of iterations 



(a) v = 1 



P(2) 

F(-0.1) 

H(1) 





Number of iterations 



(b) v = 0.01 



Figure 1: Convergence curve and total numbers of preconditioned GMRES(IO) 
method for 16 x 16 grid when drop tolerance r = 0.01. 




Number of iterations 



(a) v = 1 




Number of iterations 



(b) v = 0.1 



Figure 2: Convergence curve and total numbers of preconditioned GMRES(IO) 
method for 16 x 16 grid when drop tolerance r = 0.1. 




Number of iterations 



(a) u = 1 




Number of iterations 



(b) v = 0.01 



Figure 3: Convergence curve and total numbers of preconditioned GMRES(IO) 
method for 32 x 32 grid when drop tolerance r = 0.01. 



456 



LI 445-458 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Xiao-Yan Li: Generalized block diagonal and block triangular preconditioncrs 




Figure 4: Convergence curve and total numbers of preconditioned GMRES(IO) 
method for 32 x 32 grid when drop tolerance r = 0.1. 



the preconditioners P a {G) has no apparent difference along with the diversification of param- 
eter a, however, the block triangular F a (G) is more effective than the preconditioncrs H a (G) 
for appropriate parameter a. Furthermore, the numerical experiments demonstrate the block 
triangular preconditioners are more effective than the block diagonal preconditioners. The de- 
termination of the optimum value of parameter a needs further to be studied in theory. 
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Topological structures of soft fuzzy rough sets * 

Bin Qin^ 
July 29, 2013 

Abstract: Soft set theory and rough set theory are mathematical tools for 
dealing with uncertainties. In this paper, we investigate soft fuzzy rough sets 
and give their topological structures. 

Keywords: Soft sets; Rough sets; Soft fuzzy rough sets; Topological struc- 
tures. 

1 Introduction 

Most of traditional methods for formal modeling, reasoning, and computing 
are crisp, deterministic, and precise in character. However, many practical 
problems within fields such as economics, engineering, environmental science, 
medical science and social sciences involve data that contain uncertainties. We 
can not use traditional methods because of various types of uncertainties present 
in these problems. 

There are several theories: probability theory, fuzzy set theory [16], theory 
of interval mathematics and rough set theory [15], which can be considered as 
mathematical tools for dealing with uncertainties. But all these theories have 
their own difficulties (see [12]). For example, probability theory can deal only 
with stochastically stable phenomena. To overcome these kinds of difficulties, 
Molodtsov [12] proposed a completely new approach, which is called soft set 
theory, for modeling uncertainty. 

Presently, works on soft set theory are rapidly progressing. Maji et al. [9, 10] 
further studied soft set theory and used this theory to solve some decision mak- 
ing problems. Aktas and Cabman [1] defined soft groups. Jiang et al. [7] 
extended soft sets with description logics. Feng et al. [3, 4] investigated the 
relationship among soft sets, rough sets and fuzzy sets. Ge et al. [5] discussed 
the relationship between soft sets and topological spaces. Shabir et al. [13] in- 
troduced soft topological spaces over the universe with a fixed set of parameters. 
Cabman and Karatas [2] defined soft topologies on soft sets. 

*This work is supported by the Natural Science Foundation of Guangxi Province in 
China (2012GXNSFDA276040) and and Guangxi University Science and Technology Research 
Project (No. 2013ZD061). 

t Corresponding Author, School of Information and Statistics, Guangxi Univresity of Fi- 
nance and Economics, Nanning, Guangxi 530003, P.R.China, binqinl00@gmail.eom 
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Rough set theory was proposed by Pawlak [15]. It is an extension of set the- 
ory for the study of intelligent systems characterized by insufficient and incom- 
plete information. The foundation of its object classification is an equivalence 
relation. The upper and lower approximation operations are two core notions 
in rough set theory They can also be seen as a closure operator and an interior 
operator of the topology induced by an equivalence relation on a universe. 

The purpose of this paper is to investigate soft fuzzy rough sets and their 
topological structures. 

2 Preliminaries 

In this paper, U denotes a nonempty finite set called the universe of discourse. 
2 U denotes the family of all subsets of U. I denotes [0, 1]. I u denotes the family 
of all fuzzy sets in U. a represents the fuzzy set which satisfies a(x) = a for 
each x e U . 

Definition 2.1 ([15]). Let R be an equivalence relation on U. The pair (U,R) 
is called a Pawlak approximation space. Based on (U,R), one can define the 
following two rough approximations: 

R*(X) = {x e U : [x] R C X}, 

R*(X) = {x e U : [i] B ni^}. 

R*(X) and R*(X) are called the Pawlak lower approximation and the Pawlak 
upper approximation of X , respectively. In general, we refer to R«(X) and 
R*(X) as Pawlak rough approximations of X . 

X is Pawlak rough if R*(X) ^ R*{X); otherwise, it is Pawlak definable. 

Definition 2.2 ([12]). A pair (/, E) is called a soft set over U , if f is a mapping 
given by f : E — > 2 U , denoted by fs- 

In other words, a soft set over U is the parameterized family of subsets of 
the universe U. For sei, /(e) may be considered as the set of e-approximate 
elements of the soft set /a- Obviously, a soft set is not a set. 

Denote 

S(U, A) — {fA ■ fA is a soft set over U}. 

Definition 2.3 ([9]). Let f A G S(U, A) and g B e S{U,B). 

(1) fA is called a soft subset of gB, if A C B and for any e e A, f(e) C g(e). 
We write fA Q gB- 

(2) fA is called a soft super set of gB, if gB Q fA- We write fA 3 9b- 

(3) fA and gs are called soft equal, if A = B and /(e) = g(e) for any e G A. 
We write fA ~ 9b- 

Obviously, f A = g B if and only if f A C g B and f A 5 g B - 
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Definition 2.4 ([9]). Let f A £ S(U,A) and g B £ S(U,B). 

(1) Haub is called the union of Ja and gB, if 

[7(e), if s£A-B, 

h(s)=lg(s), if s £ B — A, 

[/(e) U if s£AnB. 

We write f A U g E = h AU B- 

(2) IiAnB is called the soft intersection of fA and g E , if h(e) — /(e) n g(s) for 
any e £ An B. We write fA H g B = h,AnB- 

Definition 2.5. Let f E be a soft set over X. 

(1) f E is called full, if U f(e) = X. 

e£E 

(2) f E is called keeping intersection, if for any ei,e 2 £ E, there exists e 3 £ E 
such that /(ei) n /(e 2 ) = /(e 3 ). 

(3) fs is called keeping union, if for any e\,e2 £ E, there exists e 3 £ E such 
that f(e 1 )Uf(e 2 ) = f(e 3 ). 

(4) f E is called partition if {/(e) : e £ E} is a partition of U. 

3 Soft fuzzy rough sets 

Definition 3.1 ([3]). Let f E be a soft set over U. The pair P = (U, f E ) is 
called a soft approximation space. Based on P, for any X £ 2 U , we define: 

apr p {X) = {x £ U : there exists e £ E such that x £ /(e) C X}, 

WpTp(X) = {x £ U : there exists e £ E such that x £ /(e) and /(e) fll^6}, 

apr p (X) and apr P (X) called the lower and upper soft rough approximation 
ofXlnP. 

X is soft rough if apr p (X) ^ apf P (X); otherwise, it is soft definable. 

Definition 3.2 ([3]). Let f E be a soft set over U. The pair P = (U,f E ) is 
called a soft approximation space. Based on P, the lower and upper soft rough 
approximations of A £ I u respect to P are denoted by sap p (A) and sap P (A), 
respectively, which are defined by 

sap (A)(x) = f\{A(y) : there exists e £ E such that {x,y} C /(e)}, 

swp P (A)(x) = \J{A(y) : there exists e £ E such that {x,y} C /(e)}, 
for any A £ U. 

sap p (A) and sWp P (A) are called lower and upper soft rough fuzzy approxi- 
mation operators on fuzzy sets. 

X is soft fuzzy rough if sap p (A) ^ sap P (A); otherwise, it is soft fuzzy 
definable. 
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Remark 3.3. In [3], a soft fuzzy rough set is called a soft rough fuzzy set. 

Proposition 3.4 ([3]). Let ,fp be a full soft set over U and let P — ([/, /p). 
Then for any A,B E I u , 

(!) gggp(l) = soPp(l) = 1> sap p (0) = sap P (d) = 0, 

(2) sap p {A)CACsap P {A), 

(3) A C B => sap p (A) C sap p {B) and sap P (A) C sap P (B), 

(4) £ap p (,4 c ) - ((sap P (.4)) c ; sapp(yl c ) - ((£op p (.4)) c ; 

(5) sap p (^ n B) = sap p (A) n sap p (B), 

(6) Mpp(yl UB) = sapp(A) U sap P (B), 

(6) sap p (.4 US)D £ap p (A) U sap p (B), 

(7) sapp(A nB)C sapp(A) n sap P (B). 

Obviously, if A = a, then sap (A) = ~sap P (A) = A. 

Proposition 3.5. Let f E be a full soft set over U and let P = (U, /p). Then 
for any A g I u , 

(1) sap p (sap p (A)) C sap p (A). 

(2) sap p (sWp P (A)) C sap P (^4). 

(3) Sapp(£ap p (A)) D gap p (A). 

(4) Mpp(sap P (A)) D sap P (A). 

Proof. This holds by Proposition 3.4. 

Example 3.6. Let U = {xi, x 2 , xs, X4, £5} and E = {e\,e2,es,e4}. Let /p &e 
a so/i sei over [/, defined as follows 

/(d) = {zi,^}, /(e 2 ) = {x 2 , £4, 2:5}, 

/( e 3) = {^3, ^4, ^5}, /(e4) = {X1,X S ,X 5 }. 

PutP={U,f E ). Let 

A 0.3 0.7 0.4 0.1 0.9 

A= 1 1 1 1 . 

X\ X 2 X 3 Xi x 5 

We have 

, 0.3 0.1 0.1 0.1 0.1 

sap (A) = — + — + — + — + —, 
F x\ x 2 x 3 Xi x 5 

sap p (sap p (A)) 
sap P (sap p (A)) 

Then sap (sap (A)) 2 sap (A) and sap P (sap (A)) <2 sap (A). 



0.1 




0.1 




0.1 

H 


0.1 

H 


0.1 




X\ 


x 2 


X3 


Xi 


x 5 


0.3 


0.3 


0.3 


0.1 


0.3 








H 


H 





X\ 


x 2 


^3 


Xi 


x 5 
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Let 



Then 



0.7 


0.4 


0.9 


0.1 




— + 


— + 


— + 






x 2 


x 3 




x 5 




0.9 


0.9 


0.9 


0.9 




+ — 


+ — 


+ — 


+ — 






X 3 




x 5 




0.9 


0.9 


0.9 


0.9 


0.9 


h 


h 


h 


— + 




Xi 


x 2 


£3 




x 5 


0.7 


0.7 


0.7 


0.9 


0.7 


— + 


— + 


— + 


— + 




Xi 


X2 


x 3 


X4 


x 5 



sapp(B) = — 
x\ 

sapp(sapp(B)) = 

sap p (sap P (B)) = 
Thus sapp(sapp(B)) <2 sap P (B) and sap p (sap P (B)) sap P (B). 

□ 

Proposition 3.7. Let Je be a full soft set over U and let P = (U, /b). For 

any x £ U , denote 

O(x) = {y £ U : there exists e £ E such that {x,y} C /(e)}. 

Then 

(1) aap p (A)(x) = A A(y), sap P (A)(x)= V Mv)- 

yeo(x) yeo(x) 

(2) 0(x) + 0. 

(3) If fE is partition, then 0(x) — 0{y) whenever y € 0{x). 

(4) ^//b is full and keeping union, then for any x £ U , 0{x) = U . 

Proof. (1) This is obvious. 

(2) Since is full, J7 = 1J /(e). Then there exists e £ E such that 

x £ /(e), so {x,x} C /(e). This is to say x £ O(x). Thus 0{x) ^ 0. 

(3) Let z £ O(x). Then there exists e £ E such that {x, z} C /(e). Since 
2/ € O(x), there exists e'efi such that {x,y} C /(e'). Then x e /(e) n f(e') ^ 
0- By / E is partition, e = e'. So {y, z} C /(e). Thus z <G O(y). Hence 
O(x) C O(y). 

Similarly, O(y) C O(x). 
Thus O(x) = 0{y). 

(4) For any x,y £ U, by /^ is full, then there exists e, e' £ E such that 
x £ /(e) and y € /(e')- Since / B keeping union, then there exists e" £ E 
such that /(e) U f{e') = f{e"). Thus {x,y} C f(e"). So y £ 0(x). Hence 
0{x) = £7. □ 

Theorem 3.8. Let fE be a full and keeping union soft set and let P = (U, fE) 
. Then for any A £ I u , 

sap p (A) = a A , sapp(A) = b A 

where a a = A A(x) andt>A= V A(x). 

xeu xeu 
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Proof. For any x G U and A G I u , since fg is full and keeping union, by 
Proposition 3.7, 0(x) = U. Thus 

sap p (A)(x) = f\ A(y) = f\ A(y), 
yeo(x) yeu 

sap P (A) = \/ A(y) = \J A(y). 

yeo(x) yeu 

□ 

Theorem 3.9. Let /# be a partition soft set over U and let P = (U, /e). Then 
for A G I u , we have 

(1) sap p (sap p (A)) = sap p (A). 

(2) sap p (sap P (A)) = sWp P (A). 

(3) sap P (sap p (A)) = sap p (A). 

(4) sapp(swp P (A)) = sapp(A). 

Proof. (1) By Proposition 3.7, for any x e U, 

sap p (sap p (A))(x) = f\ sap p (A)(y) 

yeo(x) 

= A A **) 

yeO(x) zeO(y) 

= A A ^ 

zeo(x) 
= sap p {A){x) 

Similarly, (2), (3) and (4) can be proved. □ 

Theorem 3.10. Let fs be a full and keeping union soft set over U and let 
P = (U, f E )- Then for A G L u , we have 

(1) sap p (sap p (A)) = sap p (A). 

(2) sap p (sap P (A)) = sWp P (A). 

(3) sap P (sap p (A)) = sap p (A). 

(4) sapp(sap P (A)) = sap P (A). 

Proof. (1) By Proposition 3.7, for any x G U, 

sap p {sap p {A)){x) = f\ sap p {A){y) 

yeO(x) 

= A A m*) 

yeu zeu 

= A A « 

zeu 

= sap p (A)(x) 
6 
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Similarly, (2) , (3) and (4) can be proved. □ 

4 Topological structures of soft fuzzy rough sets 

Denote 

T P = {A e I U : sap p (A) = A}, o P = {A e I u : sap P (A) = A}. 

Theorem 4.1. Let /p be a full soft set over U and let P = (U, /p). Then Tp 
is a fuzzy topology. 

Proof. (1) Obviously, 0, 1 € Tp. 

(2) Let A,B e t p . Then we have sap p {A) = A and sap p {B) = B. By 
Theorem 3.4, sap p (A flB) = sap p (A) (Vsap p {B) = A n B.^Tnus A n B € t p . 

(3) Let {A a : a e A} C T P . By Theorem 3.4, we have 

Sap p ( U A oc) C U ^« and saPp( U ^a) 2 U ^p(4) = U ^a- 

Thus S_CVp p { U ^a) = U So (J 

q£A ctGA ctGA 

Hence Tp is a fuzzy topology. □ 

Theorem 4.2 below gives topological structures of soft fuzzy rough sets. 

Theorem 4.2. Let /p be a partition (resp. full and keeping union) soft set 
over U and let P = (U, /p). Then for any A e L u . 

(1) {sap P (A) :AeI u } = T P = a P = {sa Pp (A) : A e I u }. 

(2) sap is an interior operator of Tp . 

Proof. (1) (i) Let /p be partition. By Theorem 3.9, we have {sap P {A) : A e 

I U } C Tp. 

For any ^4 e Tp, then sap p (A) = A. By Theorem 3.9, 

sapp(A) = sWp P {sap p {A)) = sap p (A) = A. 

This implies that A e {sap P (A) : A e L u }. 
Thus {sapp(A) : A e I u } = t p . 
Similarly, \sap p {A) : A E I u } = a P . 
(ii) Obviously, 

tp C {sap p (A) : A e i' 7 }- 

Let B e {sap p (A) : A e J* 7 }. Then B = sap p (A) for some A e I* 7 . By 
Theorem 3.9, sap p (sap p (j4)) = sap p (A). This implies that £? e Tp. 
Thus T P D {sap p (A) : A e J* 7 }. 

Hence {sap P (A) : A e L u } = t p = {sap p {A) : A E L u }. 
Therefore, {sap P (A) : A e I u } = t p = a P = {sap p (A) : A e L u }. 
(2) It suffices to show that 

sap p (A) = int(A) for any A £ I u . 
7 
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By (1), sap p (A) e t p . By Theorem 3.4, sap p (A) C A. Thus 

sap p (A) C int(A). 

Conversely, for any B e Tp with B C A, we have i? = sap p (B) C sap p (^4). 
Thus ' 
int(A) = (J{B : B e t p and B C A} C sap p (A). 

Hence 

sap p (^) = inf(A). 

Similarly, if is full and keeping union, the properties hold. □ 
Denote 

1Z = {A e I u : A is a soft fuzzy rough set}, 
V = {A e I u : A is a soft fuzzy definable set}. 

Proposition 4.3. Let Je be a partition (resp. full and keeping union) soft set 
over U and let P = (U, /#). Then for any A e I u , 

AeV sap p (A) = A sapp(A) = A. 

Proof. Obviously, A e V, we have sap p (A) = A and sap P (A) = A. 

Suppose sap p (A) = A. We only need to show that sap P (A) = A. Since 
is partition (resp. full and keeping union), then by Theorem 3.9 (resp. Theorem 
3.10), we have 

sapp(A) = swp P (sap p (A)) = sap p (A) = A. 

Thus AeV. 

Suppose sapp(A) = A. Similarly, we have 

sap p (A) = sap p (swp P (A)) = sWp P {A) = A. 

Thus AeV. □ 

Theorem 4.4 below gives structures of soft fuzzy rough sets. 

Theorem 4.4. Let fs be a full soft set over U and let P = (U, /#). Then 

(1) nuv = i u , nnv = 0. 

(2) If fs is partition (resp. full and keeping union), then 

TZ = I u \ rp and V = Tp = a P . 
Proof. This holds by Theorem 3.9, Theorem 3.10 and Proposition 4.3. □ 
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Abstract 

In this paper, we study the control systems of impulsive fractional neutral evolu- 
tion differential equations involving Riemann-Liouville fractional derivatives in Banach 
spaces. Firstly, we establish the PCi_ Q -mild solution for the impulsive fractional neu- 
tral evolution differential equations . Secondly, some assumptions is made to guarantee 
the existence and uniqueness results of mild solutions. And under this condition, the 
approximate controllability of the associated impulsive fractional neutral evolution sys- 
tems are formulated and proved. An example is provided to illustrate the application 
of the obtained theory. 

Key words: Impulsive fractional evolution equations; Riemann-Liouville fractional deriva- 
tives; PCi-a-mild solutions; Approximate controllability; 

1 Introduction 

The objective of this paper is to investigate the approximate controllability of the fol- 
lowing impulsive fractional neutral control systems involving Riemann-Liouville fractional 
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derivatives: 



D?(x(t) -g(t,x(t)) = Ax(t) + f(t,x(t)) + Bu{t),t E (0,6],t ^ t k , k = 1, 2, • • • , m, 



where < a < l,D" denotes the Riemann— Liouville fractional derivative of order a with 
the lower limit zero. A : D(A) C X — > X is the infinitesimal generator of a C — semigroup 
T(t)(t > 0) on a Banach space X. f : [0,i]xl4lj: [0,i]xl4 are given 

function that will be specified later. — t < t± < ■ ■ • < t m < t m+1 = b, I k : X i— >■ 



A", AiJ+ a a;(* fc ) = /o+ a x(^) - J 1 +°a;(t^),/ 1 + a a;(t+) and /o+ a :r(tfc) denote the right and the 



left limits of I Q+ a x(t) at t — t k , k — 1, 2, • • • , m. The control function u{t) takes value in 
V = L p ([0, b]; U), p > ^ and U is a Banach space, B is a linear operator from V into 



Fractional calculus is a generalization of ordinary differentiation and integration, it is 
also as old as ordinary differential calculus. For the last decades, fractional differential 
equations have been received intensive attention because they provide an excellent tool for 
the description of memory and hereditary properties of various materials and processes, such 
as physics, mechanics, chemistry, engineering, etc. For more details, one can see [2, 8, 11, 16- 
19, 21, 23] and the reference therein. 

The definitions of Riemann-Liouville fractional derivatives or integrals initial conditions 
play an important role in some fractional differential problems in the real world. Heymans 
and Podlubny [9] had verified that it was possible to attribute physical meaning to initial 
conditions expressed in terms of Riemann-Liouville fractional derivatives or integrals on the 
field of the viscoelasticity. 

The impulsive differential systems have been originated from the real world problems to 
describe the sudden, discontinuous jumps and other dynamics processes. Impulsive differen- 
tial equations have become more important in many mathematical models of real processes 
and phenomena which have been studied in control, physics, chemistry, population dynamics, 
aeronautics and engineering, for example, one can see([13-15, 27]). 

The concept of controllability plays an important part in the analysis and design of control 
systems, since Kalman [10] first time gave the definition of it in 1963. Controllability of the 
deterministic and stochastic dynamical control systems in infinite-dimensional spaces is well 
developed by applying different approaches, more details can be found in [1, 3, 6] and the 
references therein. Some authors [4, 5, 7] studied the concept of exact controllability for 
systems represented by nonlinear evolution equations, in which the authors effectively used 
the fixed point approach. Most of the controllability results in infinite-dimensional control 
system concern the so-called semilinear system that consists of a linear part and a nonlinear 
part. In recent years, several researchers ([24, 25, 32]) studied a weaker concept of the 
controllability which has been called approximately controllability for control systems. 

In recent years, the control systems governed by Caputo fractional evolution equations 




(1.1) 



L p ([0,b];X). 
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with impulsive conditions have been extensively studied (one can see [12, 22, 26, 28]). In 
[27], J.R.Wang, M. Feckan and Y. Zhuo gave the mild solutions of impulsive fractional 
evolution equations with Caputo fractional derivative. In [30], Y. Zhou and F. Jiao discussed 
the existence and uniqueness of mild solutions of a class of fractional neutral evolution 
equations by using the operators and some fixed point theorems. However, the solvability 
and controllability of the impulsive fractional neutral differential evolution with Riemann- 
Liouville fractional derivatives are still untreated topics in the literature. For this reason, it 
is necessary and important to study it. 

The rest of this paper is organized as follows: In section 2, we will present some pre- 
liminaries and give the PCi_Q,-mild solution . In section 3, some sufficient conditions are 
established for the existence and uniqueness of mild solutions of the system (1.1). In section 
4, we will study the approximate controllability for impulsive fractional neutral evolution 
differential equations with Riemann-Liouville fractional derivatives. Finally, we present an 
example to illustrate our main results . 

2 Preliminaries 

In this section, we introduce some basic definitions and preliminaries which are used 
throughout this paper. The norm of a Banach space X will be denoted by || • L b (X,Y) 
denotes the space of bounded linear operators from X to Y . For the uniformly bounded 
Co— semigroup T(t)(t > 0), we set M : = sup t6 r 0oo J|T(t)|| i(; (x) < oo. Let C(J,X) denote 
the Banach space of all X— value continuous functions from J = [0, b] into X with the norm 
\\x\\ c = sup teJ {\\x(t)\\ x }. 

To define the mild solutions of (1.1), we also consider the Banach space PCi_ a (J, X) = 
{x : (t — t k ) 1 ~ a x(t) E PC(J, X) is continuous at t G (tfc, 4+i], k — 0, 1, 2, • • • , m, and t l ~ a x(t) 
is continuous from left and has right limits at t e {ti, £2, • • • ,t m }} with the norm 

\\x\\p Cl _ a =sn V {(t-t k ) 1 ' a \\x(t)\\}. 

teJ 

It is easily to verify that the PCi- a (J, X) is a Banach space. 

Firstly, let us recall the following definitions of fractional calculus. For more details, one 
can see [11, 21]: 
Definition 2.1. The integral 

It fit) = -L j\t - sr- l f(s)ds, a>0, 

r(«) Jo 

is called Riemann-Liouville fractional integral of order a, where T is the gamma function. 
Definition 2.2. For a function f(t) given in the interval [0, 00), the expression 

™=i>b)(5)"jf (f -^ ,/(,) * 
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is called the Riemann-Liouville fractional derivative of order a, where n — [a] + 1, [a] denotes 
the integer part of number a . 

Lemma 2.3. ([11]) let a > 0, m — [a] + 1, and let x m - a (t) = I^T a x(t) be the fractional 
integral of order m — a. If x(t) G L 1 (J, X) and x m - a (t) G AC m (J, X), then we have the 
following equality 

m (m— 

* * w w ^r(a-ife + l) 

Lemma 2.4. Let < a < 1, and let xi- a (t) = ll+ a x(t) be the fractional integral of order 
I — a. If x(t) G PCi- a (J, X) and a; 1 _ Q ,(t) G PC(J,X), then we have the following equality 

{x(t) -Xl- a (*)|t=0^, *e[0,ti], 
~ 2^ F ( a ) ~ **) -^i-a(0lt=0p^y»* e (t fc , tfc+i], 

where Azi_ a (i fc ) = Zi_ a (^) - ^i-a(^), fc = 1, 2, • • • , m. 
Proof. At first, we can easily get 

/«+ L D% + x(t) = -i- fit - sf- 1 L D« + x(s)ds 

If t G [0, ii], by Lemma 2.3, the result hold. 
If t G (ti, * 2 ], then 

^ r(« + i)r ( i-«) - s >i f (s - ^''M** 

r( a + l)r(l - a) 7 <*s 7o 

+ r , T f^-^T f\s-r) M x{r)drds 

T(a + l)r(l - a) y tl ds y 

+— ^- / (t-s) a ^- f '(s - rY-^xMdrds 

T(a + l)T(l-a)J tl K } ds J ti y } K J 

nod'i-n)/^ * r : / V vi '" " (7) ' /7 "* 
+ r ( a + i)r(i-a) [(t - S)Q I (s - ^^Wie 

4 
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. ' v / (t-sT- 1 f\s-Tf- a - l x{r)drds 

I 1 - a ) Jti Jo 



r(a)r(i 



4 r ( 



a + 1)1(1 -a) J 



r(a)r(i 

»l-a(0)_ fa _ Agi- a (ti) _ ^ 



where 



r(a + i) r(a + i) 

' / T U T ^l-a(O) -a Axi_ tt (ti) 



y (t-s) a ~ 1 (s-r)- a ds = j (I- z) a ' 1 z 1 ' a - 1 dz = B{a,l-a) 

= r(a)r(i -a). 

Thus, by (2.4), we get 

L D« + x{t) = x(t) - ^V" 1 - - ii) Q_1 - 

1 (a) 1 (a) 

If t E (tfc) *fe+i], = 2, • • • , m, by the same way, we can get 

/«+ ^x(t) = *(*) - ]T A rgj* (* - tO"" 1 - x!_ a (t)U^. 

The proof is completed. 

Accoding to the concept of solutions of [27], [30], [31], we have the following lamma 
Lemma 2.5. Let a E (0,1] and h E L P (J,X), p > ±, if G PC^ Q (J,X), x^ a (t) E 
PC(J,X) and a; is a solution of the following problem 

D?(x(t) - g(t, x(t)) = Ax(t) + h{t), t E (0, 6], t ^ t k , k = 1, 2, • • • , m, 
A/J+^WIt^^/fc^k)), fc = l,2,... ,m, (2.2) 

/^ Q x(t)|t=o = ^oe X,I^ a g(t,x(t)\ t=0 = g EX 
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then, x satisfies the following integral equation 



t a - l T a (t)(x Q - g )+g(t,x(t)) + f \t - s^AT^t - s)g(s,x(s))ds+ 



x(t) = < 



/ r (i - s )«-iT a (* - 



t G [0,*i], 



where 



t a - L T a (t)(x - g ) + g(t,x(t)) + J (t - s) a - L AT a (t - s)g(s,x(s))ds+ 

Eti T a (t - U)(t - U^IMU)) + f \t - s^T^t - s)h(s)ds, t G (t k ,t k+1 \, 

(2.3) 

roc 

T a (t) = a / 6U6)T(t a e)dO, 
Jo 

U0) = -9- x -±w a (0-±), 
a 

Wa (Q) = - ^_iy-l e -na-l V ( na + l ) sin ( n7ra ) ? e ( 0) oo), 



n=l 



X(t) 



£ Q is a probability density function defined on (0, oo), that is 

roc 

ZM >0, 0e (0,oo), and / f Q (0)d0 = 1. 

Jo 

According to Lemma 2.5, we give the following definition: 
Definition 2.5. A function x G PC\- a (J, X) is called a mild solution of (1.1) if it satisfies 
the following fractional integral equation 

< t a - l T a {t){x - g ) + g{t, x(t)) + f*(t - s) a - l AT a (t - s)g(s, x{s))ds+ 

f Q \t - s^T^t - s)Bu(s)ds + f Q \t - s) a ' l T a {t - s)f(s, x(s))ds, t G [0, t ± ], 

t a - 1 T a {t){xo-go)+g{t,x{t)) + J (t-s) a ~ 1 AT a (t-s)g(s,x(s))ds+ 

Eti T »(t ~ U)(t - Ur-H^xiU)) + j \t - s)"- 1 ^ - s)Bu(s)ds+ 
f*(t - sT- l T a (t - s)f(s,x(s))ds,t G (t k ,t k+1 ], 

(2.4) 

Definition 2.6. Let x(t; 0, x , u) be a solution of system (1.1) at time t corresponding to 
the control u(-) G V and the initial value x G X. The set K b (f) = {x(b; 0, x , u) : u(-) G V} 
is called the reachable set of system (1.1) at terminal time b. If K b (f) = X, then the system 
(1.1) is said to be approximate controllable on J. 

Due to the work of the paper ([30]), we can know the following Lemma: 
Lemma 2.7. The operator T a (t) has the following properties: 

(i) For any fixed t > 0, T a (t) is linear and bounded operators, i.e., for any x G X, 

n™, X M I ,, 

\\T a {t)x\\ < =T7 — V II^H " 

1 (a) 



where M = sup |T(t)| < oo,t > 0. 

(ii) T a (t)(t > 0) is strongly continuous. 
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3 Existence and uniqueness of mild solution 

This section is devoted to the study of the existence and uniqueness results for a class 
of impulsive fractional neutral evolution differential equations involving Riemann-Liouville 
fractional derivatives. 

In the following, we will make the following hypotheses that will be used in our main 
result. 

H{1) : T(t) is a Co— semigroup and T(t) is continuous in the uniform operator topology 
for t > 0. 

H(2) : There exist functions </>(•), </?(•) G L P (J,R + ), p > 1 and a constants c > 0, such 
that 

11/(^^)11 < 4>if) + cll^llx, llfi^^OII < + c IM|x for a.e. t G J, and all x G X. 
H(3) : There exists a constant L/ > 0,H > 0, L a9 > such that 

\\f(t,x)-f(t,y)\\<L f \\x-y\\ x , 
\\Ag(t,x) -Ag(t,y)\\ < L ag \\x-y\\ x , 

and the inequality 

< ^ (1 + \\ x \\x) for a.e. t G J, and all x G X. 

m 

H(A) : there exist constants di > 0, i — 1, 2, • • • , m with M ^ dib a ~ l < 1 such that 

i=i 

H/^x) - Ii{y)\\ < di\\x-y\\x,Vx,y G X. 

The key tool in our first main result is the following Banach fixed point theorem: 
Theorem 3.1. Let X be a Banach space and B be a operator from X to itself. If there 
exists a positive integer n, such that B n is a compact operator on X. Then B has a unique 
fixed point on X. 

Now, we will present the main result of this section. 
Theorem 3.2. Assume that the hypotheses H(l), if (3), H(A) are satisfied and 

(L I, 4-in | L ag Mb- * LfMb a , 

Then for each control function u(-) G V, the initial problem (1.1) has a unique mild solution 
on PCi- a . 
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Proof. Consider the operator F defined by 



' t^Taityxo - g ) + g(t,x(t)) + f*(t - sY^AT^t - s)g(s,x(s))ds+ 

I \t - s) a ~ l T a {t - s)Bu{s)ds + f*(t - sy-^t - s)f(s, x(s))ds, t G [0, ti], 

(Fx)(t) = \ t a - 1 T a (t)(x -g )+g(t,x(t)) + J (t-s) a - 1 AT a (t-s)g(s,x(s))ds+ 

Eti T a (t - U)(t - uy-H^U)) + /*(* - s) a - l T a {t - s)Bu(s)ds+ 



[J t (t-sr- 1 T a (t-s)f(s,x(s))ds, 



t G (t k , tk+i] 



(3.1) 

Firstly, under the assumptions of our theorem, it is not difficult to check that F maps PC\- a 
into itself. 

Next, we show that F n is a contraction operator on PCi_ a . 
If t G [0, ti], for any x, y G PCi_ Q ( J, X) and t G J, we have 

(t-t^UFxm - (Fy)(t)\\ < (t-t^UtMt^-g^ymi 

+ (t ~ h) l ~ a fit - sy- 1 \\AT a (t - s) [g(s, x(s)) - g(s, y(s))\ \\<k 
Jo 

+(t - hf- a j\t - s) a ~ l \\T a (t - s) [f(s, x(s)) - f(s, y(s))} \\ds 
<L ag \\A- 1 \\(t-t 1 ) 1 - a \\x(t)-y(t)\\ x 



L ag M 



i» 

L f M 
W) 



(t-h) 1 "* f t (t- s y- 1 \\x(s)-y(s)\\ds 
Jo 

-hf- a [ (t- s y- 1 \\x(s)- y (s)\\ds 

Jo 



(t 



< {La 9 \\A- 1 \\ + 



L ag Mb a L f Mb a 



+ 



f 1 



r(a + l) r(a + l) 



\x-y\\ 



PCl 



(3.2) 



Using (3.1), (3. 2) repeatedly ,we can get 

T A/fh a T A/Th a 

(t - ti y-"\\(F n x)(t) - (F n y)(t)\\ < {L ag \\A- l \\ + + ~ 

If t G (tk, tk+i], k > l,for any x, y G PCi- a (J, X) and t G J, we also have 

(t - tk) 1 "* || (Fx) (t) - (Fy) (t) \\<(t- t k y-<*\\g(t,x(t)) - g(t, y(t))\ \ 

Ht-tk) 1 -* [ (t-sy- 1 \\AT a (t-s)[g(s,x(s))-g(s,y(s))]\\ds 
Jo 

k 

+(t - t k ) l - a Y,T a (t - u)(t - uy-^iMu)) - Ii(y(U))) 

i=l 

+(t - tk) 1 -" f(t - sy-'WT^t - s)[f(s,x(s)) - f(s,y(s))}\\ds 
Jo 



<L ag \\A- 1 \\(t-t k ) 1 - a \\x(t)-y(t)\\ x 
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LggM 

T(a) 

k 



(t-t k y- a fit-sy-^xw-yMWds 

Jo 



+ £ M ^ - ^T' 1 ^ - hf- a \\x{t) - y{t)\\ x 
i=i 

+ rb(*-**) 1_a / {t-s)^\\x{s)-y{s)\\ds 
r («) Jo 



1=1 

Using (3.1), (3. 3) repeatedly ,we can get 

^ ' i=l 

Hence, F n is a contraction mapping operator on PCi_ a ( J, X). As a consequence of The- 
orem 3.1, we can deduce that F has a unique fixed point x(-) on PCi_ a ( J, X), and this fixed 
point is the desired solution of the system (1.1). The proof is completed. 
Remark 3.3. In fact, from Lemma 2.3.2 and Lemma 2.4.2 of the book of Pazy [20], we know 
that if the Co-semigroup T(t) is compact or differentiable for t > to > 0, then T(t) is contin- 
uous in the uniform operator topology for t > t . Therefore, if we replace the condition H(l) 
into that the semigroup T(t) is compact or differentiable, we can also deduce that the sys- 
tem (1.1) has a unique solution on PC\- a (J, X) with the hypotheses H{2) and H(3) holding. 



4 Approximate controllability results 

In this section, we will consider the approximate controllability results of the fractional 
evolution differential systems with Riemann-Liouville fractional derivatives. 

Without loss of generalitylet t G (t k ,t k+1 ],k > 1. Let us denote the Nemytskil operator 
corresponding to the nonlinear functions / and g defined by: 

*/ : C(J,X) If(J,X), * f (x)(t) = f(t,x(t)), 

and 

$ 9 : C(J,X) L p (J,X), $ g (x)(t) = g(t,x(t)). 
Define the bounded and linear operator Q : L P (J,X) — > X by 

Qh= I (b - s) a - 1 T Q (6 - s)h(s)ds, h(-) G L P (J,X). 
Jo 

X(U) = T a (b - t t )(b - ur~ l h{x{U)) 
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From the definition (2.6), we know that if for any x G X and u(-) G V, Kf,(f) = X, then 
system (1.1) is approximately controllable on J. Equivalently, if for every desired final state 
(6l and any e > 0, there exists a control function u € (-) G V, such that the mild solution 
of system (1.1) satisfies 

k 

\\C-b a - 1 T a (b)(x -g )-g(b,x(b))-J2^(ti)-gA^ g (x £ )-g^ f (x £ )-^ (4.1) 

i=i 

where x e (t) = x(t; 0, xq, u £ ), k G (tk,tk+i],t > 1, then system (1.1) is approximately control- 
lable on J. 

In what follows, to discuss the approximate controllability of system (1.1), we suppose: 
if (5) : For any e > and </?(•) G L P (J,X), there exists a u(-) G L P (J, U), such that 

\\g<p-gBu\\ x <e, (4.2) 

\\Bu(-)\\ LP < N\\<p(.)\\ LP , (4.3) 
where iV is a constant which is independent of </?(•) G L P (J,X), and 

r(a)c pa — 1 c 

where c = 1 - L ag \\A- l \\ - YH =1 Md % (t - t^' 1 . 

In order to discuss the approximate controllability of system (1.1), we need: 
Lemma 4.1. If if (2), if (3) and if (4) are satisfied and c > 0, then any mild solutions of 
system (1.1) satisfy the following inequality 

IM0-S2(0llm- < ^E a ( M{Lf + La9)b )\\B Ul (-)-Bu 2 (-)\\ LP , for any Ul (-), u 2 (-) G V, 

c c 

where 

M . p- 1 

P = p7 \ ( 7 P & p - 

1 (a) pa — 1 

Proof. If Xj(j = 1,2) is a mild solution of system (1.1) with respect to Uj(-) G V on 
PCi_ Q (J,X), then 

k 

Xj (t) = t a - l T a {t){x Q - g ) + g(t, Xj (t)) + ^T Q (t - U)(t - t^I^x^U)) 

i=i 

+ / (t-^MT a (f-s) 5 (s,i J (s))ds+ / (i - s) Q_1 T a (t - s)Buj(s)ds 
Jo Jo 

+ / (* - s)"-^ - *)/( 

f 

For t G (tfc, tfe+i], fc > 1, we obtain that 
(t - t k ) l ~ a \\x 2 (t) - Xl (t)\\ x <(t- t k ) 1 - a \\g(t,x 2 (t)) - g{t, Xl (t))\\ 

10 
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+(* " tkf- a Y^T a {t - U){t - U) a - l {h{x 2 {U)) - IiMU))) 
i=i 

+ (t-t k y~ a [ (t-s) a - 1 \\AT a (t-s)(g(s,x 2 (s))-g(s,x 1 (s)))\\ds 
Jo 

+ (t-t k y- a [ (t- s ) a ~ 1 \\T a (t-s)(Bu 2 (s)-Bu 1 (s))\\ds 
Jo 

+(t-t k y- a [ (t-sr- 1 \\T a (t-s)(f(s,x 2 (s))-f(s,x 1 (s)))\\ds 
Jo 



<L ag \\A- 1 \\(t-t k ) 1 - a \\x 2 (t)-x 1 (t)\\ x 

k 

+ Mdi(t - uy-\t - t k y- a \\x 2 (t) - Xl (t) \\ x 



i=i 

M rt 



[ (t-s) a - 1 L ag ( S -t k ) 1 - a \\x 2 (s)-x 1 (s)\\ x ds 
1 \ a ) Jo 



M rt 

4 



[ (t- s^Lfis - t k y- a \\x 2 (s) - x 1 (s)\\ x ds 
Jo 



r(a) 

< (ljia-'w + J2 Md t (t - ur-^t - t k y- a \\x 2 (t) - Xl (t)\\x 



k 



i=l 



+^(-^)^-i||**-*hlU, 

T(a) pa — V 



I M(L f + L ag ) 

r(a) 



fit - s) a -\s - t k ) l ~ a \\x 2 {s) - x^Wxds 
Jo 



Let 



Then by (4.5), we have 



w(t) = (t-t k y- a \\x 2 (t)-x 1 (t)\\ x . 



W(t) < P -\\B Ul {-) - Bu 2 (.)\\ LP + M{Lf ± Laa) f(t - sr- 1 W(s)ds. 
c 1 (a)c Jo 



By the Gronwall inequality ,we get 



W(t) < P Ea ( M ^ + L ^ b )\\B Ul (.)-Bu 2 (.)\\ LP . 

c c 



Therefore, we obtain 



IMO ~ x 2 (-)\\ PCl _ a = *M(t ~ t k y- a \\x 2 (t) - x 1 (t)\\ x } < PE a ( M{Lf + La9)b )\\B Ul (-) - Bu 2 (-)\\ LP . 

teJ c c 

11 
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The proof is completed. 
Theorem 4.2. Suppose that hypotheses of Theorem 3.2, H(5), are satisfied. Then system 
(1.2) is approximately controllable on J, if A is a infinitesimal generator of an analytic 
semigroup T(t) on the Banach space X. 

Proof. Since the domain D(A) of the operator A is dense in X, it is sufficient to show 
that D(A) C K b (f), i.e., for any e > and rj G D(A), there exists a u £ (-) G V, such that 

k 

llC-^T^Xzo-^-^Mfc))-^ (4-5) 

i=i 

where x € (t) = x(t; 0, x , u £ ) and t G [0, b]. 

Firstly, for any x G X, we know that b a - 1 T a (b)(x -g )+g(b, *(&)) + £*=! e 
lies on the fact that T(£) is an analytic semigroup. Therefore, for any given 77 G D(A), it 
can be seen that there exists a function ip(-) G L P (J,X), such that 

^ = ^ - 6 Q - 1 T a (6)(xo - <?o) - <?(&, x(6)) - ^ 3r a {U). 

i=i 

Next, we show that one can get a control function u e (-) G V such that the inequality 
(4.5) holds. In fact, for any given e > and Ui(-) G V, from the hypotheses of H(5), there 
exists a u 2 {-) G V, such that 

\\rj - 6 a - 1 T a (6)(x - <7o) - tf(M&)) - ^ - SA^m) - S$/(zi) - QBu 2 \\ x < ^, 

i=i 

where x\(t) = x(t;0,xo,u\), < t < b. Denote x 2 (t) = x(t; 0, xq, u 2 ), < t < b. By the 
hypotheses of i?(5) again, there exists w 2 (-) G V, such that 

||0[S/(s 2 ) - ^(xx) + A<S> g (x 2 ) - A* g ( Xl )] - QBw 2 \\ x < A 

and 

||^ 2 (.)|U, < JV||<M* 2 )(0 - S/(*i)(0 + $ fl (x 2 )(.) - $ ff (x0(-)IU 

< TVfL, + L^X* - * fc ) 1_Qt |k2(0 - ^i(-)IU 

1 (o)c po — 1 c 

Now, we define 

u 3 (i) = u 2 (t) - w 2 (*), u 3 (.) G V", 

and it follows from that 

k 

II77 - 6 a - 1 T Q (&)(x - <? ) - ff(6, x(6)) - ^ ^) - G$ f (x 2 ) - A$ g (x 2 ) - QBu z \\ x 

i=i 

12 
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< \\ri-b a - 1 T a (b)(x -go)-g(b,x(b))-^^ a (t i )-g^f(x 1 )-A^ g (x 1 )-gBu 2 \\x 



i=i 



+\\gbw 2 - [g$ f (x 2 ) - gQfW - A$ g (x 2 ) - A^ g ( Xl )]\\ x 
^^ + ¥ )e - 

By inductions, we can get the sequence {u n (-)} C V, which follows that 

k 

\\ V - b a - l T a {b){x Q - g ) - g(b,x(b)) - - g$ f (x n ) - gA$ g (x n ) - GBu n+l \\ x 

i=i 

<( ¥ + --- + ¥ )< 
where x n (-) = x{-\ 0, xo, u n ), < t < b, and 

\\Bu n+1 -Bu nhr < M(L, + K,)N p-l ^ bl _, M(L, + Ljb ) ^ 

1 [a)c pa — 1 c 

From (4. 3), (4. 4), we know that the sequence {Bu n : n — 1, 2, • • • } is a Cauchy sequences 
on the Banach space L P (J,X). Therefore, there exists a sequence G L P (J,X), such that 

lim Bu n {-) = in L P (J,X). 

Then, for any e > 0, there exists a positive integer number N, such that 

\\gBu N+1 - gBu N \\ x < |. 

Therefore, we have 

k 

h - b a - l T a {b){x Q - g ) - g(b, x(b)) - ^ Xik) - g$ f (x N ) - gA$ g (x N ) - gBu N \\ x 

i=i 

k 

< — ^-^^^(foXrco — S'o) — ^(&, ^(&)) — 5^ ^(^) — ^/C^) — ^-4^(^at) — ^^^iv+i|U 



+\\gBu N+ i - gBu N \\ x 

, 1 1 , e 



This proves the approximate controllability of system (1.1). 



13 



480 



LIU ET AL 468-485 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



(5.1) 



5 An example 

Consider the following initial-boundary value problem of fractional parabolic control 
system with Riemann-Liouville fractional derivatives: 

f D«{x{t, y) - g(t, y(t))) = ^x(t, y) + /(*, x(t)) + Bu(t), t G J = [0, 1]\{|}, y G [0, vr], 

x(t,0)=x(t,n)=0, teJ=[0,l], 
[l^ a x(t,y)\ t=0 = x (y), I^ a g(t,x(t))\ t=0 = g (y), t G [0,1], y G [0, 7r], 

where a — f . 

Take X = [/ = L 2 ([0, vr]) and the operator A : £>(A) C X ->■ X is defined by 

Ax = x", 

where the domain D(A) is given by 

{x E X : x, x' are absolutely continuous, x" G X, x(0) = x(ir) = 0}. 
then, A can be written as 

oo 

Ax = -^n 2 (x,x„)x„, x G D(A), 

n=l 



where e n (x) = * l j2/'nsm ny(n = 1,2, •••) is an orthonormal basis of X. It is well known 
that A is the infinitesimal generator of a differentiable semigroup T(t)(t > 0) in X given by 

oo 

T(t)x = exp~ n2 *(x, e n )e n , x G X, and ||T(f) || < e"* < 1 = M. 

n=l 

For every u(-) G V = L 2 (J, U), we have 

oo 

u(t) = ^2u n (t)e n , u n {t) = (u(t),e n ), 

n=l 

Define the operator B as 

oo 
n=l 

where 

W \ «„(*), 1 - ^ < * < 1, 

then, one can easily obtain that < ||m(-)||, which implies that B G L(V, L 2 ( J, X)). 



14 
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Firstly, by the definition of the operator B, the corresponding linear system of (5.1) as 
following: 

' Df(x n (t) - g{t)) + n 2 x n (t) = u n {t), 1 - £ < t < 1, 

^0+ X ™\2) 2+\x n (y)\ ^°^> 

I*+(x n {t) - g(t))\ t=0 = x - g e X. 
Next, we will check that the hypotheses H(5) are satisfied. To check these, let us denote 

(1 - s) _ 67|(l - s)g(s)ds = ^/i n e n , h n = (h,e n ), for every g(-) G L 2 (J,X). 

71=1 

In fact, we can choose u n (t) which follows from 



and 



un(t) = r-^Ke-^-V, 1 - - 2 < t < 1, 
1 — e~ z n z 

pi pOO g 

h n = / (i-tyh^(e)e- n2e(1 - t)h u n (t)d9dt. 

Ji-X Jo 6 



For this, we define 



(*) = ^2u n (t)e n , 



u 

n=l 



where 



, 0, 0<t < 1- i, 



Therefore, for any given function g(-) G L 2 ([0, l],X), there exists u(-) G V, such that 

l-s) _ 5T5(l-s)Su(s)ds= / {l-s)-r>T 5 {l-s)g{s)ds, 
6 Jo 6 

which implies the condition (4.2) of H(5) is satisfied. Moreover, we can get 

00 r i 



11^(011^ = E / t i^wi 2 * 

71=1 

OO 

= 2(l-e-)- 1 E^ 



71=1 " 1 ^2 

00 

2 
n 

71=1 

<2(l-e- 2 )-%(-)||i 2 



Hence, it can be seen that the conditions H(5) are satisfied, then system (5.1) is approximate 
controllable on J, if 

k 

C = 1 - LaJA- 1 1| - £ - t,)^ 1 > 0, 

i=l 

2 /- ,-2\-i/ r r v^cw^Z + W 



r(|) c v y v J "^ v 2 y t v c 

is satisfied. 
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Abstract 

The Newton-Kantorovich type theorem of a fifth order Newton's method for solving nonlinear equa- 
tions in Banach spaces is established by using recurrence relations in this paper, this theorem is proved 
under the assumption that the second Frechet derivative of F satisfies Lipschitz condition. Using recur- 
rence relations, a priori error bounds are derived along with the domains of existence and uniqueness of 
the solutions. The R-order convergence of the method is five. Finally, a numerical example is worked 
out to demonstrate the efficacy of our approach. 

Keywords: Nonlinear equations; Newton-Kantorovich type theorem; Recurrence relations; A priori 
error bounds 

MSC2000: 65D10; 65D99; 47H17 

1 Introduction 

One of the important problems in nonlinear science is to find the numerical solutions of nonlinear equations, 
it is the key problem in scientific and engineering computations field. We consider the nonlinear equations 

F(x) = 0, (1) 

where fiOcl^Fisa nonlinear operator on an open convex subset £1 of a Banach space X with 
values in a Banach space Y. As we all known, Newton's method [1,2] is the best iterative method for solving 
nonlinear equations (1), 

x n +i = x n - [_F'(a; n )] _1 F(x n ), (2) 

with quadratic convergence and the low computational cost. And the efficiency index of Newton's method 
equal to ^2 w 1.414. 

To improve the convergence order and operational efficiency, numerous variants of modified methods were 
developed [3-12]. And a number of Newton-Kantorovich type theorems were obtained by using recurrence 
relations and majorizing sequences, under Lipschitz, Holder and weak conditions respectively [5,13-26]. 

Some modified Newton's methods with fifth order convergence are proposed by Kou etc. in [12], with the 
local order of convergence of Newton's method were improved by additional evaluations of the function. In 
this paper, we consider that the Newton-Kantorovich theorem by using recurrence relations for the method 
proposed in [12, Eqn. (24)] under the assumption that the second Frechet derivative of F satisfies the 
Lipschitz condition. 

The paper is organized as follows. Section 1 is the introduction. In section 2, the fifth order Newton's 
method is described, some preliminary results are given in Section 3 which will be required by the recurrence 
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relations. In Section 4, the convergence analysis is established by using recurrence relations under the 
assumption that the second order Frechet derivative satisfies Lipschitz condition and the Newton-Kantorovich 
type theorem of this method are given. A priori error bounds for the method are also derived. In section 4, 
an example is worked out. Finally, conclusions are given in Section 5. 



2 The fifth-order Newton's method 

Kou etc. proposed a modified Newton's method in [12, Eqn. (24)] 

U 1=X /On) 

/'(jj i X n + x *n+l)) 

f{Un+l) 



where x* n+l — x n — jrr^r\ ■ This method is proved to have the order of convergence five. Per iteration of this 
method require two evaluations of the function and two of its first derivative, this method have efficiency 
index equal to \fh ~ 1.495. 

We first extend this method to Banach spaces as 

x n Y n F(x n ), 

z n = x n -[F'(y n )]- 1 F(x n ), (3) 
x n+1 =z n - [2F'(y n ) - F'(a; rl )]- 1 F(z„), 

where / is the identity operator on X, T n = [F'(a;„)] _1 , y n = x n + \{u n — x n ). 

We denote B(x,r) = {y e X : \\y — x\\ < r} and B(x,r) = {y e X : \\y — x\\ < r} in this paper. Let 
x € and the nonlinear operator F : O C X — > Y be continuously second order Frechet differentiable 
where is an open set and X and Y are Banach spaces. We assume that 

(CI) \\T F(x )\\ <v, 

(C2) ||r || </3, 

(C3) ||F"(x)|| < M, x e n, 

(C4) there exists a positive real number N such that 

\\F"(x)-F"(y)\\<N\\x-y\\, Vi,yefi. 

The above condition (C4) is that the second order Frechet derivative of F satisfies Lipschitz condition. 

We now denote rj = r], (3 = (3, ao — M(3or] , bo = A^/3 ?7o an< ^ c o = h(a 0} &o)v 5 ( a o, bo). Let a < a(s) and 
h(ao, bo) Co < 1, we can define the real sequences for n > 0. 

Vn+l = C n T] n , (4) 

Pn+i = h(a n ,b n )/3 n , (5) 

a n+ i = M/3 n+ ir) n+ i, (6) 

b n+1 = N(3 n+lV l +1 , (7) 

c„+i = h(a n+1 ,b n+ i)ip(a n+ i,b n+1 ). (8) 

where, 



g(t, s) 



l 



l-t 



t 3 t 2 3 



2(2 -t) 2 + 4-2* + 4 S 



h(t,s)= 1 (10) 
1 - tg{t,s) 
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Figure 1: Figure of cr(s) 




<p(t,s) = 



2(1 -tf 



-i 2 



2(2 - t) 2 



4-2* 



,3 i 2 \ 1 
'•_'^2 / I / 



2(2 -f) 2 4-2* 



(11) 



a(s) be the smallest positive zero of the scalar function p(t) = tg(t, s) — 1 for s £ (0, 3). We obtain <r(s) is 
decreasing and a(s) > for all s £ (0,3). We can conclude that p(t) has at least a real root in (0, |) and 
(See Fig. 1) 



max a(s) « 0.5679591996669042 < -. 

o<s<3 v ; 3 

From the definition of a„ +1 , b n+ i, (4) and (5), we also have 

a n+ i = h(a n ,b n )c n an: 
b n +i = h(a n , b n )c 2 n b n , 

3 Preliminary results 



(12) 
(13) 



Now we shall study some properties of the functions defined in (9)-(ll) and the previous scalar sequences 
defined in (4)-(13), later developments will require the following lemma. 

Lemma 1. Let the real functions g,h and if be given in (9)- (11). Then 

(a) g(t,s) and h(t,s) are increasing and g{t,s) > 1, h(t,s) > 1 for allt £ (0,o~(s)) and for all s £ (0,3), 

(b) (p(t, s) is increasing for all t £ (0,<r(s)) and for all s £ (0,3), 

(c) g(9t,9 2 s) < g{t,s), h(6t,6 2 s) < h(t,s) and ip(9t,9 2 s) < 6>V(M) for 9 £ (0,1), t £ (0,ct(s)) and 
s £ (0,3). 

Lemma 2. Let the real functions g,h and cp be given in (9)-(ll). If 

a < er(s) and h(ao,bo)co < 1, (14) 

then we have 

(a) h(ao,bo) > 1 and c n < 1 for n > 0, 

(b) the sequence {r] n }, {a n }, {b n } and {c n } are decreasing while {/3 n } is increasing, 

(c) g(a n , b n )a n < 1 and h(a n , b n )c n < 1 for n > 0. 
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Proof. By Lemma 1 and (14), h(ao,bo) > 1 and c n < 1 hold. It follows from the definitions that r/i < ijo, 
a\ < do, b\ < bo- Moreover, by Lemma 1, we have 1 < h(ai,b\) < h{a\,bo) < /i(ao,&o) an d ip(ai,bi) < 
ip(ai,b ) < Lp(a 0} b ). This yields c\ < c and (b) holds. Based on these results we obtain g{a\,bi)ai < 
g(a a ,b a )a < 1 and h(ai,bi)ci < h(a a ,b )c < 1 and (c) holds. By induction we can derive that the items 
(a), (b) and (c) hold. □ 

Lemma 3. Under the assumptions of Lemma 2 and define 7 = h(ao,b )c , then 

c„<A 7 5 ", n>0, (15) 

where A = l/h(ao, bo)- Also for n> 0, we have 



n^<A" +1 7^. (16) 



i=0 

Proof. By the definition of a n+ i and b n+ i given in (12)-(13), we obtain a\ — h(a , b )c ao — ja 0} &i = 
h(a , bo)cob < J 2 bo, by Lemma 1 we have 

ci < ft.(7a ,7 2 6 )¥'(7ao,7 2& o) < 7 4 M a o, b )(p(a , b ) = J^^co = A7 51 . 
Suppose c k < A7 5 , k < 1. Then by Lemma 2, we have 0^+1 < a k , bk+i < b k and h(a k ,b k )c k < 1. Thus 

c fe+ i < h(a k ,b k )ip(h(a k ,b k )c k a k ,h(a k ,b k )c 2 k b k ) 

< h(a k ,b k )tp(h(a k ,b k )c k a k ,h 2 (a k ,b k )c 2 k b k ) 

< h 5 (a k ,b k )clLp(a k ,b k ) = h 4 (a k ,b k )c 5 k 

< A7 5 . 

Therefore it holds that c„ < A7 5 " , n > 0. 
By (15), we get 

" " n+l 

<[]A7 5 ' = X n+1 ^^ = A" +1 7~ n > 0. 

i=0 i=0 

This shows (16) holds. The proof is completed. □ 

Lemma 4. Under the assumptions of Lemma 2. Let 7 = /i(a ,&o) c o an d A = l/h(a ,bo). The sequence 
{r) n } satisfies 

Vn < ^"7^, n>0. 
Hence the sequence {n n } converges to 0. Moreover, for any n>0,m>l,it holds 



n+m i m I 1 _ 5 "(5"*+3) 



5--i 1 - A m+1 7 

1 - A7 5 " 



Proof. From the definition of sequence {rj n } given in (4) and (16), we have 



/n-l 



Vn = C n -m n -l = C n _iC„_ 2 ?7„-2 = ' ' ' = V Ci j ~ ??A " 7 4 • 

Because A < 1 and 7 < 1, it follows that r\ n — > as n — > 00, hence the sequence {?7„} converges to 0. 
Since 

n+m / n+m \ /n+m— 1 



A 4 7 t < A" 7 t + 7 5 n J2 A l 7^ = A" 7 t + A7 5 " A< ^ 

\i— n-f-1 / \ i—n 

/n+m \ 

= A" 7 t + A7 5 " ^ A' 7 t - A"^ 1 ^ , 
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where n > 0, m > 1. we can obtain 



5™(5™+3) 

Z A 74 — 7 4 — t^a^ — 



Furthermore, 



n+m n+m 



n+m 



XI % ^ »? Z A ^ 5 4 1 = ^ 7 4 Z A ^ 4 - ^ A ™ 7? 



1 _ 



5"(5 TO +3) 



1 - A 7 



5™ 



Therefore ^™ exists. The proof is completed. 

Lemma 5. Let R = 9i ^ } . Ifh(a ,b )c < I, then R < ±. 
Proof. Since 



□ 



Co < 



1 



h(a , b ) 



1 - a g(a Q ,b ), 



we obtain R < 



□ 



Lemma 6. Assume that the nonlinear operator F : Q C X — > y is continuously second-order Frechet 
differ entiable where Si is an open set and X and Y are Banach spaces. Then we have 

F(z n ) = f F"(u n + t(z n - u n ))(l - t)dt(z n - u n f 
Jo 

- I F"(y n +t(u n - y n ))(u n - y n )dt[F' (jm)]" 1 ^' \y n ) - F'(x n )](u n - x n ) 
Jo 

+ f [F"{x n + t{u n - x n )) - F"(x n )](l - t)dt(u n - x n f 
Jo 



1 

+ 2 



F"{x n ) - F"{x n + -t(u n - x n )) 



dt(u n - x n y 



and 



F(x n+ i) = / [F"(x n + t(u n - x n )) - F"(x n )](u n - x n )dt(x n+ i - z n ) 
Jo 

F" (x n + ^t(u n - x n )^j - F"(x n ) (u n - x n )dt(x n+1 - z n ) 

+ [ [F'(z n + t(x n+1 - z n )) - F' (u n )]dt(x n+1 - z n ). 
Jo 

Proof. By the Taylor Expansion, we obtain 

F(z n ) = F(u n ) + F'{u n ){z n -u n )+ f F"{u n + t(z n - u n ))(l - t)dt(z n - u n ) 2 , 

Jo 



(17) 



(18) 



(19) 



F(u n ) =F(x n ) + F'(x n )(u n - x n ) + -F"(x n )(u n - x n ) 2 

+ f [F"{x n + t{u n - x n )) - F"(x n )](l - t)dt(u n - x n ) 2 , 
Jo 

F'{u n ) = F'{y n ) + [ F"(y n + t(u n - y n )){u n - y n )dt 
Jo 



(20) 
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and 



F'(y n ) =F'{x n ) + V'(x„)K - x n ) + \ 



F " ( X n + ^t{u n - X n ) ) - F"(x n ) 



we obtain 



F'(u n )(z n - u n ) = F'(y n )(z n - u n ) + / F"(y n + t(u n - y„))(u n - y n )dt(z n - u n ), (21) 

Jo 



[F'(y n )-F'{x n )]{u n - x n ) = -F"(x n )(u n - x n f 



2 7o 



F" (x n + -t(u n -x n )) -F"{x n ) 



dt(u n - Xnf. 



By the first two-steps of method given in (3) and (20), (21), (22), we obtain 
F'(u n )(z n -u n )=- ^F"(x n )(u n - x n ) 2 



F"( Xn ) - F" [ X n + -t(u n - X n ) 



/ F"(y n + t(u n - y„))(u n - y n )dt(z n - u n ). 
Jo 



dt(u n -x n f 



Substituting (20) and (23) into (19), we obtain (17). 
We now consider F{x n+ i). Since 

F'(y n )(x n+1 - Z n ) + [F'{y n ) ~ F'(x n )}{x n+ 1 - Z n ) + F(z n ) = 0. 

Using Taylor's formula, we have 

F(x n +i) =F(z n ) + F'(u n )(x n+ i - z n ) + / [F'(z n + t(x n +i - z n )) - F' ' (u n )]dt(x n +\ - z n ) 

Jo 

= [F'{u n ) - F'(y n )]{x n+1 - z n ) - [F'{y n ) - F' {x n )]{x n+1 - z n ) 

+ / [F'(z n +t(x n+1 -z n ))-F'(u n )]dt(x n+1 -z n ). 
Jo 

Similarly, we obtain 

F'{u n ) =F'{x n ) + F"(x n ){u n - x n ) + [ [F" (x n + t(u n - x n )) - F" {x n )]{u n - x n )dt. 

Jo 

It follows that 

F'{u n ) - F'(y n ) =^F"(x n )(u n - x n ) + [F" (x n + t{u n - x n )) - F" (x n )](u n ~ x n )dt 



2io 



F" [ x n + -t(u n - x n ) ) - F"(x n ) 



(u n -x n )dt 



and 



F" [ X n + - X n ) ) - F" (x n ) 



F'{y n )-F'{Xn) = \F"{x n ){u n - X n ) + 

Substituting (25) and (26) into (24), we can obtain (18). The proof is completed. 



(u n - x n )dt. 



(22) 



(23) 



(24) 



(25) 

(26) 

□ 
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4 Newton-Kontorovich type theorem of the method by using re- 
currence relations 

In the following, the recurrence relations are derived for the method given by (3) under the assumptions 
mentioned in the previous section. 

For n = 0, the existence of T Q implies the existence of Uq, y$. This gives us 



||m - a;o|| = ||r F(a;o)|| < Vo, 
this means that u , y e B(x 0l Rrf) where R = g ^^°) , By the initial hypotheses, we have 

\\I-T F'(y )\\ < ||r ||||F'(x )-F'(y )|| < ±M\\T \\ \\u - x \\ < l -a . 

Because of the assumption a < a(s) < 2/3, by the Banach lemma [27] it follows that 

1 



[I + 2T [F'(x )-F'(y )] 1 



< 



1 - a 



and II [F'(y )] 1 || exists 



l^'Cz/o)]- 1 !! < 



2 - a 



Consequently zq is well defined and 



(27) 



\z -x \\ < lllF'^o)]- 1 ^^)!! < WlF'iyoT'F'ixo^l ||r F(x )|| < Vo . 



2 - a 



It is similar to obtain 



\z -u \\ = IIIF'^o)" 1 -^]^)!! = \\F'(y )- 1 [F'(x )-F'{y )]T F(x )\ 



< \\F'(y )-m\[F'(x )-F'(y )}\\\\T F(x )\\ < ^-r?o- 



2 - a 



By the Lemma 6, we can get 



\\F(z )\\ < l -M\\z - u \\ 2 + M^lF'^o)- 1 !!!!^ - y \\\\y - x \\\\u - x Q \\ + ^N\\u - x \ 



and 



H^sOII < o M H x i _ Z °H 2 + M H Z ° _ "oil + n N \\ u o ~ x \\ 2 Iki - z o 



Therefore we have 



\xi-Zo\\ <\\[I + 2T (F'(x )-F'(y ))]- 1 \\\\T Q \\\\F(z ) 



< 



1 



1 - a 



a ( a 



2 \2-a J 2(2 -a ) 4 



Vo, 



and 



\xi - soil < \\xi - z \\ + \\z - x \\ < g(a ,b )r] . 



From the assumption c < l/h(a ,b ) < 1, it follows that x\ € B(x ,Ri]). 

By a < <j(s) and g(t, s) is increasing in t e (0, cr(s)) and s <E (0, 3), we have 

\\I-ToF'{ Xl )\\ < ||r ||||F'(xo)--F / (iCi)|| < MA)||a:i-xo|| < a g(a ,b ) < 1, 



(28) 
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it follows by the Banach lemma [27] that Ti = [F'(xi)] 1 exists and 

||ri||<- t-t = h(a ,b )/3o = (29) 

1 - a g{a ,bo) 

Then from (28) and (29), we have 

|| tti - a;i || = ||riF(xi)|| < ||ri||||F(a;i)|| < h(a ,bo)(p(a ,bo)r]o = c r?o = Vi- 

Because of g(ao,bo) > 1, we obtain 

II wi ~ x \\ < Wm - .xi|| + ||xi - x || < (g(a ,b ) + c )r] < g(a , b )(l + c )ry < Rr], 

which shows Wi,yi & B(xQ,Rrj). 
In addition, we have 

M||ri||||riF(a;i)|| < h(a ,b a )c a = a u 
iV||ri||||riF(xi)|| 2 < h(a ,b Q )c 2 b =b 1 . 
Repeating the above derivation, we can obtain the system of recurrence relations for all n > 0: 
(I) There exists T n = [F '(t„)] _1 and ||r„|| < fi n , 
(II) \\T n F(x n )\\< Vn , 

(III) M\\T n \\\\T n F(x n )\\ < a n , 

(IV) ^V||r„||||r„F( a; „)|| 2 <6„, 
(V) ||a; n+ i - x n \\ < g(a n ,b n )r) n , 

^ 1 - A"+ 1 7 ^ 
(VI) ||a; n+ i - x \\ < 2^s( a »> & i)»7i < g(a ,b )r) — < Rtj, where R = g(a ,b )/(l - c ). 

»=o c ° 

Now we give a Newton-Kantorovich type theorem to establish the semilocal convergence of the method 
(3), the existence and uniqueness of the solution, the domain in which the solution is located, along with a 
priori error bounds, which lead to the i?-order of convergence at least five of iteration (3). 

Theorem 1. Let F :Q a X ^Y be a nonlinear two times Frechet differentiable operator in an open convex 
subset Q of a Banach space X with values in a Banach space Y . Assume that xq G and all conditions 
(C1)-(C4) hold. Let = M(3r], b — N(3r] 2 and cq = h(ao,bo)<p(ao,bo) satisfy a < cr(s) and h(ao, 6o)co < 1 
where g 7 h,ip are defined by (9)- (11). Let B(xo,Rrj) C fl where R = g(a ,b )/(l — c ), then starting from 
xo, the sequence {x n } generated by the method (3) converges to a solution x* of F{x) with x n , x* belong to 
B{xQ,Rrf) and x* is the unique solution of F(x) in B(x n , jj^ — Rrj) f]il. 
Moreover, a priori error estimate is given by 

\\x n -X^< S ^f^, (30) 
where 7 = h(ao, &o)co and X = l/h(ao, bo). 



Proof. By the system of recurrence relations, the sequences {x n } is well-defined in B(xq, Rrj). Now we prove 
that {x n } is a Cauchy sequence. Since 

n+m— 1 n+m— 1 n+m— 1 

II x n+m - x n || < \\ x i+i~ x i\\< 9(ai,h)Vi < g(a ,b ) ^ 77, 

i—n i—n i—n 

5 n (5 m ~ 1 +3) 

< g(ao, bo)r?A"7^ 1 ~ A 7 5" ' (31) 
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it follow that {x n } is a Cauchy sequence, and hence the sequence {x n } is convergent. So there exists a x* 
such that linin^oo x n = x* . 

By letting n = 0, m — > oo in (31), we obtain 

\\x* - x \\ < Rr). 



This shows that x* e B(x , Rrf). 

Now we prove that x* is a solution of F(x) = 0. Since 



|r ||||F(a: n )|| < \\T n \\\\F(x n )\\<r, n , 



(32) 



by letting n — > oo in (32), we obtain ||F(x„)|| — > since g{a ni b n ) < g(a 0} b ) and ?7„ — > 0. Hence, by the 
continuity of F in f2, we obtain F(x*) = 0. 

We prove the uniqueness of x* in B(a;o, — Rrf) f] ft. Firstly we can obtain x* € B(xo, -Sg — Rrf) f] O, 



since it follows by the system of recurrence relations 



Mf3 



Rr] 



2 \ 1 

R ) rj > —r) > Rr), 

a J a 



and then B(x , Rrf) C B(x , j^g - Rrf) f] O. Let a;** be another zero of F(x) in B(x Q , ^ - i??y) f| O. By 
Taylor theorem, we have 

= ^(z**) - F(x*) = [ F'((l -t)x* +tx**)dt(x** -x*). 
Jo 



Since 



l|r || 



f[F> 
Jo 



((1 -t)x* +tx**) -F'(x )]dt 



< MP 
M/3 



< 



f [(l-t)||x*-a;o||+t||a:"-a;o||]dt 
Jo 

= 1, 



Rr > + Mp- Rr > 



it follows by the Banach lemma that F'((l — t)x* + tx**)dt is invertible and hence x** — x* . 
Finally, by letting m — >• oo in (31), we obtain (30) and furthermore 

This means that the method given by (3) is of i?-order of convergence at least five. This ends the proof. □ 

5 Numerical Example 

Let X = C[0, 1] be the space of continuous functions defined on the interval [0, 1], with the max- norm and 
consider the integral equation F(x) = 0, where 



1 f 1 

F(x)(s) = x(s) - 1 - - / scos(x(t))dt, 

2 Jo 



with s£ [0, 1], x e fi = B(0, 2) C X. Integral equations of this kind (called Chandrasckhar equations) arise 
in elasticity or neutron transport problems. 
It is easy to obtain the derivatives of F as 



F'(x)y(s) = y(s) 



1 



s sm(x(t))y(t)dt, y e O, 



1 f 1 

F"(x)yz(s) = -- scos(x(t))y(t)z(t)dt, y,zeO. 

2 Jo 
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The derivative F" satisfies 



\f"{x)\\ <^ = M > x e n, 



and the Lipschitz condition with N = 1/2 



|7"(aO-F"(y)|| < -b-yH, Ljgfl, 



since the norm is taken as max-norm. 
Starting at Xo(t) = 4/3, we have 



IW*o)|| 



s cos(xo(t))dt 



1 4 
~2 3 



Since 



117-^(^0)11 = 
and by the Banach lemma that T exists and 

l|r || < 

It follow that 



s sin(xo (t))dt 



= /?. 



1 4 
< ;Sin-. 
~2 3 



2 - sin | 



|r F(x )|| < 



cos 



2 - sin I 



= V- 



Consequently, we obtain 
a = Mfirj -- 

which satisfy 



4 

COS 3 



(2 -sin |)2 



cos 2 ^ 

. j 4 , 2 , b = Nj3if = — 3 4 c = h(a a ,b )ip(a ,b ), 



(2 -sin |)3- 



a = 0.22257070108520 < cr(fe ) « 0.5550559412301918 < -, 



and 



co/i(ao,6o) = 0.01439799450735 < 1. 
This means that the hypotheses of Theorem 1 is satisfied. Hence the recurrence relations for the method given 
by (3) is demonstrated in Table 1. Besides, the solution x* belongs to B(x 0l Rr]) = 0.27624602286429) C 
n and it is unique in B(j, 1.77987817440908) f| ^2- 



Table 1: Results of recurrence relations 



n 


Vn 


f3n 


a n 


K 


c n 





2.2882e-001 


1.9454 


2.2257e-001 


5.0928e-002 


1.0570e-002 


1 


2.4186e-003 


2.6499 


3.2046e-003 


7.7506e-006 


1.4169c-010 


2 


3.4268e-013 


2.6585 


4.5550e-013 


1.5609e-025 


5.7082c-050 


3 


1.9561c-062 


2.6585 


2.6001c-062 


5.0860e-124 


6.0602e-247 


4 


1.1854e-308 


2.6585 


1.5757e-308 









6 Conclusions 

A family of recurrence relations is developed for establishing the Ncwton-Kantorovich type convergence 
theorem of a modified Newton's method (3) used for solving nonlinear equations F(x) = in Banach spaces. 
Based on these recurrence relations, the existence and uniqueness of the solution are proved to show the 
i?-order convergence of the method to be five. Also a priori error bounds is given. A numerical example is 
worked out to demonstrate our approach and show our method can be of practical interest. 
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NEW SYMMETRIC IDENTITIES INVOLVING THE EULERIAN 

POLYNOMIALS 



YUAN HE AND CHUNPING WANG 



Abstract. In this paper, a further investigation for the Eulerian polynomi- 
als is performed, and some new symmetric identities involving the Eulerian 
polynomials are established by applying the Padc approximation technique. It 
turns out that some corresponding results arc derived as special cases. 



1. Introduction 

In an attempt to describe a method of computing values of the alternating £- 
function (also called as Dirichlet eta function) 

^) = E L ^ = 1 -^ + ^-iJ + -" (Ms)>o) (i.i) 

n=l 

at negative integers by a precursor of Abel's theorem applied to a divergent series, 
Leonhard Eulcr introduced the Eulerian polynomials 



E( fc + 1)"** = (i^pr («>o), (1-2) 

and determined r](—n) = 2~ n ~ 1 A n (— 1) for positive integer n. In fact, the Eulerian 
polynomials can be also defined by means of the exponential generating function 

oo n 

A(t,u) = J2A n (t)^ = T -^, (1.3) 
and computed by view of the recurrence 

n— 1 / n. 

A (t) = l, A n (t) = J2( n k )Mt)(t-l) n - 1 - k (n>l). (1.4) 

In particular, the coefficients A n ,k of the Eulerian polynomials A n (t) — J22=o A n ,kt k 
are called as the Eulerian numbers which obey the relationship A n _ = 1 (n > 0), 
A n ,k = (fc > n) and 

^ n ,fc = (fc + l)^„_i >fe + (n- fc)^„_i >fe _i (l<fc<n-l), (1.5) 

and the close formula 

A n , k = J2(- i y( n+ t 1 )( k + 1 -^ n (0<*<n-l), (1.6) 
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2 YUAN HE AND CHUNPING WANG 

see [4, 5] for good introduction; also see [7] for further study. 

Recently, Chung, Graham and Knuth [3] noticed that if one modify the value of 
A fi in (1.3) by taking the convention that A fl — 0, then for any positive integers 
a and 6, the following symmetrical identity holds: 

E( a t b y^=E( a+ k b y^ m>i). 

which has been extended to the g-Eulerian numbers by Han, Lin and Zeng [6]. 
Further, Lin [11] considered the restricted g-Eulcrian polynomials and gave a similar 
symmetric identity on the restricted g-Eulerian numbers. 

Inspired by the work of Chung, Graham and Knuth, in this paper we perform 
a further investigation for the Eulerian polynomials and establish some new sym- 
metric identities between them by applying the Pade approximation technique. 

This paper is organized as follows. In second section, we recall the Pade ap- 
proximation to the exponential function. The third section is contributed to the 
statement of the new symmetric identities for the Eulerian polynomials by applying 
the Pade approximants to the exponential function. 

2. Pade approximants 

We begin by recalling here the definition of Pade approximation to general series 
and their expression in the case of the exponential function. Let m and n be any 
non- negative integers and let Vk be the set of all polynomials of degree < k. Given 
a function / with a Taylor expansion 

oo 
k=0 

in a neighborhood of the origin, a Pade form of type (m, n) is a pair (P, Q) such 
that 

m n 

P = J> fe ?/e7> m , Q = $> fc u fc eP n (Q^O), (2.2) 

k=0 k=0 

and 

Qf — P = 0(u m+n+1 ) asu^O, (2.3) 

It is well known that every Pade form of type (m, n) for f(u) always exists and 
obeys the same rational function. And the uniquely determined rational function 
P/Q is called the Pade approximant of type (m, n) for f(u), and is denoted by 
[m/n]f(u) or r TOj „[/;u]; see for example, [1, 2]. 

The study of Pade approximants to the exponential function was initiated by 
C. Hermite [9] and continued by H. Pade [12]. Given a pair (m, n) of nonnegative 
integers, the Pade approximant of type (m, n) for e* is the unique rational function 

p m n ( u ) 

^m,n( w ) y^. / ^ (-^m,n ^ 1~ > rmQm,n ^ Pni Qm,n{ty 1): (^'^) 

with the property that 

e u - R m , n ( u ) = 0(u m+n+1 ) as u -> 0. (2.5) 
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NEW SYMMETRIC IDENTITIES INVOLVING THE EULERIAN POLYNOMIALS 3 

Unlike Pade approximants to most other functions, it is possible to write simple 
explicit formulae for P mj „ and Q m ^ n (see e.g. [13, p. 245] or [16]): 

(m + n)!(m — ky k\ 

\k 



s-p {m + n-k)\n\ {-uf 

Qm,n{u)=y^- ■ -T- —— ■ — . (2.7) 

(m + ny.(n — ky. k\ 

and 



m+n+1 pi 

Qm,n(u)e u - P m .n(u) = (-1)" " ^ „ / ar"(l - x) m e xu dx. (2.8) 

We refer respectively to the polynomials P m .„(u) and Q m ,n(u) as the Pade numer- 
ator and denominator of type (m, n) for e u . 

The properties of these approximants have played important roles in number the- 
ory (for example, Hermite's proof of the transcendency of e, Lindcmann's proof of 
the transcendency of tt and continued fractions, see [10, 14] for details), Orthogonal 
polynomials [15] and so on. 

3. The restatement of results 

In this section, we shall replace the exponential function e" not by its Taylor 
expansion around u — - but by its Pade approximant in the generating function of 
the Eulerian polynomials. We first rewrite the formula (1.3), as follows, 

OO j 

{t -e u ^)J2Mt)^=t-l, (3.1) 

i=0 

If we denote the right hand side of (2.8) by S„ hn (t), then the Pade approximant 
for the exponential function e u can be expressed in the following way: 

e « _ Pm,n( u ) + S m ^ n (u) ^ 
Qm,n (^) 

We now substitute u(t — 1) for u in (3.2) and it follows from (3.1) that 

OO j 

(tQ m . n (u(t - 1)) - P m . n (u(t - 1)) - S m . n (u(t - Mt)^ 

4 =o % - 
= (t-l)Q m , n (u(t-l)). (3.3) 

If applying the exponential series e xu = ^2^ =0 x k u k / k\ in the right hand side of 
(2.8), with the help of the beta function, we get 

„. m+n+1 °° „.k pi 

y> (-l)"m!(n + fc)! n m +"+ fc+1 
~~ (m + n)\(m + n + k + 1)! fc! 

k—Q 

Like the definition of the Eulerian numbers, we consider p m>n; fc, Q m ,n;k an d s m ,n;fc 
of the coefficients of the polynomials 

m n 

Pm,n( u ) = ^ ^ Pm,n;k u , Qm,n( u ) — ^ ' Qm,n\k u i (3-5) 
k=0 fc=0 
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and 

oo 

S m , n (u) = Sm,n;kU m+n+k+ \ (3.6) 

fc=0 

Obviously, p m ,n;k, q m ,n-k and s m . n - k satisfies 

m\{m + n-k)\ (-l) fc n!(m + n - k)\ 

k\[m + ny.(m — ky. k\(m + ny.(n — ky. 

and 

(-l)"m!(n + fc)! 
3m ' n;k ~ k\(m + n)\(m + n + k + l)V [ ' 

respectively. If applying (3.5) and (3.6) to (3.3) we obtain 

tJ2«™,n-At - ) E Mt)^ - £Pn,, ni *(t - i) fc « fc )E M*)^ 

(OO \ OO j 

E S ™,n; k (t ir+ n + k + l £ ^ (f) «_ 
fe=0 ' i=0 *' 

= (i-l)(^?™^(*-l)V). (3-9) 
from which and the familiar Cauchy product it follows that 

tfv E to(*-i) fc ^P-E«' E iw;*(*-i)*^r 

(=0 i+k=l 1=0 i+k=l 

-fy E ^^(t-ir^^f 

/— i+/c=(— m— n— 1 



= (i-l)(Eto('-lf4 (3-10) 



v fe=0 

Comparing the coefficients of u l in (3.10) gives for < I < m + n 

t E to(^-l) fe ^- E Pm,n; k (t-l) k ^- 
i-\-k—l i-\-k—l 

= (t-l)q m , n;l (t-l) 1 , (3.11) 

which together with (3.7) yields the following 

Theorem 3.1. Let l,m 7 n be any non-negative integers with I < m + n, 

't(;)<— w-"'Ff-t(:)«— 

k — k — 

= -{l-t) l+1 ( U \{m + n-l)\. (3.12) 
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NEW SYMMETRIC IDENTITIES INVOLVING THE EULERIAN POLYNOMIALS 5 

It follows that we show some special cases of Theorem 3.1. Setting I = n in 
Theorem 3.1 gives that for any non- negative integers to and n, 



to\kJ K (»-*)! t 

= -{l-t) n+1 m\. (3.13) 

In particuler, the case to = in (3.13) leads to 

A n (t) = (l-t) n + 1 +tJ2( n ^)Mm-t) n - k (n>0), (3.14) 



k=0 



which is similar to (1.2) and can be regarded as a new recurrence formula to compute 
the Eulerian polynomials. On the other hand, setting I = m + n in Theorem 3.1, 
we obtain that for any non-negative integer n and positive integer to, 

n , v m , s 

*£u la -*)""* A n +*(*) = E u )(*- i r _fe ^+fc(*)- ( 3 - 15 ) 

fc=0 ^ ' fc=0 ^ ' 

It is obvious that the case n = in (3.15) gives the formula (1.2). 
If comparing the coefficients of u l in (3.10) for I > to + n + 1 then 

t to(t-l) fc ^- E ^(*-l) fe ^T 

i-\-k—l i-\-k=l 

= E W; fe («-ir +n+fe+1 ^- (3-16) 

z+fc— / — m— n — 1 

Hence, applying (3.7) and (3.8) to (3.16) arises 

t t( ; ) (m+ „- t ) I( i-^-t(x)(» + -»).(«-i)'^f 

If substituting m + n + r for Z with r positive integer in (3.17) then we state 
Theorem 3.2. Let to, n be any non-negative integers. Then for positive integer r, 

-k A m+k+r {t) ( m \(+ i\m-fc A n+ k +r (t) 



*£W (1 * r " fe (m+V+l) r §UJ ( * 1} (n + k + l) r 
{-l) n m\nl(t-l) m+n+1 



(m + n + r)\ 



r t( n+r : i - 1 )( m+ : +r )(t-iy- 1 - i Mt), (3.18) 



X 

i=0 



where (x) r is the Pochhammer symbol defined by (x) r = x(x + 1) • • • (x + r — 1). 

It is interesting to point out that the formulae (3.15) and (3.18) are analogous to 
the results in [8, Theorem 1.1 and Theorem 1.2] which are obtained by applying the 
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familiar generating function method. We now give some special cases of Theorem 
3.2. Taking r — 1 in Theorem 3.2 leads to 



few' - + + i few' 

(-l)"m!n!(t- l) ro+n+1 



,,_ k A n+k+1 (t) 
n + k + 1 



(3.19) 



(m + n + 1)! 
In particular, the case to = in (3.19) yields 

t y ( n ) (i - t) »-*_*_±_w = A n+1 (t) + i -int-ir+i 

feW ^ + 1 n+l 

More generally, if setting to = in Theorem 3.2, we get that for any non- negative 
integer n and positive integer r, 



fc=0 v 7 



-fc ^fc+r(*) 
(fc + l)r 

E(-:-')("D«-«'--*«) 



(-l)"n!(t - 1)™ +1 ^ (n + r - i - 1\ /n + r 



(n + r)! f— ' V i / V i 

+ ^±#. (3.21) 
(n + l) r 

And the case n = in (3.21) gives the formula (1.2) again. 
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ON THE STABILITY OF A QUADRATIC FUNCTIONAL 

EQUATION 

SANG-BAEK LEE* AND WON-GIL PARK** 



Abstract. In this paper, we investigate the generalized Hyers-Ulam stability 
of a new quadratic functional equation 

f(x + y + z) + f(x -y + z) + f(x + y-z) + f(-x + y + z) 

= 4[/(z) + f(y) + f(z)] 

in p-Banach spaces, where < p < 1. And we prove the same stability of the 
above functional equation in 2-Banach spaces. 

I. Introduction 

The problem of stability of functional equations was originally stated by S. M. 
Ulam [31]. In 1941, D. H. Hyers [15] proved the stability of the linear functional 
equation for the case when the groups Q\ and Q 2 are Banach spaces. In 1950, T. 
Aoki discussed the Hyers-Ulam stability theorem in [1]. His result was further 
generalized and rediscovered by Th. M. Rassias in [26] in 1978. The stability 
problem for functional equation have been extensively investigated by a number 
of mathematicians ([5], [8], [12], [19], [20], [30]). 

The quadratic function f(x) = cx 2 satisfies the functional equation 

(1.1) f{x + y) + f{x -y) = 2fix) + 2/(y) 

and therefore the equation (1.1) is called the quadratic functional equation. Every 
solution of the equation (1.1) is said to be a quadratic mapping. The Hyers-Ulam 
stability theorem for the quadratic functional equation (1.1) was by F. Skof [30] 
for the functions / : E\ — >■ S 2 where £ 1 is a normed space and S 2 a Banach 
space. The result of F. Skof is still true if the relevant domain £ 1 is replaced 
by an Abelian group and this was dealt with by P. W. Cholewa [6]. S. Czerwik 
[7] proved the Hyers-Ulam-Rassias stability of the quadratic functional equation 
(1.1). This result was further generalized by Th. M. Rassias [27], C. Borelli and 
G. L. Forti [4]. During the last three decades a number of papers and research 
monographs have been published on various generalizations and applications of 
the generalized Hyers-Ulam stability of several functional equations, and there 
are many interesting results concerning this problem ([2], [18], [16], [17]). In 

1991 Mathematics Subject Classification. 39B82, 39B52. 

Key words and phrases. Hyers-Ulam stability, Quadratic functional equation, p-Banach 
space. 
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2 SANG-BAEK LEE AND WON-GIL PARK 

particular, J. M. Rassias investigated the stability of S. M. Ulam for the relative 
Euler-Lagrange functional equation 

f(ax + by) + f(bx - ay) = (a 2 + b 2 )[f(x) + f(y)} 

in the publications ([23], [24], [25]). 

In 2008, K. Ravi, R. Murali and M. Arunkumar [28] investigated the generalized 
Hyers-Ulam stability of a quadratic functional equation 

f(2x + y) + f(2x -y) = 2f(x + y) + 2f(x - y) + 4f(x) - 2f(y) 

Definition 1.1. ([3], [29]) Let X be a linear space. A quasi-norm is a real- valued 
function on X satisfying the following: 

• H^ll > for all x G X and ||x|| = if and only if x = 0; 

• \\Xx\\ = \X\\\x\\ for all A G R and all x G X; 

• There is a constant K > 1 such that ||x + y\\ < K(\\x\\ + ||y||) for all 
x,y G X. 

The pair (X, \\ ■ \\) is called a quasi-normed space if || • || is a quasi-norm on X. 
The smallest possible K is called the modules of concavity of || • || . A quasi-Banach 
space is a complete quasi-normed space. 

A quasi-norm || • || is called a p-norm (0 < p < 1) if 

\\x + y\\ p < 11^ || P + \\y\\ p 
for all x,y G X. In this case, a quasi-Banach space is called a p-Banach space. 

In the 1960's, S. Gahler [9, 10, 11] introduced the concept of linear 2-normed 
spaces. 

Definition 1.2. Let X be a linear space over R with dim A' > 1 and let ||-, -|| : 
X x X — > R be a function satisfying the following properties: 

(a) \\x,y\\ = if and only if x and y are linearly dependent, 

( b ) \\x,y\\ = \\y,x\\, 

(c) 1 1 ax, y\\ = \cn\\\x, y\\, 

(d) \\x, y + z\\ < \\x,y\\ + \\x,z\\ 

for all x,y,z E X and a G R. Then the mapping ||-, -|| is called a 2-norm on X 
and the pair (A", ||-, -||) is called a linear 2-normed space. Sometimes the condition 
(d) called the triangle inequality. 

In 2011, the author [22] introduce a basic property of linear 2-normed spaces 
as follows. 

Lemma 1.3. Let (X, ||-,-||) be a linear 2-normed space. If \\x,y\\ = for all 
y G X , then x — 0. 

For a linear 2-normed space (X, ||-, -||), the function x — > \\x,y\\ is a continuous 
function of X into R for each fixed y G A as follows. 
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Remark 1.4. Let (X, ||-, • || ) be a linear 2-normed space. Note that the conditions 
(a) and (d) implies that 

11^ + 2/) z \\ < ll^)- 2 !! + \\Vj z \\ 

for all x,y,z G X. Putting w := x + y, we get ||iu, z\\ < \\x, z\\ + \\w — x, z\\ for 
all x,y,z G A\ So ||u>, z|| — z\\ < \\w — x, z\\ for all x,z,w G A\ Replacing w 
by x and x by w in the above inequality, we get \\x, z\\ — \\w, z\\ < \\x — w, z\\ for 
all x, z, w G A\ Thus we have 

z\\ — \\y, z\\ | < \\x — y, z\\ 

for all x,y,z G X. Hence the function x — > is a continuous function of A" 

into R for each fixed y G A". 

Let (A", ||-,-||) be a linear 2-normed space. For x,z G A", let p z (x) := ||^,^||- 
Then, for each z & X , p z is & real- valued function on X such that p z (x) = \\x, z\\ > 
0, p z (ax) = \a\\\x,z\\ = \a\p z (x) and p z {x + y) = \\x + y, z\\ = \\z,x + y\\ < 
\\z, x\\ + \\z,y\\ = \\x, z\\ + \\y, z\\ = p z (x) + p z (y) for all a G R and all x,y G X. 
Thus p z is a pseudo-norm (or a semi-norm) for each z £ X. 

For rr G A", let \\x, z\\ — for all z G A". By Lemma 1.3, x = 0. Thus ^ x G X 
implies that there is some z G X satisfying p z (x) = \\x, z\\ ^ 0. Hence the family 
{p z : z G A} is a separating family of pseudo- norms. 

For £ > and z E X, let C/ Z)£ := {x G A : < e} = {x G X : z|| < e}. 

Let <So := {f^ 2 ,£ : £ > 0,z G A} and i3 := {Q J 7 : J 7 is a finite subcollection of S }. 
Define a topology T on X by saying that a set C/ is open if and only if for every 
x G U there is some N E Bo such that x + N :— {x + y : y G iV} C C/. That is, 
T is the topology on X that has as a subbase the sets {x G X : p z (x — xq) < e}, 
z G X, x G X, e > 0. The topology T gives X the structure of topological 
vector space. Since the collection Bo is a local base whose members are convex, 
X is locally convex. 

In the 1960's, S. Gahler and A. White [11, 32, 33] introduced the concept of 2- 
Banach spaces. In order to define completeness, the concepts of Cauchy sequences 
and convergence are required. 

Definition 1.5. A sequence {x n } in a linear 2-normed space X is called a Cauchy 
sequence if lim^^oo \\x n — x m , y\\ = for all y G X. 

Definition 1.6. A sequence {x n } in a linear 2-normed space X is called a con- 
vergent sequence if there is an x G X such that 

lim \\x n — x, y\\ = 

ra--5>oo 

for all y G X. If {x n } converges to x, write x n — > x as n — > oo and call x the 
limit of {x n }. In this case, we also write lim^ooXn = x. 

Triangle inequality implies the following lemma (see [22]). 
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Lemma 1.7. For a convergent sequence {x n } in a linear 2-normed space X , 

lim x n ,y 
for all y G X. 

Definition 1.8. A linear 2-normed space in which every Cauchy sequence is a 
convergent sequence is called a 2-Banach space. 

Note that a 2-Banach space is not a p-Banach space for any p, since < p < 1. 

In this paper, we investigate the functional equation 

(1.2) f( X +y+ Z )+f( X -y + Z )+f( X +y- Z )+f(- X +y + Z ) = 4\f (x) + f ( V ) + f (z)] 

It is easy to see that the function / : R — > R given by f(x) = ax 2 is a solution of 
the functional equation (1.2). The main purpose of this paper ivestigate Hyers- 
Ulam stability for the functional equation (1.2). 

2. Stability of (1.2) in ^-Banach spaces 

Theorem 2.1. Let X and y be vector spaces. A mapping f : X — >■ y satisfies 
the functional equation (1.2) if and only if the mapping f satisfies the functional 
equation (1.1). 

Proof. We first assume that / is a solution of the functional equation (1.2). 
Set x = y = z = in (1.2) to get /(0) = 0. Putting z = in (1.2),we get 
f(x + y) + f(x -y) + f(x + y) + f(-(x - y)) = A[f(x) + f(y)} for all x, y e X. 
Letting y = in the above equality, we have f(—x) = f(x) for all x G X. From 
the above two equalities, we see that / satisfies (1.1). 

Conversely, assume that the mapping / satisfies the functional equation (1.1). 
Then we have 

f(x + y + z) + f(x - y + z) + f(x + y - z) + f(-x + y + z) 
= f((x + y) + z) + f((x + y)- z ) + f(z + (x- y)) + f(z - (x - y)) 
= 2[f(x + y) + f(x-y)} +4f(z) 
= 4 [/(x) + /(y) +/(«)] 

for all x,y,z G X. Thus / satisfies the equation (1.2). This completes the proof 
of the theorem. In this section, let X be a linear space and y a p-Banach space 
(0 < p < 1). We investigate the Hyers-Ulam stability problem for the functional 
equation (1.2). Define 

Df(x, y, z) :=f(x + y + z) + f(x - y + z) + f(x + y - z) 
+ f(-x + y + z)-A[f(x) + f(y) + f(z)] 

for all x,y,z G X. 



lim \\x n ,y\\ = 

n— >oo 
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Theorem 2.2. Let ip : X s — > [0, oo) be a function such that 

^(3 i - 1 a;,3 i ~ 1 3/,3 i ~ 1 z) P 



(2.1) 



ip(x,y,z) := 



i=i 



< oo 



for all x,y, z G X . If f : X — » y is a mapping satisfying /(0) = snc/i that 

(2.2) ||D/(x,y,z)|| <#r,y,z) 

/or a// x,y,z G i/ien i/iere exists a unique quadratic mapping Q : X — >■ ^ 
satisfying the equation (1.2) snc/i £/ia£ 

(2.3) ||/(x)-Q(a;)|| < fez, a)* 
for all x <E X . 

Proof. Letting y = z = x in (2.2) and dividing by 3 2 , we have 



(2.4) 



/(*) - ^/(3x) 



< 7^ ij(x,X,x) P 



for all x G X. Replacing x by 3a; in (2.4) and then dividing by 3 2p , we get 



1 



/(3x) 



1 



/(3 2 x) 



< 7^(3x, 3x, 3:r) p 



3 2^v / 34 

for all x G X. Adding (2.4) and the above inequality, we have 



/(*) 



3 4 



1 



1 



< ^ ^(z, a:, xf + t^(3x, 3x, 3x) p 



for all x E X. Continuing in this way, one can obtain that 



(2.5) 



1 

3^fc 



f(3 k x) 



< 



k 



i=i 



for all k G N and all ieX. Now, for j G N, dividing the preceding inequality by 
3 2pj and then substituting x by 3%, we see that 

k 



1 1 

7p]f(3 J X) - 32(j+fc) 



/(3 J+fe x) 



< 



i=l 



1 



32p(i+i) 



^(3 



i+j-i 



X 



for all k G N and all rr G A". Taking j, /c — >■ 00 in the previous inequality, by (2.1), 
we conclude that {^f(3 k x)} is a Cauchy sequence in ^ for all x E X. Because 
of the completeness of 3^, we can define a mapping Q : X — > y by 

Q(x) := lim ^/(3 fc x) 

for all x £ X. By (2.1) and (2.2), we obtain that 

\\DQ(x, y, z) f = lim ^ \\Df(3 k x, 3 k y, 3 k z) \\ p 
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for all x,y,z G X. Hence the mapping Q : X — > y satisfies (1.2). Taking k — > oo 
in (2.5), we get the inequality (2.3). To prove the uniqueness of the quadratic 
mapping Q, let us assume that there exists a quadratic mapping Q' : X — > y 
satisfying (1.2) and (2.3). We have 

\\Q(x)-Q\xW < ^- k \\Q(3 k x)-Q'(3 k x)\\ p 

2 ~ 

= tp(3 k x, 3 k x,3 k x) ->■ as k ->■ oo 

for all x £ X. Therefore Q is unique. 

Corollary 2.3. Let X be a quasi-normed space and y a p-Banach space. Let 9, q 
be real numbers such that 9 > 0, < q < 2. Suppose that a mapping f : X — > y 
satisfies 

\\Df(x,y,z)\\<8(\\x\\* + \\y\\«+\\z\\'>) 

for all x,y,z G X. Then there exists a unique quadratic mapping Q : X — >■ y 
satisfying (1.2) such that 

\\f{x) - Q(x)\\ < 9 rr M\ q 

3 ,-i[3P(2-5) _ iy P 

for all x G X . 

Proof. Taking ip(x,y,z) := 0(||a;|| 9 + \\y\\ 9 + \\z\\ q ^ and applying Theorem 2.2, 
one can obtain the result. 

Corollary 2.4. Let X be a quasi-normed space and y a p-Banach space. Let 9 
be a real number. Suppose that a mapping f : X — >■ y satisfies 

\\Df(x,y,z)\\<9 

for all x,y G X. Then there exists a unique quadratic mapping Q : X — > y 
satisfying (1.2) such that 

\\f(x)-Q(x)\\< - 9 

(3 2 p-1)p 

for all x G X. 

Proof. Taking ip(x,y,z) := 9 and applying Theorem 2.2, one can obtain the 
result. 

3. Stability of (1.2) in 2-Banach spaces 

In this section, we prove the generalized Hyers-Ulam stability of the quadratic 
functional equation (1.2) in 2-Banach spaces. 

Theorem 3.1. Let tp : X s — > [0, oo) be a function such that 
(3.1) SliJi:) ^#W^ <M 
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for all x,y, z G X . If f : X — >■ y is a mapping satisfying /(0) = such that 

(3.2) ||D/(a:,j/,2;),iu|| < ^{x,y,z) 

for all x,y,z G X and all w G y , then there exists a unique quadratic mapping 
Q : X — )> y satisfying the equation (1.2) such that 

(3.3) \\f(x)-Q(x),w\\ < 4>(x,x,x) 
for all x G X and all w G y. 

Proof. Letting x = y = z in (3.2) and dividing by 3 2 , we have 



(3.4) 



< ^il>(x,x,x) 



for all x G X and all w E y. Replacing x by 3x in (3.4) and then dividing by 3 2 , 

we get 

1 



(3.5) 



^ 2 f(3x)-±-J(3 2 x),w 



< 



3 4 



ip(3x, 3x, 3x) 



for all x G A" and all ffiG^. Adding (3.4) and (3.5), we have 

1 



f(x)--f(3 2 x),w 



1 1 

< — ip(x, x, x) + ^ip(3x, 3x, 3x) 



for all x G X and all u> G y. Continuing in this way, one can obtain that 

k 

(3.6) 



f{x)-^- k f{3 k x),w 



k 



i=l 



for all k G N, x G X and all w £ y. Now, for j G N, dividing the preceding 
inequality by 3 2j and then substituting x by 3^x, we see that 



32j 



1 



32(i+fc) 

k 



f(3> +k x),w 



^ E ^(3^-^, 3^-^, 3*'"- 1 *) 



i=l 



for a\\ k EN, x E X and all toG)'. Taking j, k — > oo in the previous inequality, 
by (3.1), we conclude that {p^ f{3 k x)} is a Cauchy sequence in y for all iGA 1 . 
Because of the completeness of y, we can define a mapping Q : A — > y by 

Q(x) := lim ^/(3 fc :r) 

for all x £ X. By (3.1), we obtain that 

\\DQ(x, y,z),w\\= lim l j -\\Df(3 k x, 3 k y, 3 k z),w\\ 

< lim -^(3^,3^,3^ = 
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for all x, y, z G X and all w G y. Hence the mapping Q : X — > y satisfies (1.2). 
Taking k — > oo in (3.6), we get the inequality (3.3). To prove the uniqueness of 
the quadratic mapping Q, let us assume that there exists a quadratic mapping 
Q' : X ->■ y satisfying (1.2) and (3.3). We have 

\\Q(x)-Q'(x),w\\ < l ] -\\Q(3 k x)-Q'(3 k x),w\\ 

2 ~ 

= ip(3 k x, 3 k x, 3 k x) ->■ as k ->■ oo 
for all x G X and all w G y. Therefore Q is unique. 

Corollary 3.2. Let X be a normed space and y a 2-Banach space. Let 9,q be 
real numbers such that 9>0,0<q<2 and Suppose that a mapping f : X — > y 
satisfies 

\\Df(x,y,z),w\\<9(\\x\\ q + \\y\\ 9 +\\4 9 ) 
for all x,y,z G X and all w G y. Then there exists a unique quadratic mapping 
Q : X — )> y satisfying (1.2) such that 

for all x G X and all w G y. 

Proof. Taking ip(x,y,z) := + \\y\\ 9 + \\z\\ 9 ) and applying Theorem 3.1, 

one can obtain the result. 

Corollary 3.3. Let X be a normed space and y a 2-Banach space. Let 6 be a 
real number. Suppose that a mapping f : X — >■ y satisfies 

\\Df(x,y,z),w\\<d 

for all x,y,z G X and all w G y. Then there exists a unique quadratic mapping 
Q : X ^ y satisfying (1.2) such that 

\\f(x)-Q(x),w\\<l 

for all x G X and all w G y. 

Proof. Taking ip(x,y,z) := 9 and applying Theorem 3.1, one can obtain the 
result. 
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In this paper, we investigate the global dynamics of virus infection model with Immoral immune response 
and distributed intracellular delays. The model is 4-dimensional nonlinear delay differential equations that 
describe the interaction of the virus with target cells, taking into account the humoral immune system 
response. The model has two types of distributed time delays which describe the time needed for infection 
of target cell and virus replication. Lyapunov functionals arc constructed to establish the global asymptotic 
stability of the steady states of the model. We have proven that if the basic reproduction number 7?o is 
less than or equal unity then the uninfected steady state is globally asymptotically stable (GAS), and if the 
antibody immune response reproduction number Ri is less than or equal unity and Ro > 1, then the infected 
steady state without immune response exists and it is GAS; if Ri > 1 then the infected steady state with 
immune response exists and it is GAS. 

Keywords: Humoral infection; Virus dynamics; Global stability; Distributed delay. 
AMS subject classifications. 92D25, 34D20, 34D23 

1 Introduction 

In the last decade, several mathematical models have been developed to describe the interaction of virus and 
target cells, such as HIV, HBV etc [1]. Mathematical modeling and model analysis of the viral infection process, 
estimating key parameter values, and guiding development efficient anti-viral drug therapies. Some of these 
models take into account the main role of immune system of human body. The immune system is described 
as having two "arms": the cellular arm, which depends on T cells to mediate attacks on virally infected or 
cancerous cells; and the humoral arm, which depends on B cells to make antibodies to clear antigens circulating 
in blood and lymph. The humoral immunity is more effective than the cell-mediated immune in some diseases 
like in malaria infection [2]. 

Some of the existing mathematical models of viral infection are given by nonlinear ODEs by assuming that 
the infection could occur and the viruses are produced from infected target cells instantaneously, once the 
uninfected target cells are contacted by the virus particles (see e.g. [3]-[5], [12], [14], [16]). Other accurate 
models incorporate the delay between the time, the viral entry into the target cell, and the time the production 
of new virus particles, modeled with discrete time delay or distributed time delay using functional differential 
equations (see e.g. [6]- [10], [20]- [22]). 

Many authors present and develop mathematical models for the humoral immunity [11]-[15], [17]- [19] . The 
basic model with humoral immunity response was introduced by Akiko [12], 



where x, y, v and z are the population of the uninfected cells, infected cells, virus and B cells. A and d are the 
birth rate and death rate of uninfected cells, respectively. (3 is the infection rate. N is the number of free virus 
produced during the average infected cell life span. 8 is the death rate of infected cells and c is the clearance 
rate of the virus, g and \x are the birth rate and death rate of B cells, q is the B cells neutralize rate. This 
model is based on the assumption that, once the virus contacts a target cell, the cell begins producing new virus 



Abstract 



x(t) 

m 

v(t) 

m 



A - dx{t) - (3x{t)v(t), 
px(t)v(t) - 8y(t), 
N8y(t) - cv(t) - qv(t)z(t) 
gv(t)z(t) - fjkz(t), 



(1) 
(2) 
(3) 
(4) 
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particles. The global stability of this model was studied in [17]. In [17], [19], the viral infection models with 
humoral immunity were incorporated with discrete time delays. 

In this paper, we incorporate two types of distributed delays into the model to account the time delay 
between the time that target cells are contacted by the virus particle and the time the emission of infectious 
(matures) virus particles. The global stability of the model is established using Lyapunov functionals, which are 
similar in nature to those used in [22] and [24] . We prove that the global dynamics of the model is determined 
by the basic reproduction number Rq and antibody immune response reproduction number R\. If Rq < 1, then 
the uninfected steady state is globally asymptotically stable (GAS), if R\ < 1 < Rq, then the infected steady 
state without humoral immune response exists and it is GAS, if R\ > 1 then the infected steady state with 
humoral immune response exists and it is GAS. 

2 Virus infection model with humoral immune response and two 
distributed delays 

In this section we propose a mathematical model of virus infection which describes the interaction of the virus 
with target cells, taking into account the effect of humoral immune system. 

x(t) = A- dx(t) - /3x(t)v(t), (5) 

h 

y{t) =pf I{r)e- mT x{t - r)v(t - r)dr - 6y(t), (6) 
o 

UJ 

v(t) =NS f g{T)e- nT y(t - t)<1t - cv(t) - qv(t)z(t), (7) 



o 

z(t) = gv(t)z{t) - pz(t). (8) 

All the variables and parameters of the model have the same meanings as given in (l)-(4). To account for 
the time lag between viral contacting a target cell and the production of new virus particles, two distributed 
intracellular delays are introduced. It assumed that the target cells are contacted by the virus particles at time 
t — t becomes infected cells at time t, where r is a random variable with a probability distribution /(t) over the 
interval [0, h] and h is limit superior of this delay. The factor e _mT account for the probability of surviving the 
time period of delay, where m is the death rate of infected cells but not yet virus producer cells. On the other 
hand, it is assumed that, a cell infected at time t — t starts to yield new infectious virus at time t where r 
is distributed according to a probability distribution g(r) over the interval [0, u] and u> is limit superior of this 
delay. The factor e~ nT account for the probability of surviving the time period of delay, where n is constant. 
All the parameters are supposed to be positive. 

The probability distribution functions /(r) and g(r) are assumed to satisfy /(t) > and g(r) > 0, and 

h u) h uj 

J f(r)dT = 1, y g{r)dr = 1, j f(r)e sr dr < ex., J g(r)e sr dr < oo, 



where s is a positive number. Then 

h u 

< J f{r)e- mT dT < 1, < J g{T)e- nT dr < lfor m > 0, n > 0. 
o o 

The initial conditions for system (5)- (8) take the form 

x{0) = tp 1 {9), V(0) = M0), 

v{0) = <p 3 (0),*W) = MO), 

tpj{0)>0, 0€[-p,O), i = l,-,4, (9) 
^■(0) >0, i = l,...,4, 

where p — max{/i,w}, {ipx{9), (£2(6), <-Pi{®)) <= p, 0], R+), where C{[— p, 0} 7 R\) is the Banach space of 
continuous functions mapping the interval [— p, 0] into Mi. By the fundamental theory of functional differential 
equations [23], system (5)-(8) has a unique solution satisfying the initial conditions (9). 
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2.1 Non- negativity and boundedness of solutions 

In the following, we establish the non-negativity and boundedness of solutions of (5)-(8) with initial conditions 
(9). 

Proposition 1. Let (x(t), y(t), v(t),z(t)) be any solution of (5)-(8) satisfying the initial conditions (9), then 
x(t),y(t),v(t) and z(t) are all non-negative for t > and ultimately bounded. 

Proof. First, we prove that x(t) > 0, for all t > 0. Assume that x{t) lose its non-negativity on some 
local existence interval [0,£] for some constant i and let t\ € [0,£] be such that x{t\) = 0. From Eq. (5) we 
have x(t\) — A > 0. Hence x(t) > for some t € (t\, t\ + e) , where e > is sufficiently small. This leads to 
contradiction and hence x(t) > 0, for all t>0. Now from Eqs. (6), (7) and (8) we have 

t h 

y {t) = y(0)e- st + [ e- 4 (*-") / /(r)e- mr x{r] - T )v{r, - ^drdrj, 



o o 



v(t) = v(0)e- ti( c+qz ^ d t + N6 J e ~ ti {c+qz{ti))di J gi^e-^yi^-^drdrj, 

o o 

z(t) = z(0)e--fo^-3v(O)^ t 

confirming that y(t) > 0, v(t) > and z(t) > for all t G [0, p\. By a recursive argument, we obtain 
y(t) > 0, v(t) > and z(t) > for all t > 0. 

Next we show the boundedness of the solutions. From Eq. (5) we have x(t) < A — dx(t). This implies 
limsup^^x^) < ^. 
h 

Let X(t) = J f(T)e- mT x(t - T)dr + y(t), then 
o 

h 

X{t) = J f(T)e- mT (A - dx(t - r) - 0x(t - r)v(t - r)) dr 
o 

h 

+ I f(T)e- mT Px(t-T)v(t-T)dr-6y(t), 

h 

f(j)e- mr dT - d [ f(T)e- mT x(t - T)dT - Sy(t) 



o 



n n 

= \j f{T)e- mT dr -dj 





h 



h 



<\J f(T)e- mT dT -a, J f( T )e- mT x{t - r)dr + y(t) 

o Lo 

h 

= \J f(T)e- mT dT - oiX(t) < A - axX{t), 



A h 

where u\ = min{c?, 5}. Hence limsup^^ X(t) < L\, where L\ = — . Since J f(T)e~ mT x(t — t)g?t > then 

°i o 

limsup^^ y(t) < L\. On the other hand, 

q , 

9- 



Let Z(t) = v(t) + *z(t), then 



UJ 

Z(t) =N5 J g{T)e- nT y(t - r)d T - cv(t) - ^z(t) 
o 

< N5L-L J g{T)e- nT dr - a 2 (v(t) + -z(t j) 
o 

UJ 

= N5L X j g(r)e- nT dT - a 2 Z(t) < N5L ± - a 2 Z(t), 
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where a 2 = min{c, [i}. Hence limsup^^ Z(t) < L 2 , where L 2 — . Since v(t) > and y(t) > then 

limsup^^ v(t) < L 2 and limsup^^ z(t) < L 2 . 

Therefore, x(t),y(t),v(t) and z(t) are ultimately bounded. 

2.2 Steady states 

We define the basic reproduction number for system (5)- (8) as 

p _ NFG(3x 

no — 1 

c 

and the antibody immune response reproduction number 

Rq 



«i = 



1 + 

dg 



Clearly R\ < R . It is clear that, system (5)-(8) has an uninfected steady state E — (x , 0, 0, 0), where x = ^. 

In addition to E n , the system can has an infected steady state without immune response Ei(x\,yi,vi,0) and 
infected steady state with immune response E 2 {x 2 , y 2 , v 2 , z 2 ) where 

a^o c d 

*i = ^, y^ = N5G V ^ v 1 = -{R -l), 

A /3FAm (i c 

d+ PR S(dg + f3fi) g q 

9 

h uj 



F = J f(T)e- mT dT, G = J g(r)e- nT dT. 







From above we have the following: 

(i) If Rq > 1, then there exists a positive steady state Ei(xi,yi,v 1 ,0). 

(ii) If Ri > 1, then there exists a positive steady state E 2 (x 2 , y 2 , v 2 , z 2 ). 



2.3 Global stability 

In this section, we prove the global stability of the steady states of system (5)-(8) employing the method of 
Lyapunov functional which is used in [24] for SIR epidemic model with distributed delay. Next we shall use 
the following notation: r — r(t), for any r € {x,y,v, z}. We also define a function H : (0, 00) — > [0, 00) as 
H(r) = r — 1 — lnr. It is clear that H(r) > for any r > and H has the global minimum H(l) = 0. 

Theorem 1. If R < 1, then E is GAS. 

Proof. Define a Lyapunov functional Wq as follows: 



W = NFG 
6 

+ FG 



x 



H^+^y+^j f(r)e-™J x(t - 9)v(t - 6)d6di 

T 

g(T)e- nT [ y(t - 6)d6dT 



. q 

v H — z. 
9 



(10) 
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The time derivative of W along the trajectories of (5)-(8) satisfies 



dW 
dt 



= NFG 



(l - ^) (A - dx - pxv) + | J f{r)e~ mT x{t - r)v(t - r)dr - 



UJ 

+ | / f(r)e- mT (xv-x(t-T)v(t-T))dr+^ J g{r)e~™ (y - y(t - r))dr 
o o 

+ NS J g(T)e~' nT y(t - r)dr - cv - qvz + 



q/u, 

qvz z, 

9 



= NFG 



J X - Xo)2 +Px v 



= -NFGd 



(x - x ) 2 



qH 

— cv z 

9 



+ c(R -l)v-^z. 



(11) 



If Rq < 1 then ^ < for all x,v,z > 0. By Theorem 5.3.1 in [23], the solutions of system (5)-(8) limit to 
M, the largest invariant subset of j^ 41 = 0}- Clearly, it follows from (11) that = if and only if x — x , 
v = 0,z = 0. Noting that M is invariant, for each element of M we have v — 0, and z = 0, then v = 0. From 
Eq. (7) we drive that 



= v = N5 J g(T)e- nT y(t - r)dr. 



This yields y = 0. Hence = if and only if x — xo, y — 0, v — and z — 0. From LaSalle's Invariance 
Principle, E is GAS. 

Theorem 2. If R x < 1< R , then E x is GAS. 

Proof. We construct the following Lyapunov functional 



W x = NFG 



1 



-,yiH 



Sy 



xij F yyxj F 

fy(t-e) 



+ -^faiV! I /(r)e 



H 



c{t - 9)v(t - (?) 



d9dr 



Vl H[-)+±z. 



(12) 



o o 

The time derivative of W\ along the trajectories of (5)- (8) is given by 

h 



dWi 
dt 



= NFG 



f{T)e-" lT x(t - r)v(t - r)d T - Sy 



+ 



xv — x(t — r)v(t — t) + x\V\ In 



jlir), 



UJ 

+ ¥gJ 9{T)e ~ nT (y-vit-^ + yi^ 



x(t — r)v(t — t) 



xv 



dr 



y(t - t) 



dr 



+ y NS J g( T ) e ~ nT y(t - T)dr -cv- qvzj + qvz - ^-z. 

Using the steady state conditions for E\\ 

A = dx\ + (5x\vi, F(5x\V\ = 5y\, cv\—N8Gyi, 



(13) 
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we have 



dt 



NFG 



-d 



(X-Xi) 2 X! I3X1V! 

1- pxivi - pxivi 1- pxiv — - 

x x F 



n 

jlirV 



.yix(t - r)v(t - t) 6 

-dr+ —yt 



yxwx 







- NS Vl I g{T)e- nT VlV ^ T) rfr - cv + cv x + qviz - ^z. 



vyi 



(14) 



Using the following equalities: 

' x(t — r)v(t — t) 

XV 

fy(t-r) 



In 



we obtain 



dWi 
dt 



= NFG 



Sy 
F 2 



Also, we have 



In 



-d 



In 
In 



yix{t - r)v(t - t) 



vyi 
viy 



yxxvx 
+ ln 



ta (7) + "' 



viy 
vyi 



v\y{t - r) 



vyi 



(x - xi) 2 Syi /xi 
x F \ x 



\ X X J 



n 

U 



Syi f 

FGJ 



NFG 



FG 



f(r)e~ 



yix{t - r)v(t - t) _ _ ^i.x(t - t)^ - r) 



ff(i")e~ 



yxiUi 



j/a;iui 



- 1 - In 



viy{t - r) 



(x-Xi) 2 Sy 1 fx 1 \ 5y x 



vyi 

h 



dT 



+ qz\vi 



g( T )e- nT H 



F 

viy(t - T ) 

vyi 



Vixjt - r)v(t - t) 
yxi«i 



dr 



+ qz\vi 



qz vi 



qz 



qz 



J2o-l 



c?5 



^(1 + 



Rn 



1 + 



<7^ [ 1 - 



it 

dg 



[Ri - 1] , 



then if i? > 1 then xi, yi and v\ > and hence, if -Ri < 1 then < for all x,y,v > 0. By Theorem 5.3.1 
in [23], the solutions of system (5)-(8) limit to M, the largest invariant subset of {^r 1 = 0}. It can be seen 
that = if and only if x = xi, z = and H = i.e. 



Vix(t - r)v(t - r) - r) 



yxivi 



vyi 



1 for almost all r € [0, p]. 



From Eq. (5), if a; = Xi then x = and A — dxi — (3x\v — 0, so v — v\ and then y = y\. It follows that ^ L 
equal to zero at E\ . LaSalle's Invariance Principle implies global stability of E\ . 
Theorem 3. If R x > 1, then E 2 is GAS. 
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Proof. We construct the following Lyapunov functional 



W 2 = NFG 



x \ 1 



y\ , 1 



" J!{ ^) + F^ H ^) + F^J fiT ^ mT J H 

o o 



x(t-9)v(t-6) 
x 2 v 2 



d9dr 



$V2 



OJ T 



( yjt-e) 



d6dr 



v 2 H[-) + *z 2 H - 



V2j 9 



"-2 



The time derivative of W2 along the trajectories of (5)-(8) 
dW 2 



dt 



= NFG 



F 



+ 



/(r)e mT ( in - x(i - r)u(i - r) + x 2 v 2 In 



x(t — r)v(t — t) 
xv 



dr 



FG 



(r)e-" T [y - y(t - r) + y 2 In 



+ (l - ^) ( W jg(r)e- nT y(t - r)d 



t — cv — qvz 



('"?)( 



<7M , 

qvz z . 

3 



Using the steady state conditions for E^: 



A = dx 2 + /3x 2 v 2 , cv 2 = NFG{ — y 2 ) - qv 2 z 2 , \i = gv 2 , 



we obtain 



dW 2 
dt 



NFG 



,(x — X 2 ) n X2 

-d h px 2 v 2 - PX2V2 h px 2 v 

X X 



yx 2 v 2 



y 



+ AT^ 2 y ff ( T )e" 




• '••2?y(/- -t) f//' . , <//'. 



-rfr — ct + «; 2 + 5^2 z — 9^22 



-^2- 



Using the following equalities: 



i> S v 

cv = cv 2 — = NFG(—y2 — ) - qvz 2 , 
v 2 F v 2 



In 



a;(t — r)v(t — r) \ / t/2#(i — r)u(i — r) 



In 



xv 

y(t - r) 
y 



In 
In 



yy2 

V2V 



yx 2 v 2 
+ In 



+1 „( ? ) +1 » 



«y2 
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we obtain 



dW 2 
dt 



NFG 



Sy 2 
F 2 



-d 



(x-x 2 ) 2 6y 2 fx 2 



f(r)e~ 



8y 2 
FG 



NFG 



F 

y 2 x(t - r)v(t - t) 
yx 2 v 2 

v 2 y{t-r) 



In* 2 ) 
x ) 



1 - In 



y 2 x(t - r)v(t 



yx 2 v 2 



dr 



- 1 - In 



vy 2 

(x-x 2 ) 2 Sy 2 



V2y{t - t] 
vy 2 

h 



dT 



5y 2 
FG 



J g{r)e- nT H ( 



F 

V2V(t - T) 

vy 2 



\xJ F 2 J Jy ' \ yx 2 v 2 J 



dT 



Thus, if i?i > 1 then x 2 ,y 2 ,v 2 and z 2 > 0, and < 0. By Theorem 5.3.1 in [23], the solutions of system 
M, the largest invariant subset of \ 

and H = i.e. 



(5)-(8) limit to M, the largest invariant subset of = 0}. It can be seen that ^j 2 - = if and only if x — x 2 , 



y 2 x(t - r)v(t - r) v 2 y(t - r) 



1 for almost all r G [0,p]. 



yx 2 v 2 vy 2 

■ = and A — dx 2 — (3x 
to zero at E 2 . LaSalle's Invariance Principle implies global stability of E 2 . 



From Eq. (5), if x = x 2 then x — and A — dx 2 — flx 2 v — 0, so v — v 2 and then y — y 2 , and hence ^j 2 - equal 



3 Conclusion 

In this paper, we have proposed an virus infection model which describe the interaction of the virus with target 
cell taking into account the humoral immune response. Two types of distributed time delays describing time 
needed for infection of target cell and virus replication have been incorporated into the model. Using the method 
of Lyapunov functional, we establish that the global dynamics are determined be two threshold parameters Rq 
and Ri. The basic reproduction number viral infection i? determines whether a chronic infection can be 
established, and the basic reproduction number i?i for B cells response determines whether a persistent B cells 
response can be established. We have proven that if i?o < 1, the uninfected steady state E is GAS, and the 
viruses are cleared. If R\ < 1 < R , the infected steady without humoral immune response Ei is GAS, and the 
infection becomes chronic but with no persistent B cells response. If R\ > 1, the infected steady state immune 
response E 2 is GAS, and the infection is chronic with persistent B cells response. 
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A fast and robust algorithm for image restoration 
with periodic boundary conditions 



Department of Mathematics and Physics, 
North China Electric Power University, Beijing, 102206, China 
2 School of Science, Communication University of China, Beijing, 100024, China 



A new Tikhonov regularization method of Fuhry and Reichel [A new 
Tikhonov regularization method, Numerical Algorithms, 59:433-445, 2011] 
exhibits the excellent properties for ill-posed problems, but it can only deal 
with small or moderate size problems because of the expensive computation 
of singular value decomposition (SVD). In this paper, we extend the above 
new Tikhonov regularization method to solve large-scale problems, e.g., 
image restoration problem with periodic boundary conditions, and realize 
this extending by applying Fast Fourier Transformation (FFT) algorithm 
to the spectral decomposition of the block circulant with circulant blocks 
(BCCB) matrices. Experimental results confirm the superiority of our new 
method. 

Key words: Periodic boundary conditions; FFT algorithm; Tikhonov regulariza- 
tion method; Image restoration 

1 Introduction 

The Fredholm integral equation of the first kind which arises from many image 
or signal restoration problems is formulated as follows 



Jingjing Liu 1 * Yuying Shi 1 ! Yonggui Zhu 2 * 



Abstract 





*E-mail: liujingjing0618@126.com 
^E-mail: yyshi@ncepu.edu.cn 
•^E-mail: ygzhu@cuc.edu.cn 



1 



524 



LIU ET AL 524-538 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



where k(s, t) is integral kernel and g(s) is obtained by the known k(s, t) and fit). 
We can get the following linear system by discretization of integral equation (1), 

Axtrue btrue) (2) 

where A G TZ mxn is blurring matrix, for simple notation, we consider m > n and 
Xtme G TV 1 represents original signal with noise-free, blurred signal b true G lZ m is 
formulated by blurring matrix A acting on original signal x true . 

Random noise e G 1Z m is added to the right side of (2), so the final linear 
system is as follows 

Ax = b = b true + e, (3) 

where x G lZ n is an approximate solution of Xt rU e, but it is just inaccessible to the 
true solution Xt rU e generally. Our goal is to utilize an applicable method to make 
the relative error between x and x trU e minimum. Typically, this is a large-scale 
ill-posed problem. 

Tikhonov regularization methods are promising ways for ill-posed problems 
(see, e.g., [1, 2]), the general form is as follows 

mm{\\Ax-b\\l + \\L x x\\ 2 2 }, (4) 

where scalar A > is called regularization parameter and L x is regularization 
matrix. The regularization matrix is generally XI, where I represents identity 
matrix. A closely related Tikhonov regularization approach [3] by Fuhry and 
Reichel showed a novel construction of the regularization matrix, that is L\ = 
D\V T , where V T is an unitary matrix and D\ is a diagonal matrix containing 
the regularization parameter and some singular values. The numerical and visual 
experiments demonstrated that the new Tikhonov regularization method [3] is 
an excellent method for small or moderate size problems. However, the above 
Tikhonov regularization method is based on SVD which is expensive consuming 
for large-scale problems. 

Since the fast algorithm such as FFT algorithm are good at doing spectral 
decomposition of structure matrices (see, e.g., [2, 4]), we can deal with the above 
large-scale problems using this property. We intentionally gain the BCCB ma- 
trices as the blurring operators A by setting circularly symmetry point spread 
functions (PSF) and assuming periodic boundary conditions (see other bound- 
ary conditions in [5, 6, 7], where the reference [6] showed a fast algorithm for 
deblurring models with Neumann boundary conditions, and [7] proposed a note 
on antireflective boundary conditions and fast deblurring models). Then we can 
exploit FFT algorithm (e.g., [8, 9]) to get the eigenvalues of BCCB matrices fast. 
FFT is an efficient algorithm which is widely used in many fields such as image 
filtering, image saving, image enhancement and image restoration and so on. Zhu 
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et al. [10] introduced that FFT algorithm can be used for solving compressed 
sensing to accelerate the computing process. Li et al. [11] showed that FFT is an 
effective method in signal sparse decomposition. Since Matching Pursuit (MP) 
adaptively decomposes signals in the redundant of dictionary to achieve some 
sparse representations, and it is very time consuming, FFT-based MP implemen- 
tation runs significantly faster than greedy MP implementation. Furthermore, 
Hu et al. [12] showed that FFT can also be used in image compression. The 
authors adopted Radix-4 FFT to realize the limit distortion for image coding, 
and to discuss the feasibility and advantage of Fourier transform for image com- 
pression. Using Radix-4 FFT can reduce data storage, computing complexity 
and time-consuming. 

The contributions of the paper are as follows: firstly, motivated by [3], we 
extend the new Tikhonov regularization method to solve the large-scale ill-posed 
image restoration problem. Secondly, we exploit FFT algorithm to fast spectral 
decomposition of the BCCB matrices. Finally, we test several kinds of blurs and 
noises to show the robustness of our algorithms. Experimental results indicate 
the advantages of the proposed method. 

The organization of this paper is given as follows. Section 2 is mainly a recall of 
the new Tikhonov regularization method proposed by Fuhry and Reichel. Section 
3 exhibits our method based on the FFT algorithm. Computational results will 
be shown in section 4. Finally, section 5 shows a conclusion about our method. 

2 New Tikhonov regularization method 

For completeness, we include in this section the known new Tikhonov regulariza- 
tion method [3] applied to the ill-posed problem (4). 

Tikhonov regularization method is a popular and classical method for ill-posed 
problems, the general form is to solve the following least squares problem 



where L\ is the regularization matrix and scalar A > is called the regularization 
parameter. In general, the regularization matrix L\ is chosen to be XI where 
I is the identity matrix, and the resulting method is called standard Tikhonov 
regularization method. Furthermore, the finite differential operators are also used 
when the desired solution x has some particular properties (see [13, 14, 15, 16]). 
The least squares problem (5) is equivalent to the following normal equation 



A closely related approach with a novel regularization matrix has been pro- 




(5) 



(A 



T A + L T x L x )x = A T b. 



(6) 
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posed by Fuhry and Reichel [3]. We exploit singular value decomposition 

A = UZV T , 

where U G 7£ mxm , V G TZ axn are two unitary matrices to construct the new 
regularization matrix and E = diag[<7i, 02, • • • ,cr n ] where <7j represents the i-th 
singular value of A. The new regularization matrix is presented as follows 

L\ = D X V T , (7) 

where 

\ 



max(A 2 - <j 2 n , 0) j 

and matrix V T is the unitary matrix from the SVD of matrix A, and <7j is the 
i-th. singular value of A. 

In the light of the SVD of A and equations (6) and (7), we obtain the following 
equivalent equation 

x = V T (Y J T ^ + Dl)- l Y J T U T b. (8) 

The solving of equation (8) needs the regularization parameter A which is 
determined by discrepancy principle in [3]. 

It is easy to know that the regularization parameter A satisfies (Jk+i < A < 
which the represents the fc-th singular value and a x > cr 2 > 03 > • ■ ■ > o~ n > 0. 
So we have 

S T S + D\ = diag^ 2 , al ■ ■ ■ , a 2 ., A 2 , • • • , A 2 ] G TV™. (9) 

In order to avoid the propagation of the random noise e in (3) into the com- 
puted approximate solution x trU e, the smallest eigenvalue of A T A + L\L\ has to 
be large sufficiently Also, since our model is minimization problem, we hope L\ 
to be a small norm in order to help us decide a more accurate approximation of 
x. The following two properties demonstrate that the new Tikhonov method is 
a good one. 

a. The smallest eigenvalue of the matrix A T A + L^L\ should be A 2 where A 2 > 
all = fc+1, k+2, ■ ■ ■ , n. Since A T A = VY, T U T UYV T = V^V 7 \L T X L X = 
VDlD x V T , then A T A + L T X L X = + D T X D X )V T . 

b. The regularization matrix L\ has smaller norm than XI in Frobenius norm 

I \-\\f- Since A, o\ are strictly positive and | \L\\ \ 2 F = \\D\\\p = X]o- 2 <a 2 — a l) < 

3— J 

n\ 2 = ||A/|||i, then more accurate approximation of x can be reached. 
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The smallest eigenvalue of the matrix A T A + L\L\ is equal to the smallest 
element of the diagonal matrix (9), i.e., A 2 where cr^ +1 < A 2 < o\. The corre- 
sponding Theorem 2.1 and Corollary 2.2 in [3] demonstrate the new Tikhonov 
regularization method indeed can achieve better balance for the above two as- 
pects. 

3 The new method combined FFT algorithm 
with new Tikhonov regularization method 

Motivated by the idea of new Tikhonov regularization method proposed in [3] , and 
due to the fast FFT algorithm, we use FFT algorithm to accelerate the spectral 
decomposition of BCCB matrices in the process of new Tikhonov regularization 
method. Particularly, where the BCCB matrix which is gained by imposing 
circularly symmetric PSF and periodic boundary conditions (see [2, 8, 9]). The 
detailed FFT algorithm is showed in this section. 

3.1 FFT algorithm applied to BCCB matrices 

It is well known that BCCB matrices which are normal matrices have the partic- 
ular spectral decomposition 

A = J 77 *AJ 77 , (10) 

where J 7 G C nxn is 2D unitary discrete Fourier transform (DFT) matrix, * rep- 
resents conjugate transpose and the diagonal matrix A = diag[Ai, A2, A3, • • • , A n ] 
contains all eigenvalues of A G lZ nxn . This matrix J 77 has a very convenient prop- 
erty which can perform fast matrix- vector multiplications without constructing J 7 
explicitly. In MATLAB, the function fft2 and if ft2 are used for matrix-vector 
multiplications of J 7 and J 77 *, respectively. 

Since the implicit matrix J 7 is a unitary matrix, we have the following equation 
according to the properties of Fourier transforms, 

A = FAJ 7 J 77 A = AJ 77 Ta x = Aj\ = X/y/N, (11) 

where A G lZ nxl is a vector which contains all eigenvalues of A. It is well known 
that the first column of J 77 , f±, is a vector of all ones, and the first column of 
A, ai, can be gained by PSF and MATLAB function circshift (see [2]). We 
assume the matrix A' 1 exists, so the final computing form is as follows 

b = Ax = T*ATx ^x = A _1 b = FA^Fb, (12) 

where b is the observed image and A is the BCCB matrix which can exploit the 
FFT algorithm. 
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3.2 The new Tikhonov regularization method using FFT 
algorithm (NTRF) 

Tikhonov regularization method is a classical and promising method for image 
deblurring, but it shows disadvantages if we impose the random noise on the 
images. Fuhry and Reichel recently proposed a novel construction of the regular- 
ization matrix L\ = D\V T introduced in section 2 (see [3]), called new Tikhonov 
regularization method. 

Combining section 2 with section 3.1, we extend the new Tikhonov regulariza- 
tion method for small or moderate size problems to new Tikhonov regularization 
method for large-scale problems. Similar to section 2, for solving the least squares 
problem (5), we get the normal equation (6) easily. Differently, the regularization 
matrix is as follows 

L„ = D^, (13) 

where J 7 G C nxn is the 2D unitary discrete Fourier transform (DFT) matrix and 
* represents conjugate transpose. And regularization matrix e TZ nxn is as 
follows 

\ 



max(/i 2 - \ 2 n , 0) j 

where /i e 1Z is also the regularization parameter just like the A in section 2 and 
Aj is the i-th eigenvalue of matrix A. 

From least square problem (5), the following equation can be gained and A is 
a real matrix, 

(a* a + LyL^x = a%. 

We exploit spectral decomposition A = J 7 * AT and = D^T to gain the 
following eqution 

J 7 * (A* A + fyfi^Tx = T*A*Tb. 
Similar to equation (12), it is easy to get the following equation 

x = T*{A*A + D*^D ll )- 1 A*Tb. (14) 

The above equation (14) is our final computing scheme. The following exper- 
iments in section 4 demonstrate the equation (14) is indeed a promising way for 
image restoration. The following Theorem shows that if the smallest eigenvalue 
of A* A + is sufficiently large, this can avoid propagation of the noise. 

Moreover, since our goal is to get smaller norm, the choosing of the regularization 
matrix L^L^ is proper which can help to determine the approximation solution. 
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Theorem 3.1 Let M = A* A + LyL^M G R nxn , where A G R nxn satisfies 
equation (10) and L M G C nxn satisfies equation (13). Let fi > be the regular- 
ization parameter, then 

i) T/ze smallest eigenvalue of the matrix M is /i 2 where fi 2 > \ 2 ,i G S where 
index set S = {j|A 2 > fi 2 ,j = 1, 2, • • • ,n}. 

ii) The regularization matrix L M has smaller Frobenius norm than jil , where fi 
here is the regularization parameter of Tikhonov model. 

Proof, i) According to the definitions of M, A, L M , we have 
M = A* A + Vfip = J r *A*AJ r + FDlDpF = J 7 * (A* A + LYjb^T = T*DT, 

where D is a diagonal matrix (i.e., A*A + Z)*Z) M ) that includes diagonal elements 
A? and fi 2 ,ieS,S = {j\X 2 > // 2 , j = 1, 2, • • • , n}. 

Due to the symmetric matrix M and unitary matrix J 7 , matrix M has the 
smallest eigenvalue fj, 2 . 

ii) We have 

II^IIf = II-^^IIf — \\ D h\\f — s a2< m 2(^ 2 - A 2 ), j G 5, 
and < ;U 2 - A 2 < /i 2 , 

= S A?< ^ 2 (/i 2 - A 2 ) < n/i 2 = \\fiI\\ 2 F . 

□ 

The new algorithm is shown as follows: 
Algorithm 1 (New Tikhonov regularization method using FFT algorithm (NTRF)) 

1. Compute A by spectral decomposition A = J 7 * A J 7 where A is a BCCB matrix. 

2. Compute parameter \i where \i = 5/i gcv , \i gcv is obtained by GCV method. 

3. Construct 

D 2 = diag[max(-u 2 — A 2 , 0), max(w 2 — A|, 0), • • • , max(w 2 — A 2 , 0)]. 

4. Directly compute 

x = J 7 * (A* A + D^D^A^b, 
where J 7 is not explicit, but matrix-vector multiplication Tb and T*b 
can be obtained by fft2(b) and ifft2(b) fastly in practical MATLAB 
implementation. 



4 Experimental results 

In this section, we present four different images synthetic, cameraman, lena, 
einstein in Figure 1 which are all of size 256 x 256 pixels to show the ef- 
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fectiveness and feasibility of our proposed method. The Tikhonov regulariza- 
tion method based on FFT (TRF), called tik fft in the MATLAB pack- 
age HON 1 from [2], is compared with our method NTRF by imposing peri- 
odic boundary conditions. Particularly, the traditional Tikhonov regulariza- 
tion method based on FFT method (TRF) is different from NTRF method. 
Mainly due to the different construction D 2 where the diagonal matrix of TRF 
method is diag[/i^ c „, /ig CV , • • • , fJ^ cv ], and the diagonal matrix of NTRF method is 
diag[max(w 2 — A 2 , 0), max(« 2 — A|, 0), • • • , max(« 2 — A 2 , 0)]. 

In the following examples, we mainly compare visual quality of restored image 
and the peak signal-to-noise ratio (PSNR) value which is defined as follows: 

255 2 

PSNR(u,v) = 10 • log w ^ 

where Vij and Uij denote the pixel values of the restored and the original images, 
respectively. Mainly we have that larger PSNR means better restored image. 

The noise-free blurred image b trU e is computed as b true = Ax trU e (see equation 
(2)). The elements of the noise vector e are normally distributed with zero mean, 
and if we set b = b irue + a • ||6t rue ||2 • e where b trU e is blurred signal. In this case, 
we say that the level of noise is a. For example, if b = b tTue + 0.01 • | \b trU e\ \ • e, the 
level of noise is 1% 

The corresponding regularization parameters a of all examples are generated 
by Generalized Cross Validation (GCV) for TRF, for simplicity, five times a for 
NTRF due to empirical estimation. The following numerical examples are all 
implemented with MATLAB (R2010a) and the computer of test has 1G RAM 
and Intel(R) Pentium(R) D CPU @2.80GHz @2.79GHz. 

Here, we consider two kinds of blur in our experiments, i.e., Gaussian blur and 
Moffat blur. The blurred images also are corrupted by additive noise-Gaussian 
noise. We not only compare the visual quality, but also compare the PSNR 
values of TRF method and NTRF method. From the following tables and restored 
images, we can easily get the fair comparisons of our NTRF method and TRF 
method. We also get that our method is more effective and stable. 

4.1 Example 1 

We consider images which are corrupted by blur and noise, where the blur is 
10 x 10 pixels Gaussian-shaped PSFs with standard deviation(<7 2 ) with 1, 1.5 and 
2, meanwhile, two kinds of Gaussian noise level are 0.5% and 1% . Table 1 shows 
the results obtained by TRF method and NTRF method. From the table, we 
can see that NTRF method gets larger PSNR values than TRF method. That 

1 www. siam.org/books/fa03. 
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Fig. 1: Original images. 



demonstrates the better numerical results of our NTRF method. Furthermore, 
from the PSNR comparisons of the two methods, we obtain that the numerical 
difference of PSNR in our NTRF method becomes larger with the standard de- 
viation a 2 decreasing and Gaussian noise increasing. For example, the PSNR 
value difference of a 2 = 1 and 1% noise between TRF and NTRF is larger than 
a 2 — 2 and 0.5% noise. It demonstrates that our NTRF method behaves better 
under the condition of lower blur and higher noise. Figure 2 shows the images 
degenerated by a 2 = 1.5 blur and 0.5% noise and the restored results by TRF 
method and NTRF method. Figure 3 displays the images degenerated by a 2 = 2 
blur and 1% noise and the restored images by TRF method and NTRF method. 
Evidently, the visual results with TRF method leave more noise (see the black 
region of second column in Figure 2) than our method. And our NTRF method 
shows the favorable denoising ability. 

Table 1: Corresponding PSNR values using TRF method and NTRF method 
under the different Gaussian blurs and Gaussian white noises. 



Examples 


Variance 


a 2 = l 


a 2 = 1.5 


a 2 = 2 


Noise 


0.5% 


1% 


0.5% 


1% 


0.5% 


1% 


synthetic 


TRF 


74.9845 


72.2842 


74.4708 


72.7537 


73.0333 


71.6071 


NTRF 


78.7617 


77.2222 


75.7437 


75.0221 


74.0365 


73.5287 


lena 


TRF 


79.1305 


76.7826 


77.3220 


76.0470 


75.1652 


74.2478 


NTRF 


81.2388 


79.8669 


77.4890 


76.8047 


75.4911 


74.9820 


einstein 


TRF 


79.8850 


77.3747 


78.0915 


76.7371 


76.0327 


74.9479 


NTRF 


82.3276 


80.8633 


78.2457 


77.4736 


76.1387 


75.6452 
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Fig. 2: First column: blurred and noisy images with Gaussian blur (a 2 = 1.5) 
and Gaussian noise(0.5%); Second column: restored images using TRF method ; 
Third column: restored images using NTRF method. 

4.2 Example 2 

We add Moffat blur into the images in this subsection. The detail of Moffat blur 
can be got from [17, 18]. And we use (x,y,z) to denote blur, where x represents 
the size of Moffat blur, y denotes standard deviation (a 2 ) of the blur, z is a 
parameter. Here the noisy-blurry images have a 2 = 1 and a 2 = 1.5 blur and 
0.5% and 1% Gaussian noise. Table 2 shows the excellence of NTRF method 
duo to the larger PSNR values using NTRF method for all test images. Similar 
as example 1, the numerical difference of PSNR in our NTRF method becomes 
larger with the standard deviation decreasing and Gaussian noise increasing. So 
we can also conclude that our NTRF method behaves better under the condition 
of lower blur and higher noise. Figure 4 shows the blurred and noisy images with 
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Fig. 3: First column: Blurred and noisy images with Gaussian blur (cr 2 = 2) 
and Gaussian noise (1%); Second column: Restored images using TRF method ; 
Third column: Restored images using NTRF method. 

Moffat blur (a 2 = 1) and Gaussian noise (0.5%). Figure 5 shows the blurred and 
noisy images with Moffat blur (a 2 = 1.5) and Gaussian noise (0.5%). From the 
restored images in Figure 4 and 5, the more residual noise using TRF and less 
residual noise using our NTRF method demonstrate the better visual results of 
our method. 

5 Conclusions 

In this paper, we apply the new Tikhonov regularization method with FFT algo- 
rithm to generate a novel method , i.e. NTRF method, for dealing with large-scale 
ill-posed image restoration problems, since FFT algorithm is good at computing 
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Fig. 4: First column: blurred and noisy images with Moffat blur (a 2 = 1) and 
Gaussian noise (0.5%); Second column: restored images using TRF method ; 
Third column: restored images using NTRF method. 

the spectral decomposition. Our new method retains the stability and effective- 
ness of the method in [3] , and reduces time-consuming by using FFT algotithm. 
The structure of blurring matrix is a key step and should be BCCB structure 
that generated by circularly symmetric PSF and periodic boundary conditions. 
In the numerical tests, we employed different variances of different types blur and 
Gaussian noise to compare the effectiveness of TRF method and NTRF method, 
respectively. Meanwhile, the comparison results show that our NTRF method 
works better than TRF method under different blurs and noises. Furthermore, it 
is easy to discover that the difference of PSNR values using our NTRF method 
becomes bigger if we set more Gaussian noise and the smaller standard devia- 
tion of blur. It demonstrates that our NTRF method behaves better under the 
condition of lower blur and higher noise, and shows the favourable denoising abil- 

12 
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Fig. 5: First column: blurred and noisy images with Moffat blur (a 2 = 1,5) 
and Gaussian noise (0.5%); Second column: restored images using TRF method 
; Third column: restored images using NTRF method. 

ity. Moreover, the restored images processed by TRF method contain more noise 
from the visual results while our NTRF method is not. Due to this, the proposed 
NTRF method performs better than the TRF method in the denoising process. 

The reason why our new method for large-scale problems can be implemented 
is that we can exploit the fast algorithm of structure matrix to gain the spec- 
tral decomposition, e.g., FFT algorithm. Similar as the idea of our method, the 
another structure matrix which can also gain the spectral decomposition by fast 
algorithm discrete cosine transformation (DCT) will be gained if we impose re- 
flexive boundary conditions and circularly symmetric PSF on the images. This 
work will be considered in the following paper. 
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Table 2: Corresponding PSNR values using TRF method and NTRF method 
under the different Moffat blurs and Gaussian white noises. 



Examples 


Variance 


a 2 = l 


a 2 = 1.5 


Noise 


0.5% 


1% 


0.5% 


1% 


cameraman 


TRF 


74.6245 


72.1259 


74.8573 


73.0050 


NTRF 


78.5629 


76.2789 


75.5309 


73.8735 


lena 


TRF 


75.9755 


73.3959 


76.5289 


74.5310 


NTRF 


80.5133 


78.3322 


77.6106 


75.9278 


einstein 


TRF 


76.5182 


73.9135 


77.2480 


75.1816 


NTRF 


81.3081 


79.2094 


78.7393 


76.7393 
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Abstract 

The classical de la Vallee-Poussin mean operators have played important roles in approxi- 
mation theory and harmonic analysis. This paper considers two kinds of spherical de la Vallee- 
Poussin mean operators. The first class is constructed by the convolution with a generalizing 
de la Vallee-Poussin kernel on the unit sphere, and the second one proposed in this paper is 
the convolution's discrete version on some regular grid points of the unit sphere. The errors, 
these operators approximating target functions in Sobolev space, are estimated. Furthermore, 
the upper bound and the convergence of the discrete type operators are discussed. 

Keywords de la Vallee-Poussin mean; sphere; filter; approximation 

MSC 65D10, 41A30, 41A63 

1 Introduction 

Considering that there exists complete orthogonal system on the unit sphere, so for a square inte- 
grable function under the Lebesgue measure, it has a Fourier-Laplace series expansion. Therefore, 
it is natural to study the approximation by partial summations of the spherical Fourier-Laplace 
series. Also, some known summation methods of the series, for example de la Vallee-Poussin mean, 
Cesaro summation, Riesz summation, and linear summations, especially attract researchers' atten- 
tion [14]. As a particular case of linear summation, de la Vallee-Poussin mean has some remarkable 
features. For example, on the unit circle T, the de la Vallee-Poussin mean is exact for polynomials 
of certain degree, and on the other hand it is uniformly bounded(see [12]). 

Naturally, an interesting issue is to define and explore the de la Vallee-Poussin mean on the 
unit sphere. Berens and Li [1] introduced a class of de la Vallee-Poussin mean operators by using 
spherical convolution scheme, and gave the upper and lower bounds of approximation error. Filbir 
and Themistoclakis [3] introduced a kind of de la Vallee-Poussin mean by using the multiplication 
of two Fourier kernels to study the spherical scattered data approximation. In [13], Sloan and 
Womerersley employed the technique of hyperinterpolation developed in [9, 11] and constructed a 
class of discrete filtered de la Vallee-Poussin mean operators with positive weights. In [12], Sloan 
introduced spheres-generalizing de la Vallee-Poussin mean operators by using a filtered version of 
the Fourier-Laplace series partial summation, and proved that the mean operators are uniformly 
bounded. 

In this paper we first construct a discrete form of spherical de la Vallee-Poussin mean operators 
by using filtered de la Vallee-Poussin kernel and cubaturc rule, which arc similar to, to some 
extent, quasi-intcrpolation operators on the unit sphere. Then, we estimate the errors of the mean 
operators approximating the function in Sobolev space. Also, we discuss the upper bound and the 
convergence of the mean operators. 

The outline of this paper is as follows. In the next section, we state some backgrounds and 
related notations. In Section 3, we mainly prove two lemmas. In last section, we state our results 
and give their proofs. 

"This research was supported by the National Natural Science Foundation of China (Nos. 61272023, 61179041) 
t Corresponding author. Email: feilongcaoagmall.com 
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2 Backgrounds and Notations 

Let S 2 := {x := (xi,x 2 ,x 3 ) £ R 3 : x\ + x\ + x\ = 1} be the two-dimensional unit sphere embedded 
in R 3 , and the space L 2 := L 2 (§ 2 ) be the Hilbert space of square integrable functions on § 2 with 
the inner product (f,g) := J g2 f(x)g(x)dx, and the norm ||/|| 2 := \J (/, g), where dx denotes the 
Lebesgue surface measure on § 2 . The space of continuous functions on S 2 is denoted by C(§ 2 ) 
with the supremum norm |j/|| := sup a . eS 2 |/(a;)|. 

For integer I > 0, the restriction to § 2 of a homogeneous harmonic polynomial of degree I is 
called a spherical harmonic with degree I. The class of all spherical harmonics with degree I is 
denoted by H, and the class of all spherical harmonics with degree I < n is denoted by II„. Of 
course, we have IT„ = ffi" =0 H;. The dimension of H; is given by d\ := 21 + 1 for / > 1, and di :— 21 + 1 
for I — 0. For any I £ No, the set {Y^ k : k = 1, 2, . . . , di} denotes a real 1? orthogonal basis of Hj. 
The addition formula establishes a connection between the spherical harmonics with degree k and 
the Legendre polynomial Pk, which is given by 

21 + 1 9] , 

'E l Y l , k (x)Y ltk (y) = -± r Pl(x-y), (2.1) 

k—l 

where Pi is the Legendre polynomial with degree k, and Pi(l) — 1. From (1), we can define the 
kernel K\ as 

21+1 2/ + 1 

Kfay) := K t (x ■ y) := ^ n k (x)n k (y) = ~^ P i( x ' v)- ( 2 - 2 ) 

k=l 

Since L 2 (§ 2 ) = closure{©;Hi}, any function / e L 2 can be expanded into a Fourier-Laplace 
series with respect to orthogonal system {Y^ k : k = 1,2, ... ,21 + 1,1 = 0, 1, . . .} as follows: / = 
IXo Efci 1 fl,kY itk , where/ /jfc are Fourier coefficients given by f lyk := (/, Y lyk ) := J §2 /(a;)yj ifc (ar)da;. 

For more backgrounds related to spherical harmonic analysis, we refer the reader to [4], [8], 
and [14]. 

We here also need to deal with Sobolev space H r (E> 2 ): 

{oo , s 2r 21+1 ~j 

feL 2 (S 2 ):\\f\\ 2 r :=J2(l + ^) E^ <00 }> 



Let h : R + — > M + be a bounded function satisfying 

fc(a;) = 



1, I6[0,l], 
0, x e [2,+oo), 

which can be called "filter function" by following a lead from signal analysis. So we use the "filter 
function" and the kernels Ki(t)(i — 0, 1, . . . , 2L), and construct a new kernel H^t): 

ff L (t):=5>(^Wt), t£[-l,l}. (2.3) 
i=o ^ ' 

Now we construct the de la Vallee-Poussin mean operators for given / £ L 2 (S 2 ) (see [12]): 

V L f(x) := (f,H L (x, •)) = / f(y)H L (x ■ y)dy, (2.4) 

which can be written as V L f(x) = Ydta h (r) Y? k =i fl,kYi, k (x). 

For x £ § 2 , it can be represented in polar coordinates by 0, <ft as x := (cos <f> sin 0, sin sin 0, cos 0) , 
where 9 is the colatitude angle measured down from the z-axis and varying between and 7r, and 
(j> is the latitude angle varying from to 2it measured from the x-axis. 
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We now are concerned with the approximation based on the following equiangular grid points 
T N := {{0 m , (f>i), < m < 2N - 1, < I < 2A - 1} , where 9 m := and (pi = For / e 
C(§ 2 ), Driscoll and Healy [2] proposed an approximation scheme for the discrete form operators: 

JV-l 21 + 1 

Qn-iWA) :=EE fn,jYnA8,<f>), 

n=0 i=0 

where 

^2^:2^-1 2jv-i 

/n,j : = -7jj-f- °™ X! f(0m,<f>l)Y n ,j(0 m ,<f>l), 

m=0 Z=0 

a ™ : = a7 sm (at) E 2TTI sm ( (2 ' + 1} at) ' ^ m ^ 2N - 

1=0 

The coefficients are chosen so that the trapezoidal rule 

2JV-1 2JV-1 



and 



/(0m,&) 



is exact for all polynomials of degree at most < 2 A — 1. 

In this paper we also consider the following discrete version of operators (4) based on the grid 
points Tn, which can be written as 

2N-1 2JV-1 

Vkf{x) := ^^a^m^H^t-x) (2.5) 

s=0 j=0 
7^— 2JV-1 2JV-1 2L , , 



E /(*«> wE ft 7 • *)■ ( 2 - 6 ) 



2A 

In the following, C denotes an absolute positive constant and its value may be different at 
different occurrences, even within the same formula. 



3 Preliminary Results 

2JV-1 2JV-1 

We introduce the notation (/, g) N := ^ a m 2 f(9m><t>l)9(0mi < l > l)i as the discrete inner 

m=0 1=0 

product of / and g. Then we have 

(1) fn,j - Ep=0 EZo fptsO^nj, Y PjS )n; 

where <5 Xj?/ is the Kronecker symbol defined by 5 x _ y — for x ^ y, and = 1 for x = y. 

We denote by I n ,j(p) the set of all indices ~p < s < p such that s = j(mod 2A). Then, for 
< n < N, and < p < N - 1, it follows that 

j _ f <t>, if Ul >P, 
In ^ p) -\ {j}, if |j| <p. 

The following Lemma 1 and Lemma 2 can be found in [5]. 

Lemma 1 (sec [5]). If / has Fourier-Laplace series expansions, then for n < A there holds 

fn,j = fn.j + ^p=JV Y^isel n j(p) fp,s(Yn,j, Yp,s)N- 

Lemma 2 (see [5]). Let < n < A and \j\ < p. Then forp > A, there holds that \I n ,j(p)\ < y , 
where \I n ,j(p)\ denotes the cardinal number of set I n j(p). 

From the two lemmas, we can prove the following Lemma 3. 
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Lemma 3 If / e H\ then £„ =0 £? = _ Jf(n,j) - f(n,j)\ 2 < C q N 2 ^ 
denotes a positive constant depending only on q. 
Proof From Lemma 1, we get 



1 2 , where C q 



\f(n,j)-f(n,j)\ 2 < 



£ f(P,s)(Y n>j ,Y PtS ) 

p>N seln,j(p) 



N 



< (E E p~ 29 E E p a 'i/(p.«)i a i(5 r -j.n,.) 

\P>N seln,j(p) J \p>n sei n ,j(p) 



N 



By Lemma 2 we have 



C 



E E p- 2q = E \i n ,M\p- 2q < ^ E ^ 29+1 ^ c ^ 



-2q 



P>NseI n ,i(p) 

On the other hand, 

N n 



p>N 



p=-N 



N n 



EEE E p 2, i/(p.*)i 2 K^,i.^,.)j V | 2 <E E E E p 2 vm\ 2 

n=0 j=-np>N sel n ,j(p) n=0 j=-np>N sel n j(p) 

KCNYiP+h 2 ' 1 E l/MI 2 <CWE^+ J)'' E \f{p,s)\ 2 <CN\\f\\l 



p>N 



sei n ,j(p) 



p>N 



s — —p 



Hence E„ = o E - iW)| 2 < C q N 2 ^ \\f \\ 2 q . The proof of Lemma 1 is complete. 



Lemma 4. Let H^t) be the kernel defined by (3). If there exists a positive constant C such 



that 



2L-1 

E 

1=0 



A 6 h 



< 



C_ 
L2' 



(3.7) 



then |ffi(t)| < CL 2 . 

Proof For the kernel sequence K a (t), K\{t), . . ., the partial summations z[°\ zj X \ and z[ 2 ^ 
can be defined as (see [9]) 

Zi 0) (t) = K Q (t) + --- + K l (t), 

z^(t) = 4°>(t) + ... + ^°)(t), 

Z ; (2) (t) = + + 

respectively. Applying the summation formula by parts to the formally infinite series 

I 



H L (t) = J2h( I )K l (t) 



1=0 



yields 



H L(t) = -E( A "({)) z . <0| w=E( A2 "(i)) z . <1, w 



(3.8) 
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where Ah(j^), A 2 h(j^), A 3 h(j^) denotes the first, the second, and the 3st forward difference of 
h(j^), respectively, and the fact that all forward differences of h(j^) vanish for I > 2L is used in 
the last step. 

By Cesaro summation formula, we have 

zf\t) = Z?\t) + 2z£\(t) + 2 -^zl%(t) + ■■■+ 2 - 3 --^ + 1) 4 0) W- (3-9) 
Furthermore, 

Zf\t) = K (t) +K 1 {t) + --- + Ki(t) = + 3Pi(t) + • • • + (2i + l)Pi(t)). 

So it follows from the inequality |-P,(f)| < 1 (see [4]) that 

\zf\t)\ < ^(1 + 3 + • • • + (2i + 1)) < C(i + l) 2 . (3.10) 

Combining (9) with (10), we get 

\z\ 2 \t)\ < C((l + l) 2 + 2l 2 + --- + (l + l)) 

< C((2Z + 3) 3 + (2Z + 2) 3 + ••• + (/; + 3) 3 ) <C7 4 . (3.11) 

So from (8), (11), and the condition (7) we obtain 

\H L (t)\ < CL 2 . (3.12) 

This finishes the proof of Lemma 3. 

4 Main Results and Proofs 

We first estimate the approximation errors of operators (4) and (5) when the approximated func- 
tions are in Sobolev space H r (E> 2 ). 

Theorem 1 If the filter function h is bounded by M, then for / € H q (q > 0), there holds 

\\.f-V l f\\ q <(M+l)^L+^ 9 \\f\\ q . 

Proof Since / e H q , f has the expansion: f(x) = Y^lo Yfk=i fl,kYi,k(x), and v L.f(x) = 
Hfto h (i) T,k=i fl,kYi,k(x). Hence, 



2L / / . x x 2 22 + 1 oo 22 + 1 



if-VL.fr = E Mi - 1 E^+ E 

l=Q ^ ^ ' ' fe=l (=2L + 1 fe=l 

- E HI)- 1 ) E& + E E& 

l=L + l \ \ / / fc=l i=2L + l fe=l 

o\ -2q 2L / 1 \ 2 9 / / 7 \ \ 2 2i+l 



o\ —^1/ 00 / i \ 2(j 2/+1 



=2L+1 v 7 fc=l 

-2g oo , 1 \ 2 9 22+1 



/ o\ oo / 1 v zq zi-ti 

< (M+ifU+l) J2 (i+i) E# 

\ ' f— r._i_i \ / i — i 



l = L+l v ' k = l 

2q 
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Therefore, 



||/-Vb/||<(M + l)(L+- 



\q- 



The proof of Theorem 1 is complete. 

Theorem 2 If / e H q (q > 1), and the filter function h is bounded by M, then 

11/ - V£f\\ <C q ML-to-V\\f\\ q . 
Proof For the operators (5), we apply Funck-Hecke formula (see [4, 8, 14]), and obtain 



2N 



/2tt 
2N 



2N 



2N-1 2N-1 

£ a ^ E f(6s,<f>t)H L (iv Si f x)Y nJ (x)dx 

s=0 j=0 
2JV-1 2JV-1 

E^E m,4H)H L (n)Y nd (w a , t ) 

s=0 j=0 

2N-1 2JV-1 

H L (n) £ «f £ /(^.0t)^Kt) = ffi(n)/(n,i). 

s=0 j=0 



Hence, 



oo n 



\\f-V£f\\ 2 = £ £ [/(n,j)-^/(n,j 

n— j=—n 
oo n 

= EE [/>,i)-/>,i)^W + /(n,i)^(n)-^(n)/(n,i)' 



n— j — — n 

which follows from the basic inequality (a + 6) 2 < 2 (a 2 + fr 2 ) that 



11/ -V#/f < 2 EE |/(n,i)| 2 [l-^(n)] 2 E E l^(»)l 2 l/(«.j)-/(n,i)| 2 

I n=0 j=—n n— j — — n 

oo n 2L n 

= 2 E E l/>,i)| 2 [l-^(n)] 2 + 2£ E \H L (n)\ 2 \f(n,j)-f(n,j) 

n— j——n n—0 j — — n 



oo n 



+2 £ £ |^(n)| 2 |/(n,i)-/>,i)| 2 - 

n— 2L+1 j ——n 

From (2) and (3) we know if L (t) = j^E^oMr) + So we use the facts (see [4]) 

H L (n) = 2ir j\ H L (t)P n (t)dt, and J_j P n (t)P m {t)dt — 2n+l^nm, and obtain 



^ (n) = | /j(l), n = 0,l,...,2L, 



n = 2L + 1,2L + 2, . . . 



(4.13) 



Hence, by Lemma 3 and (13) we see 



oo n 



2L n 



\\f-Vkf\\ 2 < 2( E E l/Kj)| a [l-5L(n)f + E E l^(n)| 3 |/(»,i)-/>,j) 

tn-L+1 j ——n n—0 j — — n 



< CM 2 L- 2 i\\f\\ 2 q + C q M 2 L 2 ^\\f\\ 2 q < C q M 2 L~ 2 ^ q ~ V) ||/|| 2 , 



which follows 



11/ - v^/|| < c^Afi-c*- 1 )! 



544 



CHEN CAO 539-546 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 

Z. X. Chen & F. L. Cao: Approximation by Spherical de la Vallee-Poussin Mean 



The proof of Theorem 2 is complete. 

Sloan [12] studied the convergence of operators (4) in the metric of uniform norm, and obtained 
a profound result (here we only give the case of S 2 ) : 

Proposition 1 Let ft £ C 1 (M + ) be the unique piecewise polynomial constructed as follows 



h(x) 



1, a; €[0,1], 

i-2(^-i) 2 , ,xe(i,|], 

2(2 -x) 2 , .xe(f,2], 

0, x £ (2,+oo). 



is a 



And let Vl be the linear operators defined by (4). Then sup £>0 \\Vl\\ < oo, where C 1 ( 
class of functions which are defined on [0, +oo) and have continuous derivatives. 

Sloan [12] reduced the restriction of ft £ C°°(]R + ) (see [10], [14]) to ft € C 1 (M+). In fact, the 
key inequality (7) also holds when ft only satisfies the above conditions in Proposition 1. Motivated 
by this, we introduce a function class MW 3 , which is composed of the function satisfying 



to 3 (f,u) < Mu 3 , 0<u<l, 



(4.14) 



where M is a positive constant, and u>s(f, u) is the modulus of smoothness of order 3 of function 
/ (see [6]). Clearly, from the definition of w 3 (,f, u) we find for ft £ MW 3 , 



2L-1 

E 



A 3 h 



2L-1 



< 



1=0 



MC 

L 3 ~ 



So we have 

Theorem 3 Let ft £ C(M + ) be a filter function, and it satisfies the smoothness condition (14). 
Then for linear operators (4), we have sup i>0 ||Vl|| < oo. 

Next we estimate the upper bound of uniform norm for the operators . 

Theorem 4 If the filter function ft satisfies (7), then for the operators (5), there holds ||V^|| < 
CL 2 . 

Proof From 3.5.5 and 3.5.7 in [7], we have for x £ [0, 2w], 



sin 2x sin 3a; sin Ax 
SmX -^ + — 3 4- 



sin(2A - l)x 
2N- 1 



< V2\x\ < 2V2tt, 



sin x + 



sin 2x sin 3a; sin 4a; 



+ 



+ 



+ ••• + 



sin(2A - l)x 



2N-1 



Thus, 



Hence, 



sin 3a; sin 5a; 



SIM 



sin(2A - l)x 



2N 



<2(2^r+2 



1). 



JV-1 



22 . / mu \ 



N 



sin i 



E sin ((2/ + 1) 



m7r\ 



C 

< . 

- N 



(4.15) 



Using Lemma 4 and (15), we obtain 

2JV-1 2N-1 



\V£f(x)\ = 



< 



2tt 



2N 



«f E f(0s,<t>t)H L (uJ s ,fx) 



AT 2 ' 



=0 j=0 
2JV-1 2AT-1 



4' 



ii 2 Y. E ^ CIJ2 

s=0 j=0 



2N-1 2N-1 

E KH L ^ s ,fx)\ 

s=0 j=0 



that is 



\V£\\<CL 2 . 
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The proof of Theorem 4 is completed. 

From Theorem 4 we see that for fixed kernel Hl the norms of operators sequence {||V^||} are 
uniformly bounded. Since Hl(uj ■ x) is a spherical polynomial with degree 2L, and 



/ 



pr-2N-l 2N-1 

f(y)H(x-y)dy^^ E a ^ E m,4H)H L (u a ,fx), 

s=0 j=0 



is exact when f(y)H(x ■ y) is a polynomial with degree 2N — 1, we have 

\f(x) - V$f{x)\ < \f(x)-p 2{N - L) - 1 (x)\ + \p 2{N - L) - 1 (x)-V^f(x)\ 



< 



E 2 (N-L)-l{f) + \\V N \\E 2 (N-L)-l(f) < CL E 2 (N-L)-l{f), 



where P 2 {n-l)-i{x) is the best approximation polynomial with degree 2(N — L) — 1 of /, and 
E 2 iN-L)-\{f) denotes the best polynomial approximation of /. 
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1. Introduction 

Throughout the paper, R n will denote the complex n— vector space and 
the set ofnxm matrices by R nxm . For a matrix A G R mxn ) \\A\\ represents 
its Frobenius norm, R(A) represents its column space, tr(A) represents its 
trace and vec(-) represents the vec operator, i.e., vec(A) = (a± , a^, • • • , a^) T 
for the matrix A = (a u a 2 , • • • , a n ) G R mxn , a* G R m , % = 1, 2, • • • , n.A <g> 5 
stands for the Kronecker product of matrices A and 5. 

In [28] , Peng and Hu presented the conditions for the solvability of matrix 
equation AX = B over reflexive or anti-reflexive matrices and the numerical 
methods for solving the matrix equation AX = B over generalized (P, Q) 
reflexive or anti-reflexive matrices have been proposed in [49]. In [15], the 
authors presented a new iteration method for AX = B. Then, the conditions 
for the solvability of matrix equation AXB = C over special matrices such 
as symmetric matrices (anti-symmetric matrices), reflexive matrices (anti- 
reflexive matrices) and so on, have been presented in [4, 16, 19, 29, 30, 31, 
32, 33, 37, 48, 50]. By using the generalized singular value decomposition, 
and gradient based method, the conditions for the solvability and numerical 
methods for Sylvester and generalized Sylvester equation have been proposed 
in [1, 5, 9, 17, 26, 34, 36, 39, 40, 41, 42, 43, 44]. The coupled matrix equations 
have been considered in [6, 7, 8, 10, 11, 12, 13, 18, 20, 21, 22, 38, 45] and the 
other kinds of matrix equations have been considered in [14, 23, 24, 25, 46]. 

In this paper, we will consider the following matrix equations 

A i XB i = C i (i = l,2,---,N) (1) 

where A { G R pxn ,Bi G R mxq ,Ci G R pxq and X G R nxm is the generalized 
(P, Q) reflexive matrix. 

In [3], the definition and some properties of generalized reflexive (anti- 
reflexive) matrix have been presented. 

Definition 1. ^ A matrix P G R nxn is called a generalized reflection ma- 
trix if P T = P and P 2 = I. A matrix A e R nxm is said to be a generalized 
reflexive (anti-reflexive) matrix with respect to the generalized reflection ma- 
trix P G R nxn , Q G R mxm , if A = PAQ(A = -PAQ). We denote the set of 
all generalized (P,Q) reflexive (or anti-reflexive) matrices by R^: xm (P,Q)(or 
R n a xm (P,Q))- 

According to the definition above, the proof of the following lemma is 
trivial. 

2 
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Lemma 2. For an arbitrary matrix A G R nxm t we have 

A + PAQ e R? xm (P, Q),A- PAQ g R nxm (P, Q), 
where P, Q are generalized reflection matrices. 



Lemma 3. If A e R r r 
0. 



[P,Q),B G R nxm (P,Q), then we have tr(A B) 



Now we consider the following problems. 

Problem I. For given matrices A { G R pxn ,Bi G R mxq ,d G P px<? , find 
matrices X G R? xm (P, Q) such that 

/ AiXfii-Ci \ 
A2XB2 — C2 



\ A N XB N — C N J 



mm 



N 



Obviously, Problem I is equivalent to solving \\AiXBi— Ci\\ 2 = min{X G 



i=i 



N 



R? xm {P,Q)}. We denote F{X) by ^ \\AiXB t - d\\ 2 . 

Problem II. Let Sr denote the set of solutions of Problem I, for a given 
Y G R? xm (P, Q), find X G Sr such that 



IX -Y\ 



min ||X — y| 

xes R 



Problem II occurs frequently in experimental design, see for instance [27]. 
Here the matrix Y may be obtained from experiments, but it may not be the 
solution of Problem I. The best estimate X is the matrix that not only is the 
solution of Problem I, but also is the best approximation of the matrix Y. 

As to Problem I, an iterative method is presented to solve it. By this 
method, the solvability of Problem I can be determined automatically, i.e., 
for any generalized (P, Q) reflexive initial iterative matrices X ll the solutions 
of Problem I can be obtained within finite iterative steps in the absence of 
roundoff errors. The unique least-norm generalized (P, Q) reflexive iterative 
solution of Eq. (1) can be derived when an appropriate initial iterative 



549 



PENG WANG 547-561 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



matrices is chosen. Furthermore, the optimal approximate solution of Eq. (1) 
for a given matrices Y can be derived by finding the least-norm generalized 
(P, Q) reflexive solutions of a new corresponding matrix equations. Finally, 
a random numerical example is given to support the theoretical results of 
this paper. 

2. An iterative algorithm for solving Problem I and Problem II 

In this section, we firstly introduce some definitions, lemmas and theorems 
which are required for solving Problem I. The proof of the following lemma 
is similar with [2] and its proof is omitted. 

Lemma 4. Let F(X) be a continuous, differential and convex function on 

R nx m (p } QJ^ then there exlsts X * e Rnxm^p Qj guch ^ 

F(X*) = min F(X), 

xeRr xm (P,Q) 

if and only ifVF(X*) = 0. 

According to the Taylor series expansion, we have 

F(X + eH) = F(X) + e(VF(X),H) F + o(e), VX, H G K? xm (P, Q),e e R, 

(2) 

where is the F-inner product denoted by (A,B) F = tr(B T A) and 

VF(X) is the gradient of the function F(X). 
By concrete deduction, we can get 

N N 

F(X + eH) = F(X) + 2e ^(A*^ - Q, AHB^p + e 2 ^ || MHBifj?. (3) 

i=l i=l 

Then by Lemma 2, we have 

2e(AiXBi - d, AiHBi) F 

= 2e{AjA i XB i Bj - AfQBf, H) F 

= 2e{\{AjA l XB t Bj - AjQBf + P{Aj A i XB i B T i - AjQBf)Q), H) F 
+\(Aj AiXBiBj - AfQBf - P{Aj A i XB i B T i - AfQBf)Q),H) F ) 
= e(AfA t XB t Bf - AfQBf + P(Af A.XB.Bf - AfQBf )Q, H) F . 



4 
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So we can get 

N 

F(X + eH) = F{X) + e J2( A J A i XB i B I - A *^Bj 

i=i 

N 

+P(AjA l XB l Bf - AfdBf)Q, H) F + e 2 ^ 

i=i 

By comparing the above equality with (2) we have 

N 

VF(X) = Y^i^AXB.Bj - AjQBj + P(Aj A r XB t B T t - A^C,Bj)Q) F . 
i=i 

(4) 

Therefore, we can get the following lemma 
Lemma 5. X* G R r r lXm (P,Q) is a solution of Problem I, if and only if 

N 

VF(X*) = Y J {AjA i XB i Bj-AjC i Bj + P{AjA i XB i Bj-AjC i Bj)Q) = 0. 
i=i 

For convenience, we denote 

D(H) = f:(AjA t HB t Bf + PAf AHB t BfQ), 

i=l 

N 

E = Y J {AJC 1 BJ + PAJC 1 BJQ), 

F(X) = -VFpT) = E — D(X), F k = F(X k ). 

Algorithm 1: (An iterative algorithm for solving Problem I) 

Step 1. Input matrices A, L G R pxn , B, t G R rnxq , Q G R pxq (i = 1, • • • , N) 
and the generalized reflexive matrices P G R nxn , Q G _R mxm ; Choose any 
matrix X l G R? xm (P,Q); 

Step 2. Compute F± — E — D{X 1 ), d = D{F{), k := 1 

Step 3. If F k = 0, stop; else 

Step 4. Compute 

Xk+i = X k + || Gfe ||f Gk, 
Fk+i = F k — || Gfc ||f D(Gk); 

Mr? 112 
- ^fc+1 - py| Uk, 

5 
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Step 5. If F k ^ 0, k := k + 1, go to Step 4. 

Obviously, we know that X k e R r (P,Q),G k € R r (P,Q),F k e R r (P,Q). 
According to Algorithm l,the following lemmas can be verified easily by using 
similar methods of [35]. 

Lemma 6. For the sequences F k , G k which are produced by Algorithm 1, if 
there exists an integer number k such that Fj ^ for alii — 1, 2, • • • , k, then 
we have that 

(F, Fj) F = 0, (Gi, D[Gj)) F = (i, j = 1, 2, • • • , k, j) (5) 

Lemma 7. If X* e R^ xm (P,Q) is a solution of Problem I, the following 
equality will hold for any initial matrix Xi e i?" xp (P, Q) 

(X*-X i , J D(G i ))F = a||i f i||F, 
where a is a positive number. 

Theorem 8. For an arbitrary initial matrix X\ e R™ xm (P,Q) , a generalized 
(P, Q) reflexive least-norm solution of Problem I can be obtained by Algorithm 
1 within finite iterative steps in the absence of roundoff errors. 

Proof: If there exists a positive integer k < mpq such that F k = 0, 
then Algorithm 1 will stop and X k exactly is the solution of Problem I. 
Otherwise, F k ^ 0(k = 1,2, • • • ,mpq), i.e., G k ^ by Lemma 7. Therefore, 
Xmpq+i an d F mpq+ i can be computed by Algorithm 1. Now, by Lemma 
7 we have (F k , F mpq+l ) F = 0, k = l,2,---,mpq and (F k ,Fj) F = 0,k,j = 
1, 2, • • • , mpg, 7^ j. So, Fi, • • • , F mpq+ i is an orthogonal basis of the matrix 
space R™ pxq (P,Q), which implies F mpq+ i = 0, that is, X mpq+ i is a solution 
of Problem I. 

Lemma 9. ^ ^ Assume that the consistent system of linear equations My = 
b has a solution yo G R(M T ), then yo is the least-norm solution of the system 
of linear equations. 

N 

Theorem 10. If Problem I is consistent and Xi = J2( A I H i B T+ PA f H i B lQ) 

i=l 

is the initial iterative matrix, where Hi{i = 1, 2, • • • , N) are arbitrary, or es- 
pecially let Xi = 0, then the unique least-norm generalized (P, Q) reflexive 
solution of Problem I can be obtained by Algorithm 1. 

6 
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Proof: The proof is similar with the method of [47] and so is omitted. 
Now we consider Problem II. 

For arbitrary matrix Y G R nxm and X G Sr, by Lemma 2 we can get 



2 



min \\X - Y\\ 2 = min \\X - \{Y + PYQ) - \{Y - PYQ)\\ 

= min \\X-\{Y + PYQ)f + \\\{Y-PYQ)\\\ 

As the set of solutions of Problem I denoted by Sr is not empty. Hence, 
to find X* G R? xm (P,Q) such that min \\X - Y\\ 2 is equivalent to 

XeR" xm (P,Q) 

find X* G R? xm (P, Q) such that 

N 

min Y^\\A i {X-Y)B i -C i -A i XB i \\ 2 . (6) 

xeK xm (P,Q) ^ 



Let X = X — Y, C« = - AiF^, then Problem II is equivalent 
to finding the least-norm reflexive solution X* of the following minimum 
residual problem 

N 

min S^WAiXBi-CW*.. (7) 

xei?" xm (P,Q) 

According to Theorem 10, if we take the initial iterative matrix X\ = 

N 

^(AjHiBf + PAjHiBjQ) for (7), where Hi G R mxq (i = 1, 2, • • • , N) are 

i=i 

arbitrary, or especially let X 1 = 0, then the least-norm solution X of (7) can 
be obtained by Algorithm 1. Thus, the solution of Problem II is X = X +Y. 

3. Numerical example 

The stopping criterion used is that the Frobenius norm of F k less than e, 
where e = 1CT 8 . 

Example 1. We consider the linear systems of matrix equations 

A 1 XB 1 = d 

A 2 XB 2 = C 2 (8) 
A3XB3 = Cs 



7 
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(a) Find the solution of Problem I and the least-norm generalized (P, Q) 
reflexive solution of the matrix equation with respect to P, Q 

(b) Let Sr denote the set of solutions of Problem I with respect to P, Q. 
For a given matrix Y € R nxm , find X* G S R such that \\X* — Y\\ 2 F = 
min \\X — Y\\%. 

Firstly, we can compute the solution and least-norm generalized (P, Q) 
reflexive solution of Problem I by using Algorithm 1. Initial iterative matrix 
is chosen as zero matrix and P and Q are chosen to be 



P = Q 



(o 
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\ 





-1 











1 























1 



















By Algorithm 1, we can get 
/ 



A92 — 



92 F 



0.5650 
-1.6275 
-0.1602 

0.2782 
-0.7231 



VP(X 



1.0337 
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-1.0337 



92)||f = 



-0.1602 
1.6275 
0.5650 
0.2782 
-0.7231 - 
0.9002 x 10 



0.5760 
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\ A 3 XB 3 
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AlXg 2 B\ — C\ 
A 2 Xg 2 B 2 — C 2 
AsXg 2 B 3 — C3 
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then we can get the unique least-norm generalized (P, Q) reflexive solution 
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as follows 
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||^85||F=||-VF(X 85 )|| f 

Therefore, the solution of Problem II is 
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X. 
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K 5 + y = 



\ 



In this case, we have 



mm 



5.3691 
-12.2381 
4.2389 
9.7156 
4.6203 



\X-Y\ 



10.7706 
9.2942 
-10.7706 







4.2389 

12.2381 

5.3691 

9.7156 

4.6203 



7.4314 


7.4314 

16.4878 

14.5433 



\X, 



85 



Y\ 



20.6606. 



5.3798 


5.3798 

11.8015 

9.6373 



4. Conclusion 

In this paper, a finite iterative algorithm for solving the generalized (P, Q) 
reflexive least-norm solutions of a class of matrix equations has been present. 
A very appealing feature of this algorithm is that a solution can be obtained 
within finite iteration steps in the absence of roundoff errors. Also, the unique 
least-norm generalized (P, Q) reflexive solution of the matrix pair nearness 
problem has been considered. However, the convergence rate and error anal- 
ysis of Algorithm 1 are very complicated and have not been considered in 
this paper. We leave these cases as a topic for further research. Of course, 
for the problem with large and not sparse matrices, Algorithm 1 may not be 
finite termination because of errors. 
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DIFFERENCE BETWEEN THE INTEGRAL MEANS ARISING 
FROM MONTGOMERY'S IDENTITY AND APPLICATIONS 

DAH-YAN HWANG 1 AND SILVESTRU SEVER DRAGOMIR 2 ' 3 



Abstract. Some new estimates of the difference between the integral means 
for convex, s-convex in the second sense, and quasi-convex functions are estab- 
lished. New estimates of errors in approximating probability density function 
involving general moments are also given. 



1. Introduction 



In [1], Cerone and Dragomir established an identity of Montgomery to obtain 
the following result. 

Theorem 1. Let f : [a, b] — > R be an absolutely continuous mapping and as is also 
g : [x,y] — > R with [x,y] C [a,b]. Then the following inequalities hold, 

fb 

(1.1) 



f g( s )f(s)ds--^— [ f(s)ds [ V g(a)di 

J x a Jo J X 



iff e Loo [a, 6]; 



< { 



(b- 



Ik/ 

-a)\ 

+ £\<K8;x,y,g)\*d8y, 



.[(a;-o)« +1 + (6-y)« +1 ] 



i/fsLpMl.pl, I =1 



l^maxje/j' |.g(s)|ds,sup se[;r ^ |0(s; a;, y; g)| |, if f e £i[a,6]; 
where, for s e [a, 6], 



4>(s;x,y;g) = (s - a) / g{u)du - (b - s) J g{u)du, 

a+b x+y 



n b — a y — x 



2 2 

and || • || p ,p > 1 are the usual Lebesgue norms on [a,b]. More precisely, 
1 1 .9 1 1 oo := ess sup te[ab] \g(t)\ and \\g\\ p = ( f a |g(s)| p ds) " , 1 < p < oo. 

The above results are obtained for a generalized Chebychev functional, see [2, 
Ch. IX] invoving the integral mean of functions over different intervals. The special 
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case of Theorem 1, it produces a generalization of the following Mahajani type 
inequalities, see [3, p. 474]. If / has a bounded derivative on [a,b] and f f(x)dx = 
then, for x € [a, b], the following incqulity holds : 



f(t)dt <^-^||/'| 



In [4], Fink has given some generalization of Mahajani type inequality as well. 

In what follow, we recall the definition of s-convex function in the second sense, 
usually denoted by K%, that was introduced by Hudzik and Maligranda [5]. This 
class is defined in the following way : / : [0, oo) — > R is said to be s-convex function 
in the second sense if 

f(ax + (3y) < a s f(x) + p s f(y) 

for all x, y G [0, oo),a, (3 > with a + /3 = 1 and for some fixed s e (0, 1]. For 
example, the function / : [0, 1] — > [0, 1] defined by f(t) =f,s£ (0, 1], is a s-convex 
function in the second sense. It can be easily seen that for s = 1, s-convexity re- 
duces to ordinary convexity of functions defined on [0, oo). 

In [6] , Dragomir and Fitzpatrick proved a variant of Hadamard's inequality which 
holds for s-convex functions in the second sense. Suppose that / : [0, oo) — > [0, oo) is 
a s-convex function in the second sense and a, 6, e [0, oo) with a < b. If / € L x [a, b], 
then the following inequality holds: 



The constant is the best possible in the second inequality (1.2). 

Recently, Alomari ct al. [7] have established some Ostrowski type inequalities 
for the class of functions whose derivatives in absolute value are s-convex functions 
in the second sense. 

In the following, we recall the definition of quasi-convex functions. In [8], this 
class is defined in the following way : / : [a, b] — > R is a quasi-convex functions if 

f(ax + (1 - a)y) < max{ f (x), f(y)} 

for all x,y £ [a, b],a <E [0, 1]. Clearly, any convex function is a quasi-convex func- 
tion, and there exist a quasi-convex function which is not convex, see [9]. 

The purpose of this article is to establish some new results related to the inequal- 
ity (1.1) for the functions whose absolute value of the first derivative are convex. 
The corresponding versions in the case that the power of the absolute value of the 
first derivative is s-convex in the second sense, s-concave in the second sense and 
quasi-convex, respectively, are also obtained. Applying the obtained results, some 
new Mahajani type inequalities over any subinterval and some new inequalities for 
the probability density functions involving moments will be also given. 
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For convenience, for a < x < y < 6, we use the following notations throughtout 
this paper: 



A{x,y;g) = f g(s)ds; 

J X 

4>(s; x, y; g) = (s - a)A(s, y; g) - (6 - s)A(x, s; g),s E [x, y]; 

1 



ti \ (x-a) 2 
I(x,y;g) = + 



J{x,y,g) = 

K(x,y,p;g) 



3(6 -a) \A(x,y;g)\(b-a)(y-x) 
(b-y) 2 , 1 



f 

J X 



\</>{s;x,y;g)\(y - s)ds; 



3(6 -a) \A(x,y;g)\(b - a)(y - x) J x 
y — x ( p + 1 f v 



\<j>(s;x,y;g)\(s - x)ds; 



\A(x,y,g)\ \y -x J x 



\(t>{s;x,y;g)\ p ds) ,p>l. 



where / : [a, 6] — > R is an absolutely continuous mapping and as is also g : [x, y] 
R. 



2. Difference between the integral means 

Theorem 2. Let f : [a, 6] — > R be an absolutely continuous mapping and as is also 
g : [x,y] — > R with [x,y] C [a, 6]. Then the following inequalities hold, 



(2.1) 



1 



A(x,y,g) 

(x-a) 2 | rl 



g(s)f(s)ds-^—j\f( S )d! 



< < 



^\f'(a)\+I(x,y;g)\f(x)\ + J(x,y;g)\f(y)\ + ^\f'(b)\, 

if |/'| is convex on [a, 6]; 

( ' (iTl) " K¥ [(* - «) 2 + K(x, y, P ; g) + (6 - yf] , 

if\f'\ q ^K 2 S on [a,6]C[0,oo),«>l,i + | = l ; 



( p l° 



(x - a) 2 \f'(^)\+ K(x,y,p;g)\f'(^)\ 



\p-\-l J b—a 

+(b-y) 2 \.f'( y -¥ 

if \ f'\ 9 * s s-concave on [a, 6] C [0, oo), q > 1, ^ + ^ = 1; 
§^(max{|/'(a)|^|/'(x)|n)U| F ^(max{|/'(y)|«,|/'(6)|n)" 

+ |A(^; 3 1 )|(6-a) 1^ ^ fl)l<*«( ™*{\f' (*)!«, \f'(y)\ 9 }) ' , 

if \f'\ q is quasi-convex on [a, b],q > 1. 
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Proof. The following first identity has been obtained in [1]. By suitable substitution 
of variables, we get the following identities. 



(2.2) 



/ g(s)f(s)ds - - / f(s)ds 

,y;g)J x b- a J a 

= / -r fisjds-jr —r, r / <p{s;x,y;g)f (s)ds + / — / 

J a b-a (b- a)A(x,y;g) J x J b-a 



A(x 



b — a 
(x-a) 2 ■ 
b — a 



(s)ds 



tf'((l-t)a + tx)dt 



(b-a)A(x,y;g) J„ 
{b-yf n 



b — a 



0((1 - t)x + ty; x, y; g)f({l - t)x + ty)dt 
(l-t)f'((l-t)y + tb)dt. 



Firstly, from (2.2), we obtain 



(2.3) 



A(x,y;g) 



v 1 
g(s)f(s)ds- 



b — a 



f(s)ds 



< (X ^ ( t\f{(l-t)a + tx)\dt 
b — a J Q 



+ 



y-x 



(b-a)\A(x,y;g)\ 

(b-yf n 



f\m-t) 

Jo 



x + ty;x,y;g)\ ■ |/'((1 - t)x + ty)\dt 



yf f 
a Jo 



(l-t)\f'((l-t)y + tb)\dt. 



Using the convexity of |/'| , we get 



(2.4) 



(x — a) 



2 f i 



b-a .,o 



< 



t\f((l-t)a + tx)\dt 

(x-a) 2 nv 



(x - a) 2 
6(6 - a) 



\f'(a)\ + 



t(l-t)\f'(a)\+t 2 \f'(x)\ 
(x - a) 2 



dt 



3(6 -a) 



\f{x)\, 
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(2.5) {b _ a l A{ l y . g)l Jl \m - *)* + ty, x, y; g) | • | /'((l - t)x + ty)\dt 



(b 

< 

+ 

< 



y-x 



(b-a)\A{x,y;g)\ 



U((l - t)x + ty; x, y; g)\(l - t)dt \f(x) 



J \<j>({l-t)x + ty;x,y,g)\tdt)\f(y) 



\A{x,y;g)\{b-a){y-x) 

1 / rv 

\A(x,y;g)\(b-a)(y-x) 



\<P(s;x,y;g)\(y- s)dsj\f'(x)\ 
\4>(s;x,y;g)\(s-x)ds ]\f'(y)\ 



and 



(2.6) 



(b-y) 



'f- [\l-t)f>((l-t)y + 
a Jo 



tb)dt 



< 



(b-y) 

b — a 



2 r 1 



(l-t) 2 \f(y)\ + (l-t)t\f(b)\ 



dt 



(6_y)2 i/'( y )i + gf4imi- 



3(6 - a) 



6(6 -ay 



By combining inequalities (2.3), (2.4), (2.5) and (2.6), we obtain the inequality 
(2.1) for |/'| is convex. 

Secondly, continuing (2.3) and using the Holder inequality, we obtain that 



(2.7) 



I rv 1 r b 

— / g(s)f(s)ds - / 

v,y) Jx b-aj a 



A(x 



6 — a 



\f'((l-t)a + tx)\ q dt 



+ 



(b 



{J! i^ 1 - *>* + ** *> y> ^ dt ) v {I! w - *> + ^ qdt 



+ ^(/V-0'*) 5 (f l/'((i-*)y + *)l'*) 5 . 

Now, using the s-convexity of \f'\ q and /' e Loo [a, 6], we get 

(2.8) / \f'((l-t)a + tx)\ q dt 

Jo 



< 



dt 



(l-ty\f(aW + t s \f(xW 
^(\f(a)\" + \f(x)\^<^^, 



s + l 
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(2.9) 



/ 

Jo 



< 



\f'((l-t)x + ty)\"dt 



dt 



s + 



(i-ty\f(x)\« + t s \f(y)\ q 

^{\f{x)\ q +\m\") 



and 



(2.10) 



[ \f((l-t)y + tb)\"dt 
Jo 

< f \{i-ty\f{y)\ q + t s \f{b)\ q 

Jo 1 



dt 



s + 



By simple computation, we obtain 



8 + 1 



(2.11) 
(2.12) 
and 



t p dt= . 

o P+l 

Jo P + l 



(2.13) / \<j>((l-t)x + ty)\ p dt= — — [ V \<P(s)\ p ds, 

Jo y-xJx 

and combining inequalities (2.7)-(2.13), we get the inequality (2.1) for \f'\ q is s- 
convex. 

Thirdly, using the s-concavity of \f'\ q and the first inequality of (1.2), we obtain 



(2.14) £ |/'((1 t)a + tx)\*dt < 2- 1 |/'(^) 

(2.15) jT 1 \f ((1 - t)x + ty)\«dt < 2 s - 1 |/'(^± 2/ ) 



and 
(2.16) 



f \f ((1 - t)y + tb)\"dt < 2 s - 1 |/'(^) 



By combining inequalities (2.7), (2.11)-(2.16), we have the inequality (2.1) for the 
case | /'| 9 is s-concave. 
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Finally, by (2.3), and using Holder inequality and the quasi-convexity of \f'\ q , 
we have 

V g(s)f(s)ds- -!- / f(s)ds 



A(x, y) J x b-a 
(x-a) 2 ' 



< 
~ b 



^^ilo tdt ) " (ii t ^'^ 1 ~ t ^ a + tx ^" dt 
J \(j>{{l-t)x + ty;x,y\g)\dt 



y — x 



x 



(b-a)\A(x,y;g)\ \J 
J \<P((1 - t)x + ty; x, y; g)\\f((l - t)x + ty)\ q dt 



(b- 


y?( 


b- 


- a \ 


(x- 




b- 


- a 


(b- 





9-1 



< (J tdt) max{|/'(a)|«, \f'{x)\«}* 

+ (£(1 - t)dt) max{|/' (y)\«, \f(b)\^ 



+ \A{x V y;g)\{b ^ / - l)x + I,,:,: „: fl )\dl ) >nax{ |/'(.r)|". /'(,y)|"}^. 



By combining above inequalities and (2. 11)- (2. 16) for p = 1, we have the inequality 
(2.1) for the case is quasi-convex. This completes the proofs of Theorem 2. | 

Remark 1. Using the definitions of \\f Woo, I (x,y; g) and J(x,y;g) , we obtain 
|^|/'(a)|+/(x,y; 5 )|/'(x)| + J(x,y;. 9 )|/'(y)| + |^|.f'(6)|, 

<ll/' 



(x - a) 2 (x - a) 2 



l-a){y-x)[^ S ^ m9) ^- s)dS 



6(6 -a) 3(6 -a) \A(x, y; g)\(b 

, (b-y) 2 1 f v U( ... w , (6-y) 2 

+ ^771 7 + 77T7 777T 77 7/ W{s]x,y;g)\{s - x)ds ' 



3(6 -a) |A(a;,2/;5)|(6-a)(j/-ar) ^ 6(6 - a) 

\\f%o {flails 

(b-a) 



■ [(a; - a) 2 + (6 - y) 2 ] + ^ |0(s; x, y; ff )|ds|. 



Therefore, for the strick convex mapping, we get the bound in the first inequality of 
(2.1) is smaller than the one in the first inequality (1.1). -By i/ie similar computa- 
tion, we also have the bound in the last inequality of (2.1) is smaller than the one 
in the first inequality (1.1). 

The following corollary gives an new estimate for the difference between weighted 
and unweighted integral means. 
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Corollary 1. Assume that hypotheses in Theorem 2 hold. Then we have 



(2.17) 



1 



g{u)f{u)du 



1 



f a g(u)duJa b-a 
f I(a,b;g)\f(a)\+J(a,b;g)\f(b)\, 



f{u)du 



< < 



if\f'\ is convex on [a,b]; 



if \f'\ q G K 2 S on [a, b] C [0, oo), q > 1, \ + \ = 1; 



G^) 5 ^|*M>p;*)|/W) 

tf\f\ q * s s-concave on [a,b] C 



:o,oo),g>l,i + | = i; 



iA ( a, 6;g 1 )i( 6 - a) /a y; g)M ma *{i/' Wi 9 > ir(y)in) ? ■ 

* s quasi-convex on [a,b],q > 1. 
Proof. Set x = a and y = 6 in Theorem 2 produces the result (2.17). | 



The following corollary gives bounds for the difference between the mean of a 
function compared to its mean over a subinterval. 

Corollary 2. Let f : [a,b] — > R be an absolutely continuous mapping and a < x < 
y <b. Then we have 



(2.18) 



1 



V x J X 



v i 
f(u)du - - — 



f(u)du 



< { 



+ I(x,y; l)\f(x)\ + J(x,y; l)\f(y)\ + ^\f(b)\, 

if \ f'\ i s convex on [a,b]; 

G^t) " (sh) 1 [(* - «) 2 + i) + ( b y) 2 . 

</ liT e ^ s 2 on [a, 6] C [0, oo), <? > 1, \ + \ = 1; 

1 # [(* - a ?\r W)| + *0»mm>; i)|/'(^)| 

+(6-?y) 2 |/'(^)|], 

* s s-concave on [a,b] C [0, oo),g >1,J + J = 1; 



§=2g(ma X {|/'(a)|«,|/'(x)|«})« 
+ g^g(max{|/'( y )|M/'(6)|n)" 

+ fa - x) 1 (fe - o) /J I0(«; y; i)M max{|/'( a: )|« ) |/'(y)in) 1 , 

*/|/'| 9 * s quasi-convex on [a,b],q > 1. 



Proof. Taking <? = 1 in Theorem 2, we have the (2.18) immediately. 
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DIFFERENCE BETWEEN THE INTEGRAL MEANS 9 

Remark 2. The type of inequality in (2.18) has been applied to probability density 
functions, special means, Jeffreys divergence in Information Theorem and the sam- 
pling of continuous streams in Statistics, see [10, 11, 12, 13]. 



Corollary 3. Assume that the hypotheses in Corollary 2 hold and f(u)du = 0. 
Then we have 



(2.19) 



f{u)du 



6(6-o) 

+^S\f(b)\ 



if\f'\ * s convex on [a,b]; 



+(6 - y) 2 l , tf l/T G on [a, b] C [0, oo), q > 1, ± + \ = 1; 



\ 1 e ~ 1 

1 \ p 2 9 fa-x) 
p+1 J b-a 
e/fx+y 



( x -a) 2 \f(^)\+K(x,y,p;l) 



x|/'mi+(&-y) 2 i/'m_ 

*/ I /'1 9 * s s-concave on [a, b] C [0, oo), g > 1, 

+§=ag max {|/'(y)|«,|/'(&)|n«" 

*/ l/T * s quasi-convex on [a, b],q > 1. 



Proof. From Corollary 2, putting J a f{t)dt — and multiplying both sides by y — x, 
we have the desire inequality (2.19) immediately. | 



Remark 3. The inequality in (2.19) is Mahajani type inequality over any subin- 
terval, and if J a f(t)dt — in (2.1) and (2.17) then they may be looked upon as 
weighted Mahajani type inequalities over arbitrary subintervals. 



3. Applications involving moments 
In this section we investigate inequalities involving moments. 
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Theorem 3. Let f : [a, b] — >• R be an absolutely continuous mapping, 7 <G R and 
[x,y\ C [a, b}. Then the following inequalities hold, 



(3.1) 



(t- 7 )»/(*)dt- 



1 



b — a 

(x—a) 



[ f(s)ds f\t ~ydi 

J a J x 



< < 



A(x, y: (t - 7)") \f'(a)\ + I(x, y; (t 7 )»)|/'(s)| 

+ J(x,y;(t- 1 r)\f'(y)\ + ^\f(b)\], 

if\f'\ is convex on [a,b]; 

+K(x,y,p- (t-^) n ) + (b-y) 2 
i/l/'I'e^ 2 on[a,b]C 

A(^;(t-7) n )( p -ii)'# 



« ll/'lloo 

b— a 



(x - a) 2 



;0,oo), g>l,i + i 

( a; _ a )2| / /(-±x ) | 

+ (fo-y) 2 |.f(^)| 



+K( X ,y,p;(t- 7 r)\f( x -¥) 
if \f'\ q is s-concave on [a, b] C [0, 00), g>l,- + - = l; 

(z-a) 2 
2(b-a) 

, (fe-y) 



maxll/'HIM/'^in 
^(max{|/'(y)|«,|/'(6)|«}J 

^fl^^y;^-^")!^ 

(maxlLf^lM/'^m)', 

*/ I. f'\ q is quasi-convex on [a, b], q > 1. 

Proof. Taking #(£) = (t— 7)" in (2.1) and multiplying both sides by y; (t— 7)™), 
we have the desire results. | 

Corollary 4. Let f : [a, b] — >• i? fee an absolutely continuous mapping, 7 € i? and 
[^,2/] C [a, 6]. T/ien we have 



(3.2) 



/(s)da / (t - j) n dt 



(t->Y) n f(t)dt- 



{ A(a,fe;(t- 7 )")[/(a,fc;(i-7) n )l/'(«)l 

tf\f'\ is convex on [a,b]; 



2 

s+1 



< < 



-j(aMt—r) n )\f'm> 

A{a,b; (t- 7 )")^ 



*/ l/T G ™ [a, b] C [0, 00), 9 > 1, i + I = 1; 

^4(a, 6; (* - 7)") (^t) " #1 + A-(a, b,p; (t - 7 )»)|/'(*±*) 
*/ l/T * s s-concave on [a, 6] C [0, 00), q > 1, ^ + | = 1; 

^ f a \cP(s; a, b; (t - 7 )»)|d fl ( max {|/'(a)|«, |/'(6)|«}) 5 , 

*/ I /'1 9 * s quasi- convex on [a,b},q > 1. 

Proof. Taking x = a and y = fe in Theorem 3, inequality (3.1) reduce to inequality 
(3.2) obviously. | 



571 



DRAGOMIR ET AL 562-573 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



DIFFERENCE BETWEEN THE INTEGRAL MEANS 



11 



Remark 4. The Theorem 3 and Corollary 4 give the new estimates of errors for 
the general moments over a interral and subinterval, and we note that the first and 
the last inequality in (3.2) are better than the first inequality of (3.10) in [1]. 

Corollary 5. Let f : [a,b] — > R be an absolutely continuous p.d.f. associated with 
a random variable X . Then the expectation E(X) satisfies the inequalities 

a + b 



(3.3) 



E(X) 



< < 



t> 2 -a 2 



o —a 



I(a,b;t)\f'(a)\+J(a,b;t)\f'(b)\\, 

if\f'\ i s convex on [a,b]; 



p+1 I ls+1 



ll/'l 



^K(a,b,p;t), 



if l/T G Kl on [a, b] C [0, oo), q > 1, ± + \ = 1; 



b 2 -a 2 ( 1 \ p 2 i 



^+K(a,b,p;t)\f(^)\, 



P+i 

if \ f'\ 9 i s s-concave on [a, b] C [0, oo), q > 1, ^ + ^ = 1; 

^ /* a, 6; i)|<k( max{ | /' (a) | * , |/'(&)|*}) 1 , 

2/ l/T * s quasi-convex on [a, b],q > 1. 
Proof. Taking n = 1 and 7 = in Corollary 4, gives (3.3). | 

Remark 5. The Corollary 5 give a new estimates of errors for expectation, and 
the bound of the first and the last inequality in (3.3) are both smaller than one in 
the first inequality of (3.22) in [1]. 

Corollary 6. Let f : [a,b] — >• R be an absolutely continuous p.d.f. associated with 
a random variable X. Then the variance cr 2 (X) satisfies the inequalities 

{b-E{X)f-(a-E{X)f 



(3.4) 



a\X)- 



3(6 - a) 

{ A{a, k (t - E{Xf) [I(a, b; (t - E(X)f)\f'{a)\ 

+J(a,b;(t - E(X)) 2 )\f'(b)\], if\f'\ is convex on [a,b\; 

A(a, b; (t - E{Xf) (^) Lp Uj) lq H^K(a, b,p; (t E(X)f), 
if l/T G K 2 S on [a, b] C [0, oo), q > 1, ± + \ = 1; 



< i 



A(a,b;(t-E(Xr)^) ^K(a,b,p; (t - E{X)f) f(^) 
if \ f'\ q i s s-concave on [a, b] C [0, 00), q > 1, ^ + ^ = 1; 

^ J a b |0( S ; a, 6; (i - £(X)) 2 )|d S (max{|/'( a )|«, |/'(6)|«}) * , 

if\f'\ q i s quasi-convex on [a, b],q > 1. 



Proof. Taking n = 2 and 7 = -E(X) in Corollary 4, gives (3.4). 
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Remark 6. The (3.4) give a new estimates of errors for variance, and the first 
and the last inequality in (3.4) are both better than the first inequality of (3.23) in 

[!]■ 
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A note on the relaxed Newton-like method for 
nonsymmetric algebraic Riccati equation * 

Jian-Lei Li a | Jun-Xiao Xue 6 , Xiao-Yan Li a 

a College of Mathematics and Information Science, Management and Economics, 
North China University of, Water Resources and Electric Power, 

Zhengzhou, Henan, 450011, PR China. 
b Software Technology School, Zhengzhou University, Zhengzhou, 
Henan, 450001, PR China. 



Abstract 

The non-symmetric algebraic Riccati equation arising in transport theory can be rewrit- 
ten as a vector equation and the minimal positive solution of the non-symmetric algebraic 
Riccati equation can be obtained by solving the vector equation. In this paper, a remark 
on the parameter of the relaxed Newton-like method is given, and the range of the param- 
eter is discussed. In fact, the range of the parameter can be lager, i.e., the modulus of the 
parameter A can be more than 1. 

Keywords: Non-symmetric algebraic Riccati equation, Relaxed Newton-like method, 
Parameter 

AMS classification: 65F10 

1 Introduction 

The following non-symmetric algebraic Riccati equation can be obtained by discretizing integral 
equation in transport theory [1, 2] 

XCX - XE - AX + B = 0, (1) 

where A, B, C, E e R nxn have the following special form: 

A = A - eq T , B = ee T , C = qq T , E = D — qe T . (2) 

Here and in the following, e = (1,1,..., 1) T with qi = ^r, A = diag(5\,52, • • • , S n ) T with 
Si = CiWi li +a) , D = diag(d 1 ,d 2 ,...,d n ) T with d, t = c . w . ( 1 1+a) , and < w n < ■ ■ ■ < w 2 < 
w i> E"=i c i = 1, Q > 0, i = 1,2, ...,n. 

The form of the Riccati equation (1) arises in Markov models [3], and in nuclear physics 
[1, 4], and it has many positive solutions in the componentwise sense. The existence of positive 
solutions of equation (1) has been shown in [1]. Equation (1) has many positive solutions, but 
only the minimal positive solution is physically meaningful. So it is important to develop some 
effective and efficient methods to compute the minimal positive solution of equation (1). 

*This research was supported by Doctoral Research Project of NCWU (2001119) 
tE-mail: hnmaths@163.com 
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Recently, Lu [5] has shown that the matrix equation (1) is equivalent to a vector equation 
and has developed a simple and efficient iterative method to compute the minimal positive 
solution of equation (1). The Newton method has been presented and analyzed by Lu in [6] for 
solving the vector equation. In [7], Lin et al applied the modified Newton method presented in 
[8] for solving the vector equation, and proposed the modified Newton method. In [9], based on 
the relaxation technique, Li et al further studied the Newton method and proposed a relaxed 
Newton-like method for solving the vector equation. Since the relaxed Newton-like method 
contains a parameter A, and the convergence analysis of the relaxed Newton-like method has 
been given when the modulus of the parameter A is less than 1. In fact, the modulus of the 
parameter A can be more than 1. In this note, we give more detailed analysis on the parameter 
A of the relaxed Newton-like method. 



2 Some notions and Lemmas 

Before we give the main result, firstly, we give some notions and Lemmas For any matrices 
A = [aij] and B = [b id ] e R mxn , we write A > B{A > B) if a itj > > b itj ) holds for 

all The Hadamard product of A and B is defined by A o B = [dij ■ bi_j]. A real square 
matrix A is called a Z-matrix if all its off-diagonal elements arc non-positive. The superscript 
T denotes the transpose of a vector or a matrix. I denotes the identity matrix with appropriate 
dimension. 

The following Lemma will be used later. 

Lemma 1 [10] For a Z-matrix A, the following statements are equivalent: 

(1) A is a nonsingular M -matrix; 

(2) A is nonsingular and A^ 1 > 0; 

(3) Av > for some vector v > 0. 

It has been shown in [5, 6] that the solution of (1) must have the following form: 

X = T o (uv T ) = (uv T ) o T, 
where T = [tij] = [l/(^ + dj)] and u, v are two vectors, which satisfy the vector equations: 

{u = u o (Pv) + e, 
5 / (3) 
v = v o (Pu) + e, 

where P = \pij] = [qj/(Si + dj)], P = \pi,j] = [qj/{b~j + d»)]. Define w = [u T ,v T ] T . Then the 
equation (3) can be rewritten equivalently as 

f(w) = w — w o Vw — e = 0, (4) 

where 



V = 



P 
P 



The minimal positive solution of (1) can be obtained by computing the minimal positive solution 
of the vector equation (4) . 

In [9], Li et al proposed the following relaxed Newton-like method for solving the vector 
equation (4), which is defined as follows: 



2 
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Algorithm 1 (The relaxed Newton-like method) [9] For k = 0, 1, 2, ... and real param- 
eter |A| < 1, the relaxed Newton-like method method is defined as follows: 

w k = w k + f(w k y 1 f(w k ) 1 

w k = (1 - X)w k + Xw k , (5) 
w k+1 =w k - f(w k y 1 f(w k ). 



In fact, the modulus of parameter A can range greater than 1. In the following, we will 
give the analysis. Before we give the convergence analysis of the relaxed Newton-like method 
with corresponding parameter A, let us now state some results which indispensable for our 
subsequent discussions. 

Lemma 2 [6] For any vectors w + ,w e R 2n , we have 

/O+) = JO) + /'MO+ -w) + ^f"(w){w+ -w,w+~ w). (6) 
In particular, if w + = to*, the minimal positive solution of (4), then 

= f(w) + f'(w)(w t - w) + l -f"{w){w» -w,w.- w). (7) 
Furthermore, for any y > or y < 0, 

f"{™)y 2 < o (8) 

and f"(w)y 2 is independent of w. 

Lemma 3 [6] If < w < to* and f(w) < 0, then f'(w) is a nonsingular M-matrix. 



3 Main result 

Now, we give the convergence analysis of the relaxed Newton-like method when the modulus 
of parameter A range greater than 1 . 

Theorem 1 Given a vector w k G R 2n . w k+ i are obtained by the relaxed Newton-like method 
method (5), where the modulus of the parameter A can be greater than 1. For appropriate 
parameter X, if < w k < to* and f(w k ) < 0, then w k < w k+ i < and f(w k +i) < 0, 
moreover, f'(w k+ i) is a nonsingular M-matrix. 

Proof. Since w k < to* and f(w k ) < 0, by Lemma 3, we can easily obtain that f'(w k ) is a 
nonsingular M-matrix. By Lemma 1, we have /'(tOfc)" 1 > 0. 
By Eq. (8), we can get that 

w k = w k + A/'(w fe ) _1 f(w k ), w k+1 = w k + f'{w k y 1 [Xf{w k ) - f(w k )]. 

Let e k = w k - to», h k = f'(w k )- 1 f(w k ), r k = f (w k )- 1 [Xf(w k ) - f(w k )}, then 

e k <h k < 0, to fe = w k + Xh k , w k+1 = w k + r k (9) 



3 
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Let eki, hki and r k i be the corresponding i-components (i = 1,2,--- , 2n) of the vectors e k , h k 
and r k , respectively. It follows from equation (6) that 

f{u>k) = f{wk + A/ifc) 

= /K) + f'(w k )Xh k + l -f'(w k )(\h k ) 2 

= f(w k ) + \f(w k )+ l -f'(w k )(\h k ) 2 

= (A + + i/"( Wfe )(Afc fe ) 2 . (10) 

By Eq. (10), we have \f{w k ) - f(w k ) = -f(w k ) - \f" {w k ){\h k ) 2 > 0, it means that r k > 
0, i.e.,w k+ i > w k . 

By Lemma 2, equation (9) and (10), we can get the following error vector equation 



efe+i = e k + r k 

= /'Kr 1 
= /'Kr 1 



f(w k ) + ^f'(w k )et 



+ f'(w k )- 1 [\f(w k )~f(w k )} 



(X+l)f(w k )-f(w k ) + -f"(w k )el 



^^f(w k )-\r(w k )[et-(Xh k ) 2 } 

If we choose parameter A satisfied A 2 < min jfS 1 j> then e k+ i < 0. Hence, w^+i < w*. 
By Lemma 2, equation (9) and (10), we obtain that 

f(w k+1 ) = f(w k + r k ) 

= f(w k ) + f(w k )r k + l -f"(w k )r 2 k 
= {X + l)f{w k )-f{w k )+ l -f"{w k )r 2 k 
= \ f"{w k ) [r 2 k {\h k f} . 
By simple computation, we know that 

r k + h k = f'iwk)- 1 ^ + 1)/K) - f(w k )] 



(11) 



= Z'K)- 1 
= fk > o, 



1 



f'{w k ){\h k f 



It means that 



r k i 
h k i 



1+ fu < _ 1 

n k i 



If we choose parameter A satisfied A 2 < min j > by equation (11), we can get f(w k+1 ) < 0. 
By Lemma 3, it can be concluded that f'(w k+ i) is a nonsingular M-matrix. Hence, if we choose 
parameter A satisfied A 2 < min|^jp-, ^jp-j, (« = 1,2,- •• ,2n), we know that the modulus of 
parameter A can range greater than 1. From above analysis, the proof of the theorem 1 is 
completed. □ 
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FIXED POINT THEOREM IN MULTI-BANACH ALGEBRAS 

REZA SAADATI, JAVAD VAHIDI, AND CHOONKIL PARK* 

Abstract. In this paper, we apply a fixed point theorem to solve the operator equation 
AxBx = x in multi-Banach algebras under a nonlinear contraction. 



I. Introduction 

It is known that the first important hybrid fixed point theorem due to Krasnoselskii 
[1] which combines the metric fixed point theorem of Banach with the topological fixed 
point theorem of Schauder in a Banach space has several applications to nonlinear inte- 
gral equations that arise in the inversion of the perturbed differential equations. Many 
attempts have been made to improve and weaken the hypotheses of Krasnoselskii's fixed 
point theorem. See [2] and the references therein. The case with the Krasnoselskii type 
fixed point theorem of the present author [3] in Banach algebras is similar. The study of 
the nonlinear integral equations in Banach algebras was initiated by Dhage [4] via fixed 
point theorems (see also [3, 4, 5]). 



2. MULTI-NORMED SPACES 

The notion of multi-normed space was introduced by Dales and Polyakov in [6]. This 
concept is somewhat similar to operator sequence space and has some connections with 
operator spaces and Banach lattices. Motivations for the study of multi-normed spaces 
and many examples are given in [6, 7, 8]. 

Let (£, ||.||) be a complex normed space, and let k G N. We denote by £ k the linear 
space £ © • ■ ■ © £ consisting of fc-tuples (xi, ■ ■ ■ ,Xk), where xi, ■ • ■ ,x k G £. The linear 
operations on £ k are defined coordinate-wise. The zero element of either £ or £ k is 
denoted by 0. We denote by f% the set {1, 2, • • • , k} and by the group of permutations 
on k symbols. 

Definition 2.1. A multi-norm on {£ h : k G N} is a sequence 

(IMU) = (||.|U : fc € N) 

such that is a norm on £ k for each k G N : 

(Al) \\(x a(1) ,...,x aik) )\\ k = || (xi, ...,x k )\\ k (a G H k ,xi,...,x k G £); 

(A2) ||(aia:i, ...,a k x k )\\ k < (max !gNt |o^|) \\x 1 , ...,x k \\ k 
(aii, -;Oi k G C, X!, ...,x k G £); 

(A3) || (xi, 0) || fc = ||(a:i,...,a; fc _i)|| fc _i (x 1: x k ^ G £); 

(A4) ||(xi, ...,x fc _i,x fc _i)|| fc = \\(xi, ...,Xjfc_i)|| fe _i (x 1 , ...,a; fc _i G £). 
In this case, we say that ((£ k , \\-\\k) '■ k G N) is a multi-normed space. 

Lemma 2.2. [8] Suppose that {{£ k , \\.\\ k ) : k G N) is a multi-normed space, and take 
fceN. 77/ ( /; 

(a) \\(x,...,x)\\ k = \\x\\ (x G £) ; 
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(b) max ieNfc \\xi\\ < \\(x u x k )\\ k < Y!l =1 IWI < kmax ieNk \\xi\\ (x 1 ,...,x k E £). 

It follows from (b) that, if (£, ||.||) is a Banach space, then (£ k , \\.\\k) is a Banach space 
for each k E N; in this case ((£ k , \\-\\k) '■ k G N) is a multi-Banach space. 

Now we state two important examples of multi-norms for an arbitrary normed space 
£ ; cf. [6]. 

Example 2.3. The sequence (\\.\\ k : k G N) on {£ k : k G N} defined by 

||xi, ...,x k \\k ■= max (xi, ...,x k G 5) 

ieN fe 

a multi-norm called the minimum multi-norm. The terminology 'minimum' is justified 
by property (b). 

Example 2.4. Let {{\\.\\ k : k E N) : a E A} be the (non-empty) family of all multi-norms 
on {£ k :kE N}. For k E N, set 

\\\xi, ...,x k \\\k ■■= sup ||(xi, ...Xfc)||fc (xi, ...,x fe G 5). 

Then (|||.|||fc : k EN) is a multi-norm on {£ k : k E N} 7 called the maximum multi-norm. 

We need the following observation which can be easily deduced from the triangle 
inequality for the norm and the property (b) of multi-norms. 

Lemma 2.5. Suppose that k E N and (xi,...,x k ) E £ k . For each j E {1, ...,&}, /ei 
(^)n=i,2,... be a sequence in £ such that lim^oo x J n = Xj. Then for each ...,y k ) E £ k 
we have 

lim (xl - yi, - = (xi - yi, ...,x k - y k ). 

n—toc 

Definition 2.6. Let ((£ k , \\-\\k) '■ k E N) be a multi-normed space. A sequence (x„) in 
£ is a multi-null sequence if, for each e > 0, there exists n G N such that 

sup ||(x n , ...,x n+jfc _i)|| fe < e (n > n ). 

fceN 

Let x E £. We say that the sequence (x n ) is multi-convergent to x E £ and write 

lim x n = x 

if (x n — x) is a multi-null sequence. 

Definition 2.7. [6, 9] Let (A, ||.||) be a normed algebra such that ((^4 fc , ||-|U) : k E N) 
is a multi-normed space. Then ((^4 fe , ||-||fe) : k E N) is a multi-normed algebra if 

||(ai6i, ...,a fc 6 fc )||jfc < ||(ai, ...,a fc )||jfc • ||(6i, ...,6fc)||* 

for all k E N and all a±, a^, 6i, b k E A. Further, the multi-normed algebra ((A k , \\-\\k) 
k E N) is a multi-Banach algebra if ((^4 fe , ||.||fc) : k E N) is a multi-Banach space. 

Example 2.8. [6, 9] Let p, g 1 < p < q < oo, and A = £ p . The algebra A is a 
Banach sequence algebra with respect to coordinatewise multiplication of sequences. Let 
(||.||fc : k E N) be the standard (p,q) -multi-norm on {A k : k E N}. T/ien ||-|U) : k E 

N) is a multi-Banach alqebra. 580 
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fixed point theorem in multi-ban ach algebras 

3. Fixed point theorem 

In this section, we assume that (X, ||.||) and (y, ||.||) are Banach spaces such that 
(X k , ||.|| fe ) and (y k , \\.\\k) are multi-Banach spaces. 

A mapping T : X — > X is called multi-P-Lipschitzian if there exists a continuous and 
nondecreasing function : IR + — > R + such that 

\\(T( Xl )-T( yi ),... ,T{x k )-T{y k ))\\ k (3.1) 

< 0(ll(^i -yi),--- , (x k -y k )\\ k ), 

for Xi, yi, 1 < % < k, where 0(0) = 0. 

We call the function a multi-P-function of T on X. If is not necessarily nonde- 
creasing and satisfies 0(r) < r, for r > 0, the mapping T is called a nonlinear contraction 
with a contraction function 0. If 0(t) = at in (3.1), then the mapping T : X — > X in 
(3.1) is called multi-Lipschitzian with Lipschitz constant a. 

Let (,¥, ||.||) be a Banach space and let T : X — >■ X. Then T is called a compact 
operator if T(X) is a compact subset of X. Again T is called totally bounded if for 
any bounded subset S of X, T(S) is a totally bounded set of X. Further, T is called 
completely continuous if it is continuous and totally bounded. Note that every compact 
operator is totally bounded, but the converse may not be true. 

Theorem 3.1. Let S be a closed, convex and bounded subset of a Banach algebra (X, ||.||) 
and let A : X — >■ X , B : S — >■ X be two operators such that 

(a) A is multi-V-Lipschitzian with a multi-V -function 0, 

(b) B is completely continuous, and 

(c) x = AxBy =^> x G S, for all y G S. 
Then the operator equation 

AxBx = x 

has a solution, whenever M0(r) < r for r > 0. Here M = \\B(S)\\. 
Proof. Let y G S and define a mapping A y : X — > X by 

A y (x) = AxBy, x G X. 
For Xij G X (i = 1, 2 and 1 < j < /c), 

|| (A/3Ti — A^2i! • • • , A y a; lfe — A y x 2 k) ||fe 
= IKAxnSy - Ar 2 i-By, • • • , Ax n B y - Ax 2 iBy)\\ k 

< || (Arn - Ax 2 i, ■ ■ ■ ,Axi k - Ar 2 fc)||fe||.Bj 

< M0(||(xn - x 2 i, ■■■ ,X lk - X 2 k)\\k)- 

Then A y is a nonlinear contraction on X with a contraction function ip given by -0(r) = 
M0(r), r > 0. Now an application of a fixed point theorem of Boyd and Wong [10] 
yields that there is a unique point x* G X such that 

Ay\X ) = X 

or, equivalently, 

x* = Ax* By. 

Since hypothesis (c) holds, we have that x* G S. Define a mapping : S — > X by 



where z G X is the unique solution of the equation 

z = A^zBy, y G S. 
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We show that iV is continuous. Let {y n } be a sequence in S converging to a point y. 
Since S is closed, y G S. Now, 

\\Ny n -Ny\\ = \\ANy n By n — ANyBy\\ 

< \\ANy n By n - ANyBy n \\ + \\ANyBy n - ANyBy\\ 

< \\ANy n -ANy\\\\By n \\ + \\ANy\\\\y n -y\\ 

< M<j>(\\Ny n -Ny\\) + \\ANy\\\\y n -y\\ 

This shows that Ny n — Ny — > whenever n — > oo and consequently A" is continuous on 
S. Next we show that N is a compact operator on S. Now for any z G S we have 

||Az|| < ||Aa|| + \\Az - Aa\\ 

< \\Aa\\ + a\\z — a\\ 

< c 

where c = \\Aa\\ + diam{S) for some fixed a G S. 

Let e > be given. Since B is completely continuous, B(S) is totally bounded. Then 
there is a set y = {yi, ...,y n } in S such that 

n 

B(S)c{jB( Wi ,8), 

i=i 

where Wi = B(yi), 5 = ( 1 ~" M ) e and B(wi,S) is an open ball in X centered at Wi of 
radius 5. 

Therefore, for any y G S, we have & y k E y such that 

/l-aM\ 
py-Bs/fcll < e. 



Also, we have 

\\Ny n -Ny\\ < \\AzBy - Az k By k \\ 

< \\AzBy - Az k By\\ + \\Az k By - Az k By k \ 

< \\Az-Az k \\\\By\\ + \\Az k \\\\By n -By\\ 

< (aM)\\z-z k \\ + \\Az k \\\\By n - By\\ 

< (^^)\\ B Vn-By\\ 



1 - aM t 
< e. 

This is true for every y G S and hence 

N(S)cB( Zi ,e), 

where Z{ = N(yi). As a result N(S) is totally bounded. Since is continuous, it is a 
compact operator on S. Now an application of Schauder's fixed point yields that A^ has 
a fixed point in S. Then, by the definition of N, 

x = Nx = A(Nx)Bx = AxBx, 

and so the operator equation x = AxBx has a solution in S. □ 

Corollary 3.2. Let S be a closed, convex and bounded subset of a Banach algebra 
(X, ||.||) and let A : X — > X , B : S — > X be two operators such that 

(a) A is multi-Lipschitzian with a with Lipschitz constant a, 

(b) B is completely continuous, and 

(c) x = AxBy x G S, for all y eW. saadati et al 579-583 
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Then the operator equation 

AxBx = x 

has a solution, whenever Ma < 1. Here M = \\B(S)\\. 
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Abstract 

In this paper we study existence of solutions and the periodicity char- 
acter of the following difference equations 

Xn+1 — , r, 

3-77.3-n — 1 X^tl ^ £71 — 2^77 — 3^77 — 4 ) 

where initial conditions are arbitrary nonzero real numbers such that the 
denominator is always nonzero. Also we investigate the behavior of the 
solutions of these equations. 

Keywords: Difference equation, equilibrium point, periodic solution, 
stability. 

AMS Classification: 39AI0 



1 Introduction and Preliminaries 

Nonlinear difference equations have long interest in mathematics as well as other 
sciences. They play a key role in many applications such as the natural model of 
a discrete process. Recently, there have been many researches and interest in the 
field of nonlinear difference equations by several authors [1-22] and references 
therein. For example, Tollu et al. [12] investigated the solutions of two special 
types of Riccati difference equations 

x n +i = — ^ — and y n+1 = — 

l + X n -1 + J/n 

such that their solutions are associated with Fibonacci numbers. In addition, 
Cinar [14-15] also examined the solutions of the following difference equations 

•En— 1 •En— 1 



1 _l_ ~ib-r± . 
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El-Metwally and Elsayed [3-4] obtained the solutions of the following difference 
equations 

X n —\Xji—2 _ X n X n — 3 

2-ra+l TT~-i i V' x n+l — T~\~\ i \" 

X n (±1 ± X n -lX n - 2 ) Xn-2 (±1 ± X n X n - 3 ) 

Ibrahim [13] got the solutions of the rational difference equation 

^ Xji^n— 2 

n+1 x n -i (a + bx n x n - 2 ) ' 
Simsek et al. [19] investigated the solution of the following difference equation 

x n-(5k+9) 

x n+l — Z— • 

1 + X„_ 4 3;„_9 . . . £„-(5fc+4) 

Moreover, Karatas [22] studied the dynamics of the difference equation 

Ax n — m 



X n +1 



2k+l 

B + C II *n-i 
i=0 



In this paper, we obtain the solutions of the following recursive sequences 

Xn+i = rnpr r, n = 0,l,..., (1) 

XnXn— 1 ^ X n — 2Xn— 3*^n— 4 J 

where initial conditions are arbitrary nonzero real numbers such that the de- 
nominator is always nonzero. Also, we analyzed behavior and periodic character 
of the solutions of the difference equation (1) . 

Now, we present some crucial necessities about the equilibrium point of a 
higher-order difference equation. 

Let I be some interval of real numbers and let / : I k+1 — > / be a continuously 
differentiable function. Then for every set of initial conditions X-k, a;-(fe+i), ■ • • , xq e 
I, the difference equation 

X n +1 — f ( x m X n —1, ■ ■ ■ , X n —k) i Tl = 0, 1, . . . , (2) 

has a unique solution {x n } n ° = _ k . 

Definition 1 An equilibrium point for Eq. (2) is a point x e / such that 
x / {x, X, . . . , x) . 

Definition 2 A sequence {x n } n ° = _ k is said to be periodic with period p ifx n+p = 
x n for all n > —k. 

Definition 3 (Stability). 

(i) The equilibrium point x of Eq. (2) is locally stable if for every e > 0, there 
exists S > such that for all x_fk+u, . . . ,xq € / with \x-k — x\ + 

\x-k+i — x\ + . . . + \x — x\ < S, we have \x n — x\ < e for all n > —k. 
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(ii) The equilibrium point x of Eq. (2) is locally stable ifx is a locally stable solu- 
tion of Eq. (2) and there exists 7 > 0, such that for all X-k, £-(fc+i); ■ ■ ■ ,x$ £ 
I with — x\ + — x\ + . . . + \x — x\ < 7, we have Urn x n — x. 

n — >oo 

(Hi) The equilibrium point x of Eq. (2) is a global attractor if for all 
x-k, £-(fc+i), • • ■ , xo S /, we have limx n —x. 

n — >oo 

(iv) The equilibrium point x of Eq. (2) is a global asymptotically stable ifx is 
locally stable and x is also a global attractor of Eq. (2) . 

(v) The equilibrium point x of Eq. (2) is unstable ifx is not locally stable. 
The linearized equation associated with Eq. (2) is 

k df 

Vn+i = E o (x,x,..., x) y n -i, n = 0, 1, . . . . (3) 

The characteristic equation associated with Eq. (2) is 

A fc+1 -E^ i -(5;,x,...,x)A fc -^0. (4) 

Theorem 4 ([1]) Assume that f is a C 1 function and let x be an equilibrium 
point of Eq. (2) . Then the following statements are hold: 

(i) If all roots of Eq.(A) lie in the open disk |A| < 1, then x is locally asymptot- 

ically stable. 

(ii) If at least one root of Eq.(4) has absolute value greater than one, then x is 

unstable. 



2 On the Difference Equation x n+ \ = 



X n -2X n - 3 X n -± 



XnXn — l(^-^ x n — 2 x n—3 x n—<i) 

In this section, we give the form of the solution of the following equation 

Xn— 2%n— 3Xn— 4 n -i n /r\ 

Xn+1 = JT— r, 71 = 0,1,2,..., (5) 

where the initial conditions are arbitrary positive real numbers. 

Theorem 5 Assume that {x n } is a solution of Eq. (5) . Then for n = 0, 1, 2, ... , 
the solution of Eq. (5) is given by following formulas: 

d n „-l (2 + iab( ^ 

X3n - 4 ~ ^=T /J (1 + ibcd)' 

e n ™-i (1 + ibcd) 
X3n - 3 ~ IX JT+icde)' 

ca n b n (1 + icde) 

X *n-2 - .n (1 + (j + l) abc) ' 

where X-4 — a, x_ 3 = b, x_ 2 = c, x_i = d, x — e. 
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Proof. For n = the result is satisfied. Now suppose that n > and our 
assumption is valid for n — 1, that is, 



X 3 n-7 



X3n-6 — 



^3n— 5 



rf n-l „^2 (I + fobc) 

(1 + «&cd) 



-*n— 2 



„n-l 



& Il ~ 2 i=o (! + icde) ' 



ca 



n-Un-l n— 2 



(1 + icde) 



l (1 + (i + 1) a6c) ' 



Now, we find from Eq. (5), that 

£3ri-7^3n-8^3n-9 



X3n-4 



X 3 n-5X3n-6 (1 + X 3n ^ 7 X 3n - S X 3n - 9 ) 



bcd[ n 



71-2 



i=0 



(l+iabc) 
(1+ibcd) 



n— 3 

n 

i=0 



(1+icde) 
(l + (i+l)abc) 



n— 3 \ 

n (1+ibcd) \ 
(1+icde) I 
i=0 / 



cba n ~ 



n 



(1+icde) ^ I ]^[ 2 ( 1+ibcd ) 



d»-i I 11 (l + (i+l)a6c) I 11 
\i=0 / \i=0 



i+6cd n 



ri-2 



(l+iabc) A 



ra-3 



11 (1+ibcd) I \ I! (l+(i+l)abc) I I 11 (1+icde) / 

=0 / \i=0 / \i=0 / 

bed 
l + (n-2)bcd 



(1+icde) ^ I FJ 3 ( 1 +' bcrf ) | 



f + 



bed 



n—2 

cba"- 1 rj (1+ifecd) 
d"- 1 11 (l + (i+l)abc) 

i=0 x 

d «-i ^„ 2 + 1) abc) 
IX (1+ibcd) 



l + (n-2)bcd J 
1 

1 + (n- 1) frccf 



Thus, we obtain 
Similarly, 

^3n-3 = 



d n (1 + iabc) 
x ^n-4 - 1 = 1 {l + lbcd y 



X 3 n-&X 3n _7X 3n _8 



X 3 n—4X 3 n— 5 (1 + £3ri-6^3n-7^3n-8) 



n-2 



n {gsm n 



=0 



n-2 



/ \i=0 



(l+ia6c) 
(1+ibcd) 



n— 3 

n 

2-0 



(1+icde) 
(l + (i+l)abc) 



n-2 



n-1 

n 



(1+icde) 



11 (1+ibcd) ) I 11 (l + (i+l)abc) 
i— / \i— 



(1+ibcd) \ 



1+^(11 ™^ 



n 



(l-\-iabc) 



n— 3 

n 



(1+icde) 



cde 



cd- 



l + (n-2)cde 
n-2 

1 (l + (n-l)bcd) 11 
i=0 



J (l +l bed) J (1^+Dabe) 

{} + l + (n-2)cde) 



(1+icde) 
(1+ibcd) 



(1 + ibcd)\ e n 
tJ (1 + icde) ) 



4 
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Hence, we have the following expression, 

e" (1 + ibed) 
"""Fii (l + icde)- 

In the same way, one can easily obtain the other relations. Thus, the proof is 
completed. ■ 

Theorem 6 Eq. (5) has a unique equilibrium point which is the number zero 
and this equilibrium point is not locally asymptotically stable. 

Proof. For the equilibrium points of Eq. (5) , we can write 

7*3 



x = 



(l+x 3 )' 



Therefore, one can get, 



(!+*») 



x 



3 



(l + x 3 -l) = 0, 
x 6 = 0. 



or, 

x 6 = 0. 

Thus the equilibrium point of Eq. (5) is x — 0. Assume that / : (0, oo) 5 — > (0, oo) 
is a function defined by 

I [X^X^Xz^X^X*,) = j— r. 

X\Xi (1 + X3X4X5) 

So, it follows that 

/xi (xi,x 2 ,x 3 , x 4 ,x$) 

fx 2 {xi,X2,X3,Xi,Xs) 

fx 3 (x 1 ,x 2 ,x 3 ,x 4 ,x 5 ) 
f Xi (x 1 ,x 2 ,x z ,x i ,x b ) 
fx 5 (x 1 ,x 2 ,x 3 ,x 4 ,x 5 ) 



-X3X4X5 



x\x 2 (1 + £32:4X5) ' 

-3:33:4X5 

x x x\ (1 + 2:3X4X5) ' 



X1X2 (1 + X3X4X5) 2 ' 

£3^5 

X1X2 (1 + X3X4X5) 2 ' 

X1X2 (1 + X3X4X5) 2 ' 



One can easily see that 

f Xl (x, x, x, x, x) = f X2 (x, x, x, x, x) = -1, 

fx3 X, x) f X4 (x, x, x, x, x) f X5 (x, X, x, x, x) 1. 

The proof follows by using Theorem 4. ■ 
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3 On the Difference Equation x n+ \ = 



£ n — 2% n — 3 n — 4 



%n%n— 1 ( l~l~^n— 2%n— 3*^n— 4) 

In this section, we obtain the solution of the following equation 

x n +i = 7— r— r, n = 0, 1,2,..., (6) 

where the initial conditions are arbitrary non zero real numbers with x x-iX- 2 ^ 
1, x_is_ 2 a;-3 7^ 1) Z-2Z-3Z-4 ^ 1- 

Theorem 7 Let {x„} 6e a solution of Eq. (6) . Tften /or n = 0, 1, 2, . . . , we /ia«e 
rf 2 " (-1 + a6c)" e 2n (-l + bcd) n 



a 2n-l (_1 + hcd y ' b 2n-l (_ X + crfe) ™ > 

ca 2rl o 2 ™ (-1 + co!e) n _ d 2 " +1 (-1 + aoc)™ 

e 2 " +1 (-l + bcrf)" _ ca 2 " +1 6 2 " +1 (-1 + cdef 



o 2 ™ (-1 + cde)" ' D ™ +1 d 2 «+ 1 e 2 ™+ 1 (-1 + a & c ) n+1 ' 
where X-4 — a, x_3 = 6, a;_ 2 = c, X-i — d, xq = e. 

Proof. For n — the result is trivial. Let n > and let our assumption holds 
for n — l.That is, 

d 2»- 2( _ 1 + a6c) »-i _ e 2 "- 2 (-1 + bcdf- 1 

X6n - W ~ a 2 -3 (_! + ft^n-l ' *6n-9 - &2 „_ 3 ^ + , 
2„-2 fe 2n-2 + cde) n-l ^n-l ( _j + 



ca 

£6n-8 = ,9»,_9 _9»,_9 T : , ,n-l ' x 6n-7 = 



d 2n-2 e 2n-2 { _ 1 + af)c) n-l> fl2rl _ 2 ( _j + 

e 2n-i (-1 + ^n-i _ ca 2 "" 1 ?, 2 ™- 1 (-1 + crfef- 1 



62n-2(_ 1 + cde )"-l' d 2n-l e 2n-l (_l + a6c )' 

By Eq. (6), it can be said that 

*^6n— 7^6n— 8^-6n— 9 



XQn-4 — 



(-1 + a; 6ll _7X 6n _ 8 x 6 „_ 9 ) 

hr .A ( (-l+abc)"- 1 } ( (-l+cde)"- 1 ^ / (-1+bcd)"- 1 \ 
lj-l+ 6cd)"-V U-l+a6c)"-V ^(-l+cde)"- 1 ,/ 

bca 2 



2 "- 1 ( [~l+cde) n - 1 \ / (-l+bcd)"' 1 ^ 
d 2 "- 1 ^ (-1+abc)" J {(-i+cde)™- 1 ) 
f-1 -4- hrd ( (-l+ahc)"- 1 N \ f (-l+cde)— 1 ^ / (-1+bcrf) — 1 \ \ 
1 i + 0Ca V(-l+6od)»- 1 ; U-l+abc)"- 1 ,/ ^(-l+cde)"- 1 ;,/ 

bed 



d 2 "- 1 (-l+o6c) n 

o! 2 "(-l + o&c)" 
a 2 «-i(-l + 6cd) r ' 



G 
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Likewise previous theorem, one can easily get following relation 



X6n-3 



(-1 + x 6n - 6 x 6n - 7 x 6n - 8 ) 

, ( (-l+bcrf)"- 1 ^ / (-l+abc)"- 1 ^ / (-l+crfe)"- 1 ^ 
V (-1+cde)^- 1 V(-l+bcd)"-V ^(-l+ahc)"-!^ 

e 2 "- 1 ^ (-1+bcd) 11 y ^ (-l+abc) 11 ^ 

f-1 + rvf P f ( (-l+abc)"'M / (-l+cde)— 1 ^ 

I i + CCle ^(-l+cdejn-lj ^(_ 1+6cd) n-lJ ^ ( _ 1 + a6c) n-lJJ 

cde 

cdb 2 n -l ( _ 1 + cder -l ~ 

e^-^-i+bcd)" I i + caej 
e 2 ™ (-1 + feed)" 



6 2n-l(_ 1 + crfe )«- 

The other relations can be proved by the same manner. ■ 
Theorem 8 The following statements are valid: 

i) Eq. (6) has two equilibrium points which are 0, s/2 and these equilibrium 

points are not locally asymptotically stable. 

ii) Eq. (6) has a periodic solution of period three iff a — d, b = e, abc — 2 and 

will be taken the form {a, b, c, a, b, c, . . .} . 

Proof. 



i) For the equilibrium points of Eq. (6) ,it can be written 

~3 



Then we have 



or, 



x = 



x 2 (-l+x 3 ) 



(-1 + x 3 ) 



X 



3 



x 3 (-l + x 3 -l) = 0, 
x 3 (x 3 - 2) = 0. 



Thus the equilibrium point of Eq. (5) are 0, y/2. Assume that g : (0, oo) 5 
(0, oo) is a function defined by 

X 3 X4X 5 

g{xi,x 2 ,x 3 ,x i ,x 5 ) 



x\Xi (-1 + x z x±x^ ' 



7 
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Therefore, it follows that 

g Xl (x 1 ,x 2 ,x 3 ,x 4 ,x 5 ) 
9x 2 (x 1 ,x 2 ,x 3 ,x 4 ,x 5 ) 
9x 3 (x 1 ,x 2 ,x 3 ,x 4 ,x 5 ) 
9x 4 (x 1 ,x 2 ,x 3 ,x 4 ,x 5 ) 

9x 5 (X!,X 2 ,X 3 ,X4,X 5 ) 

we see that 





-x 3 x 4 x b 


x\x 2 (- 


-1 + .I3X4X5) ' 




-x 3 x 4 x 5 


X\X% (- 


-1 + .T3X4X5)' 




—X4X5 


x Y x 2 (- 


-1 + x 3 x 4 x 5 ) 2 




-x 3 x 5 


X\X 2 (- 


-1 +x 3 x 4 x 5 ) 2 




-x 3 x 4 



x\x 2 (-1 + x 3 x 4 x 5 ) 2 ' 



9x\ [x : X, X, X, x) — 9x2 ^5 ^) — 

9x3 ^-5 — 9x4 ^) = 5^5 (^5 ^5 1- 

The proof follows by using Theorem 4. 
ii) By considering Theorem 7, the proof is easily seen. 



4 On the Difference Equation x n+ \ = 



Xn— lX n — 3 X n — 4 



•En^n— l(l — 2^n— 3^n— 4) 

Now, we get the solution of the following equation 

= 7— r, 71 = 0,1,2,..., (7) 

XnXn—1 \L X n ^ 2 X n — 3 X n — 4 J 

where the initial conditions are arbitrary positive real numbers with xox_ix_ 2 7^ 
1, x_ix_ 2 x_ 3 ^ 1, x_ 2 x_ 3 x_ 4 7^ 1- 

Theorem 9 Let {x n }^ = _ 4 be a solution of Eq. (7) . Then for n = 0, 1, 2, . . . , 

d" ^(-l + iabc) 



#3n-4 — 

a 



£3n-3 = 



Bo (-1 + ibcd)' 
¥^ }X (-1 + icde)' 



Z3n-2 - -ITT- 11 



d"e" ,io (-1 + (i + 1) a&c) ' 
where x_ 4 — a, x_ 3 = b, x_ 2 = c, x_i = d, x = e. 

Theorem 10 i?g. (7) has a unique equilibrium point which is the number zero 
and this equilibrium point is not locally asymptotically stable. 
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5 On the Difference Equation x n+ \ = 



Xn — 2*En—3%n— 4 



XnXn— 1( 1 X n — 2%n — 3X71 — 4) 

Finally, we consider the solution of the following equation 

X n — 2%n— 3%n— 4 n 1 n /o\ 

a; n+ i = — — r, n = 0, 1,2, (8) 

XnXn—1 I, -I- X n —2X n —3X n —4j 

where the initial conditions are arbitrary non zero real numbers with X0X-1X-2 7^ 
-1, a;_ix_ 2 a;-3 7^ -1) X-2X-3X-4 ^ -1. 

Theorem 11 Let {x„}^_ 4 be a solution of Eq. (8) . T/ien /or n = 0, 1, 2, . . . , 
d 2 " (1 + abc) n e 2n (1 + feed)™ 



X6n ~ 4 ~ a 2"-i(l + 6cd) n ' X6 "" 3 ~ 6 2 "- 1 (1 + cde)" ' 
ca 2 "b 2 " (1 + cde)" _ d 2 " +1 (1 + abc)" 

e 2 " +1 (1 + bed)" _ ca 2n+1 b 2n+1 (1 + cdef 

%6n — , 9 /1 , 1 \n ) ^6n+l 



b 2 « (1 + cde)" ' ^"^ d 2n+l e 2„+l (1 + fl&c) «+l ' 

where X-4 — a, x_ 3 = b, x_ 2 = c, X-\ — d, x = e. 
Theorem 12 TTie following expression are satisfied: 

i) .Eg. (8) has two equilibrium points which are 0, —\J2 and these equilibrium 

points are not locally asymptotically stable. 

ii) Eq. (8) has a periodic solution of period three iff a = d, b = e, abc = —2 

and will be taken the form {a, b, c, a, b, c, . . .} . 
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Difference methods for a fuzzy 
two-dimensional parabolic equation with 
variable coefficients and non-local boundary 

conditions^ 

Zengtai Gong*, Xiaoxia Zhang 
(College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, PR China) 

Abstract. Parabolic partial differential equations with non-local boundary conditions have 
important applications in different areas of subject and engineering. M. Dehghan, W.A. 
Day et al. have investigated its numerical approximation of solution in the case of constant 
coefficients. In this paper, numerical methods for solving fuzzy two-dimensional parabolic 
equations with variable coefficients and non-local boundary conditions is considered. Es- 
pecially, the second-order forward Euler method, fully implicit scheme are studied with a 
numerical example. 

Key words. Fuzzy two-dimensional parabolic equations; Non-local boundary conditions; 
Variable coefficients; Numerical approximation of solution; Difference methods 



1 Introduction 

Introduction to fuzzy partial differential equation is presented by Buckley and Feuring 
in [5]. The study of fuzzy partial differential equation forms a suitable setting for mathemat- 
ical modeling of real-world problems in which uncertainties or vagueness pervade. Thinking 
about a physical problem which is transformed into a deterministic problem of partial dif- 
ferential equations we cannot usually be sure that this modeling is perfect. Especially, if 
the data (e.g. initial value) are not known precisely but only through some measurements 
the intervals which cover the data are determined. For example, mathematical models in 
science and engineering often contain parameters that are uncertain. These parameters 
are usually represented by random numbers, fields or processes. Therefore there appear 

t This work is supported by National Natural Science Fund of China (71061013, 61262022) and the 
Scientific Research Project of Northwest Normal University (NWNU-KJCXGC-03-61). 
* Corresponding author. Tel.: +86 931 7971845. 

Email Addresses: zt-gong@163.com, gongzt@nwnu.edu.cn (Z. Gong), GSGTZXX@126.com (X. Zhang). 
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problems of differential equations with uncertainty. However, when the stochastic charac- 
teristics of these parameters are not precisely known, an interval representation, or, more 
generally, a fuzzy representation may be more appropriate. Therefore, such uncertainty 
can be expressed in terms of intervals and ordinary differential equations are replaced with 
fuzzy partial differential equation which are more appropriate tool for modeling with un- 
certainties. It is also clear that uncertainty expressed by a fuzzy representation is more 
appropriate. 

The concept of fuzzy sets which was originally introduced by Zadeh [21] led to the 
definition of the fuzzy number and its implementation in fuzzy control [7] and approximate 
reasoning problems [23, 22]. The fuzzy mapping function was introduced by Chang and 
Zadeh [7]. Later, Dubois and Prade [12] presented an elementary fuzzy calculus based 
on the extension principle [21]. Puri and Ralescu [20] suggested two definitions for fuzzy 
derivative of fuzzy functions. The first method was based on the H-difference notation 
and was further investigated by Kaleva [16]. The second method was derived from the 
embedding technique and was followed by Goetschel and Voxman [15] who gave it a more 
applicable representation. The concept of integration of fuzzy functions was first introduced 
by Dubois and Prade [12]. Alternative approaches were later suggested by Goetschel and 
Voxman [15], Kaleva [16] and others. While Goetschel and Voxman [15] preferred a Riemann 
integral type approach, Kaleva [16] chose to define the integral of fuzzy function, using the 
Lebesgue type concept for integration. 

Knowledge about dynamical systems modeled by differential equations is often incom- 
plete or vague. For example, for parametric quantities, functional relationships, or initial 
conditions, the well-known methods of solving fuzzy partial differential equation analyt- 
ically or numerically can only be used for finding the selected system behavior, e.g., by 
fixing unknown parameters to some plausible values. As a new and powerful mathematical 
tool, fuzzy partial differential equations have been studied by several approaches [2, 1, 4]. 
Here, we are going to operationalize our approach, i.e., we are going to propose a method 
for computing approximate solution for a fuzzy two-dimensional parabolic equation with 
variable coefficients and non-local boundary conditions using numerical methods, which are 
widely applied over pre-assigned grid points to solve partial differential equations [9]. 

For the classical two-dimensional parabolic equation with variable coefficients and non- 
local boundary conditions, the authors of [6, 13, 18, 17] have investigated the existence, 
uniqueness and continuous dependence on data of the solution to this problem. In 2005, De- 
hghan [10] et.al studied the numerical approximations of classical two-dimensional parabolic 
equation with variable coefficients and non-local boundary conditions, they developed two- 
level finite difference procedures in this paper and the numerical results confirmed that the 
difference formulas obtained from the new discretization technique outlined in this paper 
do yield second order convergence for the solution of the problem. Here, we consider the 
fuzzy case of a two-dimensional parabolic equation with variable coefficients and non-local 
boundary conditions in the sense of Dehghan' [10]. Moreover, some finite difference meth- 
ods for a fuzzy two-dimensional parabolic equation with variable coefficients and non-local 
boundary conditions are proposed in this paper. 

The structure of this paper is as follows. In Section 2, we collect some necessary facts 
about the notions of continuity, differentiation and integration of fuzzy-number-valued func- 
tions. In Section 3, we introduce the fuzzy partial differential equation. The difference 
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methods are discussed in Section 4. The proposed algorithm is illustrated by solving an 
example in Section 5 and conclusions are drown in Section 6. 

2 Preliminaries 

Let Pk{R n ) denote the family of all nonempty compact convex subset of R n and define 
the addition and scalar multiplication in Pk(R n ) as usual. Let A and B be two nonempty 
bounded subset of R n . The distance between A and B is defined by the Hausdorff metric 

dn(A, B) = max < sup inf \\a — b\\, sup inf ||6 — o|| k 

aeA b&B b£B aeA J 

where || • || denotes the usual Euclidean norm in R n [11]. Then (P k (R n );d H ) is a metric 
space. 

Denote by 

E n = {u:R n ->■ [0, satisfies (l)-(4) below} 

is a fuzzy number space, where 

(1) u is normal, i.e. there exists an xq G R n such that u(xq) = 1, 

(2) u is fuzzy convex, i.e. u(Xx + (1 — X)y) > mm{u(x) , u(y)} for any x,y G R n and 
< A < 1, 

(3) u is upper semi-continuous, 

(4) [u]o = cl{x G R n \u(x) > 0} is compact. 

Here, cl(X) denotes the closure of set X. For < a < 1, the ct-level set of u (or simply 
the a-cut) is defined by [u] a = {x G R n \u(x) > a}. The core of u is the set of elements 
of R n having membership grade 1, i.e., [u\i = {x\x G R n ) u(x) = 1}. Then from above 
(l)-(4), it follows that the a-level set [u] a G Pk(R n ) for all < a < 1. According to Zadeh's 
extension principle, we have addition and scalar multiplication in fuzzy number space E n 
as follows: 

[u + v ] a = [it] a + [v} a = {x + y\x G [u] a , y G [v] a }, 

[ku} a = k[u] a = {kx\x G [u] a }, [0] Q = {0}. 

where u, v G E n and < a < 1. Denote by 

D(U,U)= SUp dff([li] a , [u] a ). 
ae[0,l] 

We recall some integrability and differentiability properties in [12, 20, 16, 19, 3] for fuzzy 
set- valued mappings. 

Let 1,1/6 E n . If there exist az£ i? n such that x — y + z, then z is called if -difference 
of x and y. That is denoted x — y. For brevity, we always assume that it satisfies the in- 
difference when dealing with the operation of subtraction of fuzzy numbers throughout this 
paper. 

Definition 2.1 A map u : J a x J b x J c — > E n is called level-wise continuous at (xq, yo, to) G 
J a x J b x J c if the multi-valued map u a (x,y,t) = [u(x,y,t)] a is continuous at (x,y,t) = 
(xq, yo, t ) with respect to the Hausdorff metric dn for all a G [0, 1]. A map w : J a x J 6 x J c — >■ 
E 1 " is called integrably bounded if there exists an integrable function h G L 1 ( J a xj b x J c , i? ra ) 

3 



597 



GONG ZHANG 595-608 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO. 3, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



such that ||y|| < h(x,y,t) for all y G u (x,y,t). 

Definition 2.2 Let u : J a x J b x J c — >■ E n . The integral of w over J a x J b x J c , denoted a 
/o° Jo §o u ( x ,y,t)dxdydt, is defined by 

a pb pc pa pb pc 

/ / u(x,y,t)dxdydt] a = / / / u a (x,y,t)dxdydt 
o Jo Jo Jo Jo Jo 

— I J J J v(x,y,t)dxdydt\v : J a x J b x J c — > R n is a measurable selection for u Q | 

for all a G (0, 1]. A strongly measurable and integrably bounded map u : J a x J b x J c — )■ i? n 
is said to be integrable over J a x J b x J c , if J Q a J Q f Q c u(x, y, t)dxdydt G i? n . 

If it : J a x J fe x J c — >■ E n is measurable and integrably bounded, then u is integrable. 
Definition 2.3 [1] Let u : J a x J b x J c ^ E n and (x ,yo^o) £ J a x ^ x w is 
said to be strongly generalized differentiable at (rc ,2/o;£o) respect to x, if there exists an 
element du(xo ^° ' to) G such that for all (h, 0, 0) > sufficiently small, 3u(x + h, y , t ) - 
u(x , y , t Q ),u(x , y Q , t Q ) - u(x - h, y , t ) and the limits 

du(x , y , t ) = u(x + h, y , t ) - u(x , y , t ) = u(x - h, y , t ) - u(x , y , t ) 
dx h-+o+ h h->o+ h 

Here the limit is taken in the metric space (E n , D). The fuzzy partial derivatives of u with 
respect to y and t at the point (xo, yo, t ) <E J a x J b x J c are defined similarly. 

3 Fuzzy partial differential equation 

Now, we consider the numerical solutions of the two-dimensional fuzzy parabolic equa- 
tions with variable coefficients and non-local boundary conditions, i.e. 



— = a{x, y,t)-%-2+ &(z, y,t) — ,0<x,y<l,0<t<T, 


(3.1) 


u(x,y,Q) 


= f(x,y),0 <x,y<l, 


(3.2) 


u(x, 0, t) 


— / k(x, 0, 77, 7)^(77, 7, t)dr]d^f.O < x < 1, 
Jo Jo 


(3.3) 


u(x, 1, t) 


— / k{x, 1, 77, 7)^(77, 7, t)dr]d^.O < x < 1, 
Jo Jo 


(3.4) 


u(0,y,t) 


= fc(0, y, 77, 7)^(77, 7, t)dr}d~f.O < y < 1, 
Jo Jo 


(3.5) 


u(l,y,t) 


= / / k(l,y,r],-f)u(r],-f,t)dr]d-f.O < y < 1. 
Jo Jo 


(3.6) 



where the weight functions a, 6 : [0, 1] x [0, 1] x [0,T] — > R are supposed to be continuous 

, r\~ o2 ~ £)2~ 

and positive. /, it, j^, ^ are fuzzy-number- valued functions and their a-cut sets are 
as follows: 

[/(z,y)] Q = [/(^,y,a),7(^,y,a)], 
4 
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[u(x, y, t)] a = [u{x, y, t, a),u(x, y, t, a)], 

d^u d^u d^u 

[— (x, y, t)] a = V, t, a), —(x, y, t, a)}, 

d^u d^u d^u 

[—(a;, y, t)] a = [^=(a;, y, t, a), —(x, y, t, a)}, 

du du cPuj 

[—(a;, y, t)] a = [-^( x , V, *, «)» ~^( x , V, *, «)]■ 

For some constant < p < 1 the kernel k(x,y,£,r)) satisfies 



0< [ [ \k(x,y,r),^)\<p<l,0<x,y<l. 
Jo Jo 



(3.7) 



Problem (3.1)-(3.6) is non-standard because of the unusual boundary conditions (3.3)- 
(3.6). 

We assume that the u(x,y,t,a) and u(x,y,t,a) have continuous partial derivatives so 
that ^(x,y,t,a) + ^(x, y, t, a) and ^§(x,y,t,a) + ^(x,y,t,a) are continuous for all 
(x, y, t) G [0, 1] x [0, 1] x [0, T], and all a. Define 

T(x,y,t,a) = [T-(x,y,t,a),T + (x,y,t,a)} 

d^u d^u d^u 

= K x > y > *) y ' t? a "> + y > *) a^^' y ' *' a ^ y > ^d^^' y ' t ' °^ 

for all (x,y,t) G [0, 1] x [0, 1] x [0,T], and all a. If for each fixed (x,y,t) G [0, 1] x [0, 1] x 
[0,T], r(x,y,t,a) defines the a-cut of a fuzzy number, then we will say that u(x,y,t) is 
differentiable. Sufficient conditions for T(x, y, t, a) to define a-cuts of a fuzzy number are: 

1. T~(x, y, t, a) is an increasing function of a for each (x,y,t) G [0, 1] x [0, 1] x [0, T]; 

2. T + (x, y, t, a) is an decreasing function of a for each (x,y,t) G [0, 1] x [0, 1] x [0,T]; 
and 

3. r~(x, y, t, 1) < F + (x, y, t, 1) for all (x, y, t) G [0, 1] x [0, 1] x [0, T]. 
Hence we get from (3.1): 

[-^(x,y,t,a),—(x,y,t,a)} = a(x, y, t)[-^(x, y, t, a), — (x, y, t, a)} 

Consider the system of partial differential equations 

du cP'u cP'n 

-={x, y, t, a) = a(x, y, t)g^( x , y, *, «) + K x > V, J/, *, «)> ( 3 - 8 ) 

— (x, y, t, a)} = a(x, y, *) ^ y, t, a) + b(x, y, *) ^ y, t, a), (3.9) 

5 
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We append to equations (3.8) and (3.9) any boundary conditions and initial values condi- 
tions, for example, if they are u(0,y,t) = ci,u(l,y,t) = c 2 ,u(x,0,t) = c 3 ,u(x,l,t) = c 4 , 
and u(x, y, 0) = /, then we add 

u(0, y, t, a) = c^a), u(l, y, t, a) = c 2 (a),u(x, 0, t, a) = ^(a), 

u(x, l,t,a) = c A (a),u(x,y,0) = f(x,y) (3.10) 

to equation (3.8) and 

u(0,y,t,a) = ci(a), u(l,y,t,a) = c 2 (a),u(x,0,t,a) = c 3 (a), 

u(x, l,t,a) = c 4 (a),u(x,y,0) = J(x,y) (3.11) 

to equation (3.9) where \ci] a = [Cj(«), q(q;)], i = 1,2,3,4. Let u(x,y,t,a) and u(x,y,t,a) 
solves equations (3.8) and (3.9), plus the boundary equations, respectively. If [u(x, y, t)] a = 
[u(x, y, t, a),u(x, y, t, a)} determined a fuzzy number, for all (x, y, t) G [0, 1] x [0, 1] x [0, T], 
then u(x,y,t) is the solution for (3.1), see [5]. 



4 Difference methods 

At the beginning of this section we introduce notations that we will use through out the 
whole paper. 

The domain [0, l] 2 x [0,T] will be divided into an M 2 x iV mesh with spatial step size 
h — 1/M in both x and y directions and the time step size k = T/N respectively. 
Grid points (xi,yj,t n ) are given by 

Xi = ih, ;i = 0, 1,2, • • • ,M, (4.1) 

% -=j/i,;j' = 0,l,2,...,M, (4.2) 

t n = nk,;n = 0,1,2,- •• ,N, (4.3) 

in which M is an even integer. We use to denote the finite difference approxima- 

tions of u{ih,jh, nk)(u(ih, jh, nk)). The notation w™^ 1 ^ 2 (w™^ hl//2 ) refers to values of u { j(ui,j) 
computed at the intermediate stage, that is, at time (t n + k/2), i.e. 

^ = \(nl 3 +ut l ), (4.4) 

<^ = \(< 3 +<+ 1 )- (4-5) 

The numerical methods suggested here are based on second-order forward Euler method 
and fully explicit finite difference scheme. Firstly, the second-order forward Euler method 
is studied. 

Let assume that 




6 
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nk(x, V, V, 7) [u(v, 7, t, a),u(r), 7, t, a)]drjd-f 

M M 

1 Hi X m , ^)K,/(«),</(«)]AxAy ) (4.6) 



m=0 Z=0 

where w m> i > are weights and «^,(a) = u(x m , y h t n , a), ^(a) = u(x m ,yi,t n ,a) with 
x m = mAx = mh, yi = I Ay = Ih, t n = nk, m, I — 0, 1, 2, • • • , M, n — 0, 1, 2, • • • , TV. 
If we use the trapezoidal numerical integration rule [14] then 

w m j = 1, m, I = 1, 2, • • • , M - 1, 

«W = ^>"M e {0,M}, (4.7) 
w m,/ — I , otherwise. 

4.1 The second-order forward Euler method (SFEM) 

The second-order forward Euler method uses the following approximations for u xx {pt) ,u xx (a) 
and u yy (a),Uyy(a) and u t (a),Ttt(a). 

q x 2 \ijy a ) — ' v ± - 1 --u 

Q = {xi,Vj,t n ,a) = g^\?A a ) - ^(3^(6' + Q^(Vi,yj,t n ,a)), (4.1.3) 

d 2 u. d 2 u h 2 /d 4 u.j <9 4 w. , . A . 

— {xi, yj ,t n ,a) = q^UjW - ^{g^^i,Vj,t n ,a) + Q^{Vi,yj,tn,a)), (4.1.4) 

G (xi-i, Xi), rji, r/l G provided that ^(x,y,t) G -E 1 , it means we only need 

to check if £(^(x,y,t,a)) > and £(^(x,y,t,a)) < 0. Since the g§ and are 

continuous and y, 1) = ^£(x, y, t, 1). Then following equations defines the a-cuts 

of fuzzy numbers, 

d 2 u d 2 u d 2 ~u 

[g^( x ^y^)]a = [-Q^( x ^y^^ a )^( x ^y^^ a )]^ ae M, ( 4 - L5 ) 



|"» ^ -^-^ ^ (4.1.2) 



and also 
where 



^(x,y,t,a) = mm{f\fe [—( x ,y,t)] a }, (4.1.7) 
d 2 u d 2 u 

— (x,y,t,a) = max{/|/ G [— (x, y, *)]J, (4.1.8) 

ulAa) = uAn{g\g G [«?■]«}, (4.1.9) 
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= max{g\g E [tZ^] Q }. (4.1.10) 

a y 2 



Also for ^£(x,y,t) we have the following formulas: 





9 2 ~\ n ( 


a) ~ 




2^(«)+^-i(«) 








(4.1. 


11) 




dy 2 ^ 3 




/i 2 












a) ~ 




2^.(a) + «? J ._ 1 (a) 








(4.1. 


12) 




dy 2li ' j[ 




/i 2 








d 2 u 
dy 2 


yj, t n , 


a) = 


dy 2lhA } 


/i 2 <9V 

24^<9y 4 '^'^'^'^ + 


<9y 4 


yXi, Tjj , t n , 


a)), 


(4.1. 


13) 


d 2 u 
dy 2 


\Xii Uj-i tm 


a) = 


dy 2M ; 


/i 2 , (9 4 M / 

24 ^9y 4 ^'S?'*™'") + 


(9 4 M 

dy 4 


Vj ? tnj 


a)), 


(4.1. 


.14) 



where G (yj-i,yj),Vj,Vj e (%>%+i)> provided that ^(x,y,t) e E. 



For ^(x,y,t) we have 







a) ~ 


O) - 








(4.1. 


.15) 






fc 












» ~ 


k 








(4.1. 


.16) 


s 1 




a) = 




fc (9 2 M 

2 <% 2 


\Xii Vji £>ni 


a), 


(4.1. 


.17) 


w 




a) = 




fc (9 2 M 

2 dt 2 




a), 


(4.1. 


.18) 



where i n X n e (t n ,t n +i), provided that ^(x,y,t) e E. 

The second-order forward Euler method for solving our two-dimensional problem leads to 

O) = «S«£-i>) + °S*W«) + (1 - 2<s - 2fe^)^(«) + + W + i 

(4.1.19) 

<V) = + + (1 - 2<s - 2&^)^(«) + 65^,--i(a) + 65^+1 

(4.1.20) 

where a™,- and 6" - denote the finite difference approximations of a(ih,jh, nk) and (ih,jh, nk), 
respectively. < n < N — 1 for i,j — 1, 2, • • • , M — 1, and 

fc 

By applying "frozen" coefficient method of Ref.[8], we can get the range of stability for this 
scheme is 

0<A<1 

where 

A = A * s, A = max{a", 6" }. 
It can be seen that the local truncation error for this equations is t;™- = 0(h 2 + h 2 + k). 

8 
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4.2 The fully explicit finite difference scheme (FEFDS) 

The fully explicit finite difference scheme uses a forward- difference approximation for 
the time derivative and the weighted approximations for the spatial derivatives. For (3.1) 
we have the following approximations: 



h 2 



h 2 



n+1 _ n n _ o n i „ n 
-'./ ^3 n ^ ! ^n -'-./+' ~- ./ 



fc 



^•+1 + y£,j-i 



k 



^2 »J 

_ + i + $-1, 



h 2 



(4.2.1) 
(4.2.2) 



n n+1 — n n ii" 

-ij -V ^ „n ^j+l,j+l -i-l,i+l , in -M-lJ + 1 "^i+lj 1 



7,™ _ 9 7/ n _|_ 7,™ 

iii+l,j+l z i*i+lJ ^ iii+l,j-l 



ij+l 



ft 2 



Al 2 



(4.2.3) 



By § x (4.2.1) + f x (4.2.3) + (1 - s) x (4.2.2), we have 



7 ,™+ 1 _ 7 ,n 
— *7 — *7 



£/ n ^r+ij-i 2 ^j-i + , hn 2 ^-i,j + ^r-ij-i \ 

OHJ-I ^2 " l_0 i-lJ h2 ) 



h? 



a r.,n _ o n , n n _ o n i ? n 



+ (1 - s)(al r^ j 2 ^ + ^ + //■ 



i+U ^2 



*J ^2 *J h 2 

These approximations produce the following finite difference equation: 



). (4.2.4) 



-2 r 



U 



n+1 

i,3 



{ a i,j-l + ^i+l,j)— i+lj-l + ( a i,i-l + ^i-lj')— i-lj'-l + (°M+1 + 

+ K J+ i + 6?_ij)t*?-i J+ i] + K- - - ^-O^-i + K - ^ - « 2 < J+ i)^ + i 

+ K - s 2 a™ - s%UMUi + K - ^ - * 2 VUu)l&ij + [1 - 2 K' + ^X 1 " *)K- 

(4.2.5) 



Moreover, we can get the following finite difference equation for u^ 1 as follows: 



u n+l = — 
U ^ 2 



( a tj-i + ^r+ijO^r+ij-i + (°u-i + ^i-i,j)K-i,j-i + ( a ^+i + ^i+i,j) u 7+i,j+i 
+ « J+ i + + K- - ^ - A-j-i)^--! + K - s2& ", - s 2 < J+ iR J+ i 



(4.2.6) 



provided that ^(x,y,t) G E. 



5 Computational example 

We consider a problem to computationally test the present finite difference methods and 
compare their performance. We demonstrate the effectiveness of our proposed schemes by 

9 
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computing approximate solutions of a two-dimensional test problem. Consider (3.1)-(3.6) 
with 

[f(x, y)] a = [(0.75 + 0.25a)xe y , (1.25 - 0.25a)xe v ], (5.1) 
a(x,y,t) = xy, (5.2) 
b(x,y,t) = l, (5.3) 
which is easily seen to have exact solutions for (3.8) and (3.9) are 

u(x, y, t, a) = (0.75 + 0.25a)xe v+t , u(x, y, t, a) = (1.25 - 0.25a)xe y+t . 

Without loss of generality, in what follows, we will examine our method with k given by: 

k(x,y,V,l) = (5-4) 

We will use equations (4.1.19) and (4.1.20) to approximate the exact solutions with T = 
1.00, h = 0.02, s = | and a = 0.2. 

Table 5.1: Relative values at various points for u(x, y, t, a) 



X 


y 


t 




a 


SFEM 


Exact 


0.1 


0.1 


5.0 x 10" 


-4 


0.2 


0.0057 


0.0885 


0.2 


0.2 


5.0 x 10" 


-4 


0.2 


0.0166 


0.1955 


0.3 


0.3 


5.0 x 10- 


-4 


0.2 


0.0386 


0.3241 


0.4 


0.4 


5.0 x 10" 


-4 


0.2 


0.0791 


0.4776 


0.5 


0.5 


5.0 x 10- 


-4 


0.2 


0.1490 


0.6598 


0.6 


0.6 


5.0 x 10" 


-4 


0.2 


0.2654 


0.8751 


0.7 


0.7 


5.0 x 10- 


-4 


0.2 


0.4573 


1.1283 


0.8 


0.8 


5.0 x 10- 


-4 


0.2 


0.7764 


1.4251 


0.9 


0.9 


5.0 x 10- 


-4 


0.2 


1.3113 


1.7718 



Table 5.2: Relative values at various points for u(x,y,t,a) 



X 


y 


t 




a 


SFEM 


Exact 


0.1 


0.1 


5.0 x 10- 


-4 


0.2 


0.0085 


0.1327 


0.2 


0.2 


5.0 x 10- 


-4 


0.2 


0.0250 


0.2933 


0.3 


0.3 


5.0 x 10" 


-4 


0.2 


0.0579 


0.4862 


0.4 


0.4 


5.0 x 10- 


-4 


0.2 


0.1186 


0.7164 


0.5 


0.5 


5.0 x 10" 


-4 


0.2 


0.2235 


0.9897 


0.6 


0.6 


5.0 x 10- 


-4 


0.2 


0.3981 


1.3126 


0.7 


0.7 


5.0 x 10- 


-4 


0.2 


0.6860 


1.6924 


0.8 


0.8 


5.0 x 10- 


-4 


0.2 


1.1645 


2.1376 


0.9 


0.9 


5.0 x 10" 


-4 


0.2 


1.9669 


2.6577 



The numerical results of the exact solutions and approximate solutions of u(x, y, t, a) are 
shown with Fig I. The first picture characterizes the exact solutions of u(x,y,t,a) at 

10 
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Figure 1: Exact solutions and approximate solutions for u with t = 5 * 10~ 4 , a = 0.2, 
x, y G [0, 1], the first picture is exact solutions, and the last picture is approximate solutions 
with n = 11. 

(x,y,5 * 10~ 4 ,0.2), x,y G [0,1]; and the others are approximate solutions for from 
n = 1 to n = 11. For example, the last picture describes the approximate solutions for 
ufj with n — 11. The numerical results of the exact solutions and approximate solutions 
of u(x, y, t, a) are shown with Fig 2. The first picture characterizes the exact solutions of 
u(x,y,t,a) at (x,y,5* 10 _4 ,0.2), x, y G [0,1]; and the others are approximate solutions 
for u™j from n = 1 to n = 11. For example, the last picture describes the approximate 
solutions for uf- with n = 11. 

The numerical results of the absolute errors for u(x,y,t,a) are shown with Fig 3. The 
first picture describes the exact solution of u(x, y, t, a) at (x, y, 5*10~ 4 , 0.2), x, y G [0, 1]; and 
the others are absolute errors for u(x, y, t, a) from n — 1 to n — 11. For example, the last 
picture describes the absolute errors between y^ - and u(x, y, t, a) with n — 11, t — 5 * 10~ 4 
for any x,y G [0, 1], i,j = 1, 2, • • • ,50. 

The numerical results of the absolute errors for u(x,y,t,a) are shown with Fig 3. The 
first picture describes the exact solution of u(x, y, t, a) at (x, y, 5*10~ 4 , 0.2), x, y G [0, 1]; and 
the others are absolute errors for u(x, y, t, a) from n = lton=ll. For example, the last 
picture describes the absolute errors between y£j and u(x, y, t, a) with n = 11, t = 5 * 10~ 4 
for any x, y G [0, 1], i,j = 1, 2, • • • ,50. 

From Fig. 1 and Fig. 3, the approximation effect for SFEM of u(x, y, t, a) is better 
(also see Table 5.1). Similarly, From Fig. 2 and Fig. 4, the approximation effect for SFEM 
of u(x,y,t,a) is also better (also see Table 5.2). 

6 Conclusions and future work 

Two kinds of two-level finite difference procedures have been developed in this paper for 
the numerical solution of a fuzzy parabolic partial differential equation with non-standard 
boundary conditions on four boundaries. Numerical results confirmed that the difference 
formulas obtained from the new discretization technique outlined in this paper do yield 
second order convergence for the solution of our problem. This paper has outlined a new 

11 
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Figure 2: Exact solutions and approximate solutions for u with t = 5 * 10~ 4 , a = 0.2, 
x,y <E [0, 1], the first picture is exact solutions, and the last picture is approximate solutions 
with n = 11. 




Figure 3: Exact solutions and absolute errors for u with t = 5 * 10 4 , a = 0.2, x, y G [0, 1], 
the first picture is exact solutions, and the last picture is absolute errors with n = 11. 
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Figure 4: Exact solutions and absolute errors for u with t = 5 * 10 4 , a = 0.2, x, y G [0, 1], 
the first picture is exact solutions, and the last picture is absolute errors with n = 11. 

approach for the study of the two-dimensional fuzzy parabolic partial differential equations 
with non-classical boundary conditions. Finally, an example is given to illustrate the second- 
order forward Euler method. Furthermore, some graphics of exact solutions, approximate 
solutions and absolute errors are given to illustrate the results which are obtained from 
Table 5.1 and Table 5.2. It is worth noting that our approaches could extend to the similar 
three-dimensional problem. 
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Decision making based on intuitionistic fuzzy soft 
sets and its algorithm * 

Zhaowen Li' 1 " Guoqiu Wen * Yu Han § 
July 2, 2013 

Abstract: This paper discusses decision making based on intuitionistic 
fuzzy soft sets by means of grey relational analysis and D-S theory of evidence. 
An algorithm on this decision making is presented and an example is employed 
to show the algorithm is efficient for solving decision problems. 

Keywords: Intuitionistic fuzzy soft sets; Decision making; Grey relational 
analysis; D-S theory of evidence; Algorithm. 

1 Introduction 

In 1999, Molodtsov [13] initiated soft set as a new mathematical tool for 
dealing with vagueness and uncertainties. Compared with some traditional tools 
for dealing with uncertainties, such as probability theory, fuzzy set theory [22], 
rough set theory [17], soft set theory has the advantage of freeing from the 
inadequacy of the paramctrization tools of those theories. 

With the rapid development of soft set theory, there has been some progress 
on the practical applications, especially the use of soft sets in decision making. 
Roy et al. [8] discussed score value as the evaluation basis to find an optimal 
choice object in fuzzy soft sets. But Kong ct al. [6] argued that the Roy's 
method was incorrect by using a counter example to discuss two evaluation 
bases of choice value and score value, and they proposed a revised algorithm. 
Later Feng et al. [9] applied level soft sets to discuss fuzzy soft sets based 
decision making. Based on Feng' works, Basu et al. [2] further investigated 
the previous methods to fuzzy soft sets in decision making and introduced the 
mean potentiality approach, which was showed more efficient and more accurate 
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than the previous methods. Jiang ct al. [11] presented an adjustable approach 
to intuitionistic fuzzy soft sets based decision making by generalizing Feng's 
approach to fuzzy soft sets based decision making [9] . Zhang proposed a rough 
set approach to intuitionistic fuzzy soft set based decision making [26] . 

All of the above methods for soft sets in decision making are mainly based 
on the level soft set to obtain useful information such as choice values and score 
values. However, the existing methods have their limitations. For example, it 
is very difficult for decision maker to select a suitable level soft set to reduce 
subjectivity and uncertainty (see [26] ). Moreover, there has been rather little 
work completed for intuitionistic fuzzy soft set based decision making. Then it 
is necessary to pay attention to this issue. 

Grey relational analysis, initiated by Deng [4], is an important method to 
reflect uncertainty in grey system theory, which is utilized for generalizing es- 
timates under small samples and uncertain conditions. It has been successfully 
applied in solving decision-making problems [5, 19, 20, 25]. D-S theory of ev- 
idence, proposed by Dempster [3] and Shafer [18], is a powerful method for 
combining accumulative evidence of changing prior opinions in the light of new 
evidences [18]. Compared to probability theory, this theory captures more infor- 
mation to support decision making by identifying the uncertain and unknown 
evidence. It provides a mechanism to derive solutions from various vague ev- 
idences without knowing much prior information. Therefore, combining both 
theories enables the decision makers to take advantage of both methods' mer- 
its and make evaluation experts to deal with uncertainty and risk confidently. 
Thus, this not only allows us to avoid selecting a suitable level soft set, but also 
helps reducing humanistic and subjective in nature to raise the choices decision 
level. The hybrid model is effective and practical under uncertainty [19, 21]. 

The purpose of this paper is to investigate decision making based on intu- 
itionistic fuzzy soft sets by combining grey relational analysis and D-S theory 
of evidence. 

2 Preliminaries 

Throughout this paper, U denotes an initial universe, E denotes the set of all 
possible parameters, 2 U denotes the family of all subsets of U. We only consider 
the case where U and E are both nonempty finite sets. 

2.1 Intuitionistic fuzzy soft sets 

Definition 2.1 ([1]). An intuitionistic fuzzy set X over U is an object having 
the form X = {(x, /j, x (x), v x (x))\x G U} (e G A), where /j, x : U ^> [0,1] and 
v x : U — > [0, 1] satisfy ^ H x {x) + v xi x ) ^ 1 f or a ^ x GU. 

H x (x) and v x (x) are called the membership degree and non-membership 
degree of the element x £ U to X. 

The set of all intuitionistic fuzzy subsets of U is denoted by IF(U). 

2 
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Definition 2.2 ([13]). Let A <Z E. A pair (F,A) is called a soft set over U, 
where F is a mapping given by F : A — ■» 2 U . 

Definition 2.3 ([15]). Let AC E. A pair (F, A) is called an intuitionistic fuzzy 
soft set over U , where F is a mapping given by F : A — > IF{U). 

In other words, an intuitionistic fuzzy soft set over U is a parameterized 
family of intuitionistic fuzzy subsets of U. For any e e A, F(e) is referred as 
the set of e-approximate elements of (F, A) and can be written as: 

F(e) = {{x, n F{e) {x),v F(e) {x))\x e U} (e e A), 

where n F{e) : U -> [0, 1], i/ F(e) : U -> [0, 1] satisfy s$ H F ( e ){x) + ^F(e)0*0 < 1- 

Definition 2.4 ([15]). Le£ (F, A) be an intuitionistic fuzzy soft set over U. Let 
x € U and e G A. (fj, F r e \(x), v F i e \(x)) is called e-intuitionistic fuzzy number of 
x. /ii?( e )(x) and v F ^{x) are called the membership degree and non-membership 
degree that x holds e, respectively. n F ^(x) = 1 — ^ F ( e ){x) — v F ^{x) is called 
the hesitating degree of x holds e. 

Example 2.5. Let U — {h\,h2,hz,h^h^\ be a set of houses and let A = 
{ei, e 2 , es, a, } C E be a set of status of houses where ej (j = 1,2,3,4) stand for 
the parameters "beautiful", "modern", "cheap" and "in the green surroundings", 
respectively. 

Now, we consider an intuitionistic fuzzy soft set (F, A) over U, which de- 
scribes "the attractiveness of the houses" to this decision maker and its tabular 
representation is shown in Table 1. For example, the characteristic of the house 
hi under the parameter e\ is (0.3,0.4). The values of 0.3 and 0.4 are the de- 
grees of membership and non-membership of the house hi with respect to the 
parameter e\, respectively. Ln other words, house hi is expensive on the degree 
of 0.3 and it is not expensive on the degree of 0.4- 



Table 1: Tabular representation of the intuitionistic soft set (F,A) 





ei 




e3 


e 4 


hi 


(0.3, 0.4) 


(0.7, 0.1) 


(0.5, 0.1) 


(0.2, 0.4) 


h 2 


(0.4, 0.4) 


(0.2, 0.7) 


(0.4, 0.5) 


(0.8, 0.1) 


h 3 


(0.3, 0.4) 


(1.0, 0.0) 


(0.7, 0.1) 


(0.9, 0.1) 


Ha 


(0.4, 0.3) 


(0.5, 0.3) 


(0.6, 0.2) 


(0.2, 0.7) 


hs 


(0.3, 0.5) 


(0.7, 0.3) 


(0.6, 0.2) 


(0.2, 0.6) 



2.2 D-S theory of evidence 

D-S theory of evidence is a new important reasoning method under uncer- 
tainty. It has an advantage to deal with subjective judgments and to synthesize 
the uncertainty knowledge [24]. 

A frame of discernment, denoted 6, is a finite nonempty set of mutually 
exclusive and exhaustive hypotheses, denoted {Ai,A 2 , • • • , A n } and AitlAj = 0. 
2 e denotes the set of all subsets of 6. 
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Definition 2.6 ([18]). Let be a frame of discernment. A basic probability 
assignment function (or Mass function) on is defined a mapping m : 2 e — > 
[0,1], m satisfies 

m (0) = , m ( A ) = 1 f° r an V A e 2e - 
Ace 

For any A C 6, A is called as focal elements if m{A) > 0, m(A) represents 
the belief measuser that one is willing to commit exactly to A, given a certain 
piece of evidence. 

Definition 2.7 ([18]). Let be the frame of discernment and m : 2 — > [0, 1] 
&e a Mass function. Then a belief function on is defined a mapping Bel : 
2 e -> [0,1], BeZ satisfies 

Bel{$) = 0, Bd(0) = 1, BeZ(A) = ^ m(B) /or any A C 0. 

BCA 

Bel(A) can be interpreted as a global belief measure that the hypothesis A 
is true, and represents the imprecision and uncertainty in the decision-making 
process. In the case of single hypothesis, Bel(A) = m(A). 

Definition 2.8 ([18]). Let be the frame of discernment. Suppose there are 
two Mass functions are mi and mi over 0, induced by two independent items of 
evidences A\, A%, ■ ■ ■ , A s and B\, B%, ■ ■ ■ , B t , respectively. D-S rule of evidence 
combination is defined and denoted as follows: 

[ t±k £ rmiAAmiiBj), VAC 0,^0, 
m(A) = mi m 2 {A) = { A,nB 3 =A 
I 0, A = 0, 

where K = m i(Ai)m 2 (Bj) < 1. 

AinBj=$ 

K is called the conflict probability and reflects the extent of the conflict 
between the evidences. Coefficient ^ s called normalized factor, its role is 
to avoid the probability of assigning non-0 to empty set in the combination. 

D-S rule of evidence combination can be generalized to multiple Mass func- 
tions, the belief measure resulting from the combination of multiply evidences 
Ai is as follows: 

mi m 2 ■ ■ ■ 8 m n (A) = - ^ — m 1 (A 1 )m 2 {A 2 ) ■ ■ ■ m n (A n ), 

n™=i Ai=A,AiC0 

where K = rni(Ai)m 2 (A 2 ) ■ ■ ■ m n (A n ) < 1. 

D-S rule of evidence combination can increase belief measure of hypotheses 
and reduce the uncertain degree to improve reliability. 

4 
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Example 2.9. Let = {A\,A 2 } be the frame of discernment. Suppose there 
are two Mass functions mi and 777,2 over 0, induced by the independent items 
of evidences Ai,A 2 , given by 

mi(Ai)=0.3, mi(A 2 ) = 0.4, mi(6)=0.3, 

7772(^)^0.4, 7773(^2) = 0.3, 777 2 (0)=O.3. 

Combining the two evidences by D-S rule of evidence combination leads to: 
m(A 1 ) = mi © m 2 (A 1 ) = '"i^^(^)+'"i(^(e)+m 1 (eK(A 1 ) = QM ^ 
m(A 2 ) = 777! © m 2 (A 2 ) = "i(^)m 2 (A 2 )+m 1 (A,)m 2 (e)+ mi (e) m2 (A 2 ) = QM ^ 

777(6) = 7771 © r77 2 (9) = m * <f W Q > = 0.12, 
Where K = m 1 (A 1 )m 2 (A 2 ) + TOi(A 2 )to 2 (Ai) = 0.25. 

3 Decision making based on intuitionistic fuzzy 
soft sets 

Now we discuss decision making based on intuitionistic fuzzy soft sets by 
means of grey relational analysis and D-S theory of evidence. It is divided three 
phases: First, grey relational analysis is applied to calculate the grey mean re- 
lational degree and the uncertain degree of each parameter is obtained. Second, 
the corresponding Mass function with respect to each parameter is constructed 
by the uncertain degree of each parameter. Third, we apply D-S rule of evidence 
combination to aggregate individual alternatives into a collective alternative, by 
which the candidate alternatives are ranked and the best alternative is obtained. 

In the following, we consider the decision-making problem with m mutually 
exclusive alternatives Xj and 77 evaluation parameters (or indexes) ej. Hij de- 
notes the membership degree that x, holds ej . Vij denotes the non-membership 
degree that Xi opposes ej. Put 

6 = {xi,x 2 , ■ ■ ■ ,x m } and A = {ei,e 2 , ■ ■ ■ ,e n }. 

Define F : A - 7F(6) by F(ej)(xi) = {^ F{ej) { Xi ), v F(ej) ( Xi )). Then (F,A) 
is an intuitionistic fuzzy soft set over 6 and IFSM = (F(ej)(xi)) mxn is called 
an intuitionistic fuzzy soft decision matrix induced by (F, A) . Here, we see the 
set of parameters as a item of evidences information. 

The key to solve decision problems by using D-S theory of evidence is how 
to obtain the uncertain degree of evidences. 

Definition 3.1. Let X; t G U, ej G A and let aij — {t L F(e j ){ x i)T l 'F(e j ){ x i)) be 
ej -intuitionistic fuzzy number of Xi. Then score function of aij is defined and 
denoted as s(a, L j) = ^p^.^xA - v F{ej) (xi). 

It is obvious that < Sjj < 1. s(aij) presents the global degree that the 
alternative x% holds the parameter ej. If siflij) is very much larger, it implies xi 
holds ej more heavily. Especially, s(aij) = — 1 indicates that Xi wholly opposes 
ej. s(aij) — 1 indicates that x, wholly holds ej. s(a,j) = represents the same 
degree of support and opposition. 

5 
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To obtain Mass functions of each alternative with respect to each parameter, 
we consider score function values may be negative, so we should normalize the 
score function values by the following formula: 



sjajj) - min 1 ^ i ^ m s{a l j) 
maxi^i^msiaij) - mmi^ i <j m S(a ij ) 



Hence, we can get normalized matrix of score function values D = (dij) mxn . 

Next, inspired by the paper [12], we define the grey mean relational degree 
and the uncertain degree of the parameter as follows. 

Definition 3.2. Let 6 = {x\,X2, • • • , x m }, A — {e\,e2, • • • , e„} and let (F, A) 

be an intuitionistic fuzzy soft set on 0. Suppose that D = (dij) mxn is normalized 
matrix of score function values. For any denote 



~ 1 ~ 
d% ^ dij , A dij — | dij di | , 

n . 

3 = 1 

minium Ad^ + p max\^ m Ad. 



Adij + P maxi^m Adij 



, pe (0,1), 



DOI(e j ) = ± ; (E(r ij )«) 1 * (i = l,2,...,n). 
i=i 

Tij is called the grey mean relational degree between dij and d{. DOI(ej) is 
called q order uncertain degree of the parameter Cj. 

p aims to expand or compress the range of the grey relational coefficient. In 
this paper, we pick q = 2, p = 0.5 to obtain strong distinguishing effectiveness. 
We call DOI(ej) the uncertain degree of ej for short. 

It is worthy to notice that the method to obtain the uncertain degree varies 
from different situation in Definition 3.2. General speaking, since a index (or 
parameter) is specially more matching the mean of the index system than other 
indexes, it contains more satisfying information for decision making and the 
uncertain degree of the index information is lower. Then, in this paper we just 
consider grey mean relational degree between dij and rfj. 

Definition 3.3 ([26]). Let X = (xi,X2, • • • ,x m ) be a finite difference informa- 
tion sequence, where there exists xi k ^ for k = 1,2, • • • ,m and 1 ^ ik ^ m. 
Then the information structure image sequence Y = (yi,t/2; ■ ■ ■ iVm) * s given by 
Vi = -sP-. 

i=l 

In the normalized matrix of score function values D — (dij) mxn , the infor- 
mation structure image sequence with respect to a parameter Cj is denoted by 
dj = {dij,d 2 j,dzj,- ■ ■ , d m j}, where d^ — . Then we obtain an information 

£ dij 

i=i 



G 
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structure image matric D — (dij) mxn induced by dj (j = 1, 2, • • • , n). 

D-S theory of evidence is a powerful method for combining accumulative 
evidence of changing prior opinions in the light of new evidences [18]. The 
primary procedure of combining the known evidences or information with other 
evidences is to construct suitable Mass functions of evidences. 

Now, by the uncertain degree of each parameter, we can obtain Mass function 
of each alternative with respect to each parameter. 

Theorem 3.4. Let 6 = {x\, X2, • • • , x m }, A — {ei, e 2 , • • • , e„} and let (F, A) 

be an intuitionistic fuzzy soft set on Q. Suppose that D = (dij) mxn is the 
normalized matrix of score function values. Denote dij — ^r 1 . For any 

E dij 

i = l 

we define functions m e .(j — 1,2, ■■■,n) with respect to the parameter ej, it 
satisfies: 

m 

m ej (xi) = d^ (1 - DOI(ej)), m ej {Q) = 1 - ^TOj(i). 

i=l 

Then m ej ( j = 1, 2, • • • , n) are Mass functions. 

In a normalized matrix of score function values D — (dij) mxn , denote 
m ej (xi), m ej (Q) by m,j(i) and nij(m+ 1), respectively. mj(i) implies the belief 
measure that holds the alternative Xi with the parameter ej and rrij(m + 1) 
implies the belief measure of the whole uncertainty with parameter ej. 

Next, using D-S rule of evidence combination to compose rrij (j — 1, 2, • • • , n), 
we get the belief measure of each alternative with all the parameters, by which 
the candidate alternatives are ranked and thus the best alternative is obtained. 

4 Algorithms and examples 

4.1 Algorithm 

Based on the above analysis, the detailed step-wise procedure as an algorithm 
is given as follows: 

Input: An intuitionistic fuzzy soft set (F,E). 
Output: The optimal decision-making results. 

Step 1 . Input an intuitionistic fuzzy soft set (F, E) and construct an intu- 
itionistic fuzzy soft decision matrix induced by (F, E) . 

Step 2. Compute the normalized matrix of score function values (D = 

(^ij)mxn) ■ 

Step 3. Compute the mean of all the score function values (di) with respect 
to each alternative. 

Step 4. Compute the difference information between dij and di. 
Step 5. Compute the gray mean relational degree between dij and di. 
Step 6. Compute the uncertain degree DOI(ej) of each parameter ej. 

7 
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Step 7. Compute the information structure image sequence dij with respect 
to each parameter ej by Definition 3.3. 

Step 8. Compute Mass function values of the alternative Xi and 6 with 
respect to the parameter ej by Theorem 3.4. 

Step 9. Compute belief measure of each alternative Xi by combining these 
Mass functions m ej ( j = 1, 2, ■ ■ ■ , n) respectively by Definition 2.8. 

Step 10. The optimal decision is to select x^ if = maxi {Bel(xi)}. Op- 
timal choices have more than one alternative if there are more alternatives 
corresponding to the maximum. 

4.2 An example 

Suppose that a company wants to fill a position. There are ten candidates who 
fill in a form in order to apply formally for the position. Suppose that the set of 
candidates U = {xi,x 2 , x w } which are characterized by a set of parameters 
A = {e 1; e 2 , e 8 }. For i = 1,2,..., 8, the parameters stand for experience, 
computer knowledge, training, young age, higher education, marriage status, 
good health and skilled foreign languages, respectively. There is a decision 
maker from the department of human resources, providing his/her assessment 
of each candidate on each parameter as an intuitionistic fuzzy soft set (F, A) . 
Its tabular representation is shown in Table 2. 

Table 2: Tabular representation of the intuitionistic soft set (F, A) 

ei e2 e3 ^4 55 &6 57 e 8 

xx (0.4, 0.4) (0.7, 0.1) (0.6, 0.1) (0.2, 0.7) (0.9, 0.1) (0.9, 0.1) (0.7, 0.1) (0.9, 0.1) 

x 2 (0.3, 0.4) (0.2, 0.7) (0.4, 0.5) (0.8, 0.1) (0.5, 0.4) (0.4, 0.4) (0.3, 0.6) (0.5, 0.5) 

x 3 (0.3, 0.4) (1.0, 0.0) (0.7, 0.1) (0.9, 0.1) (0.3, 0.3) (0.6, 0.3) (0.6, 0.3) (0.5, 0.3) 

Xi (0.4, 0.3) (0.5, 0.3) (0.6, 0.2) (0.2, 0.7) (0.6, 0.2) (0.8, 0.2) (0.2, 0.7) (0.7, 0.2) 

x 5 (0.4, 0.2) (0.8, 0.1) (0.8, 0.0) (0.2, 0.5) (0.7, 0.1) (0.7, 0.2) (0.7, 0.0) (0.8, 0.1) 

x 6 (0.8, 0.1) (0.7, 0.2) (0.7, 0.2) (0.5, 0.3) (0.5, 0.4) (0.4, 0.5) (0.6, 0.4) (0.5, 0.3) 

x 7 (0.0, 1.0) (0.3, 0.5) (0.2, 0.6) (0.7, 0.2) (0.6, 0.4) (0.6, 0.4) (0.5, 0.4) (0.6, 0.2) 

x 8 (0.5, 0.4) (0.2, 0.6) (0.4, 0.5) (0.8, 0.1) (0.8, 0.1) (0.7, 0.2) (0.8, 0.1) (0.8, 0.1) 

x g (0.4, 0.5) (0.6, 0.2) (0.5, 0.1) (0.1, 0.6) (0.7, 0.0) (0.6, 0.3) (0.7, 0.2) (0.9, 0.0) 

xio (0.1, 0.4) (1.0, 0.0) (0.8, 0.2) (0.7, 0.3) (0.5, 0.5) (0.5, 0.3) (0.6, 0.3) (0.4, 0.5) 

Now, we suppose that the ten mutually exclusive and exhaustive candidates 

consist a frame of discernment, denoted 6 = {xi,x 2 , x w }. And we consider 
the set of parameters A = {ei, e 2l es} as a set of evidences. 

Step 1. Construct an intuitionistic fuzzy soft decision matrix induced by 
(F, A) as follows: 

/ (0.4,0.4) (0.7,0.1) (0.6,0.1) (0.2,0.7) (0.9,0.1) (0.9,0.1) (0.7,0.1) (0.9,0.1) \ 

(0.3,0.4) (0.2,0.7) (0.4,0.5) (0.8,0.1) (0.5,0.4) (0.4,0.4) (0.3,0.6) (0.5,0.5) ' 

(0.3,0.4) (1.0,0.0) (0.7,0.1) (0.9,0.1) (0.3,0.3) (0.6,0.3) (0.6,0.3) (0.5,0.3) 

(0.4,0.3) (0.5,0.3) (0.6,0.2) (0.2,0.7) (0.6,0.2) (0.8.0.2) (0.2,0.7) (0.7.0.2) 

(0.4,0.2) (0.8,0.1) (0.8,0.0) (0.2,0.5) (0.7,0.1) (0.7,0.2) (0.7,0.0) (0.8,0.1) 

(0.8,0.1) (0.7,0.2) (0.7,0.2) (0.5,0.3) (0.5,0.4) (0.4,0.5) (0.6,0.4) (0.5,0.3) 

(0.0,1.0) (0.3,0.5) (0.2,0.6) (0.7,0.2) (0.6,0.4) (0.6,0.4) (0.5,0.4) (0.6,0.2) 

(0.5,0.4) (0.2,0.6) (0.4,0.5) (0.8,0.1) (0.8,0.1) (0.7,0.2) (0.8,0.1) (0.8,0.1) 



(0.4,0.5) (0.6,0.2) (0.5,0.1) (0.1,0.6) (0.7,0.0) (0.6,0.3) (0.7,0.2) (0.9,0.0) 
(0.1,0.4) (1.0,0.0) (0.8,0.2) (0.7,0.3) (0.5,0.5) (0.5,0.3) (0.6,0.3) (0.4,0.5) 



(1) 
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Step 2. Compute the normalized matrix of score function values as follows: 



0.5882 


0.7333 


0.7500 


0.0000 


1.0000 


1.0000 


0.9867 





9000 


0.5294 





0.2500 


0.9231 


0.1250 


0.1111 


0.1467 





1000 


0.5294 


1.0000 


0.8333 


1.0000 





0.4444 


0.9467 





3000 


0.6471 


0.4667 


0.6667 


0.0000 


0.5000 


0.7778 








6000 


0.7059 


0.8000 


1.0000 


0.1538 


0.7500 


0.6667 


1.0000 





8000 


1.0000 


0.6667 


0.7500 


0.5385 


0.1250 





0.9333 





3000 





0.2000 





0.7692 


0.2500 


0.3333 


0.9200 





5000 


0.6471 


0.0667 


0.2500 


0.9231 


0.8750 


0.6667 


1.0000 





8000 


0.5294 


0.6000 


0.6667 





0.8750 


0.4444 


0.9733 


1 


0000 


0.4118 


1.0000 


0.8333 


0.6923 





0.3333 


0.9467 








Step 3. Compute the mean of all parameters with respect to each candidate 
as follows: 

di = 0.5958, d 2 = 0.2185, d 3 = 0.5054, d 4 = 0.3658, d 5 = 0.5876, 



d 6 = 0.4313, d 7 = 0.2973, d s = 0.5228, d 9 = 0.5089, d w = 0.4217. 

Step 4. Compute the difference information between dij and di, and con- 
struct the difference matrix as follows: 



AD = 



0.0076 
0.3109 
0.0240 
0.2812 
0.1182 
0.5687 
0.2973 
0.1242 
0.0205 
0.0100 



0.1375 
0.2185 
0.4946 
0.1008 
0.2124 
0.2353 
0.0973 
0.4562 
0.0911 
0.5783 



0.1542 
0.0315 
0.3279 
0.3008 
0.4124 
0.3187 
0.2973 
0.2728 
0.1578 
0.4116 



0.5958 
0.7046 
0.4946 
0.3658 
0.4338 
0.1071 
0.4720 
0.4002 
0.5089 
0.2706 



0.4042 
0.0935 
0.5054 
0.1342 
0.1624 
0.3063 
0.0473 
0.3522 
0.3661 
0.4217 



0.4042 
0.1074 
0.0609 
0.4120 
0.0790 
0.4313 
0.0361 
0.1438 
0.0644 
0.0884 



0.3908 
0.0719 
0.4413 
0.3658 
0.4124 
0.5020 
0.6227 
0.4772 
0.4644 
0.5249 



0.3042 
0.1185 
0.2054 
0.2342 
0.2124 
0.1313 
0.2027 
0.2772 
0.4911 
0.4217 



(3) 



Step 5. Compute the gray mean relational degree between d^ and di based 
on AD as follows: 



1.0000 
0.4904 
0.9467 
0.5161 
0.7251 
0.3422 
0.5019 
0.7145 
0.9576 
0.9919 



0.8913 
0.7490 
0.4852 
0.9750 
0.7582 
0.7250 
0.9841 
0.5102 
1.0000 
0.4384 



0.6595 
1.0000 
0.4449 
0.4687 
0.3842 
0.4528 
0.4721 
0.4961 
0.6530 
0.3847 



0.4845 
0.4347 
0.5424 
0.6397 
0.5844 
1.0000 
0.5573 
0.6105 
0.5335 
0.7376 



0.4566 
0.8664 
0.3957 
0.7753 
0.7227 
0.5365 
1.0000 
0.4959 
0.4847 
0.4447 



0.4061 
0.7792 
0.9101 
0.4011 
0.8543 
0.3891 
1.0000 
0.7003 
0.8987 
0.8279 



0.5457 
1.0000 
0.5092 
0.5659 
0.5295 
0.4712 
0.4103 
0.4860 
0.4940 
0.4582 



0.6623 
1.0000 
0.8074 
0.7589 
0.7951 
0.9660 
0.8121 
0.6965 
0.4942 
0.5456 / 



(4) 



Step 6. Compute the uncertain degree of each parameter ej by Definition 
3.2 as follows: 



DOI{e x ) = 0.2389, DOI{e 2 ) = 0.2462, DOI{e 3 ) = 0.1802, DOI{e 4 ) = 0.1995, 

DOI(e 5 ) = 0.2051, DOI(e e ) = 0.2372, DOI{e 7 ) = 0.1800, DOI{e 8 ) = 0.2433. 

Step 7. Compute the information structure image sequence with respect to 
each parameter and construct the matrix as follows: 
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1053 


0.1325 





1250 





0000 


0.2222 


0.2093 


0.1256 


0.1698 





0947 








0417 





1846 


0.0278 


0.0233 


0.0187 


0.0189 





0947 


0.1807 





1389 





2000 





0.0930 


0.1205 


0.0566 





1158 


0.0843 





1111 





0000 


0.1111 


0.1628 





0.1132 





1263 


0.1446 





1667 





0308 


0.1667 


0.1395 


0.1273 


0.1509 





1789 


0.1205 





1250 





1077 


0.0278 





0.1188 


0.0566 







0.0361 










1538 


0.0556 


0.0698 


0.1171 


0.0943 





1158 


0.0120 





0417 





1846 


0.1944 


0.1395 


0.1273 


0.1509 





0947 


0.1084 





1111 







0.1944 


0.0930 


0.1239 


0.1887 





0737 


0.1807 





1389 





1385 





0.0698 


0.1205 






D — (dij) 3x5 



(5) 

Step 8. Let 2 e = {{xi}, {x 2 }, {xi }, 6}. Compute Mass function values 
of the candidate Xi and with respect to the parameter ej by Theorem 3.4: 



("b'M) 10x8 = 



and 



0.0721 





0.0342 





1478 


0.0221 


0.0177 


0.0153 





0143 


0.0721 


0.1362 


0.1139 





1601 





0.0710 


0.0989 





0428 


0.0881 


0.0636 


0.0911 





0000 


0.0883 


0.1242 








0857 


0.0961 


0.1090 


0.1366 





0246 


0.1325 


0.1064 


0.1044 





1142 


0.1362 


0.0908 


0.1025 





0862 


0.0221 





0.0975 





0428 





0.0272 








1232 


0.0442 


0.0532 


0.0961 





0714 


0.0881 


0.0091 


0.0342 





1478 


0.1546 


0.1064 


0.1044 





1142 


0.0721 


0.0817 


0.0911 







0.1546 


0.0710 


0.1016 





1428 


0.0561 


0.1362 


0.1139 





1108 





0.0532 


0.0989 








(6) 



mi(ll) = 0.2389, m 2 (ll) = 0.2462, m 3 (ll) = 0.1802, m 4 (ll) = 0.1995, 
m 5 (ll) = 0.2051, m 6 (ll) = 0.2372, m 7 (ll) = 0.1800, m 8 (ll) = 0.2433. 



1 8 

-£m,(ll) = 0.2163. 



Step 9. By Bel({xi}) = mi © m 2 nij, • • • © ms({xi}), we combine these Mass 
functions and compute each belief measure of each candidate Xi respectively as 
follows: 

Bel{{ Xl \) = 0.1799, Bel({x 2 }) = 0.0230, Bel({x 3 }) = 0.1119, 5eZ({x 4 }) = 0.0568, 

Bel{{x 5 }) = 0.1807, Bel({x 6 }) = 0.0744, Bel({x 7 }) = 0.0368, Bel({x s }) = 0.1398, 

Bel({x 9 }) = 0.1178, Bel({x w }) = 0.0704, Bel{{G}) = 0.0086. 

Then the final rang order is X5 y x\ y x$ y x 9 >- x 3 y x$ >~ XiO >~ x 4 y 
x-j y x 2 . 

Step 10. x 5 is the optimal candidate for the position for max,- L {Bel(xi)} — 
0.1807. 

From the above results, the belief measure of the uncertainty with respect 
to the whole candidates 6 is declined from 0.2163 to 0.0086, after applying grey 
relational analysis to construct the corresponding Mass functions for different 
evidences and then using the rule of evidence combination to compose these 
information. This implies the above algorithm is effective and practical under 
uncertainties. It not only allows us to avoid selecting the suitable level soft set, 
but also helps reducing humanistic and subjective in nature to raise the choices 
decision level. Moreover, it broadens the application field of the grey system 
theory and D-S theory of evidence. 
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Abstract 

In this paper, we deduced the following new asymptotic series 

rr i 1 5 

j-^ — ft rs -' '"V ~\~ ~\~ 

2(n + l) yinin \ \\{\ \ 1/5 I 1/50 1/50 I 59 / 52500 i 437/37500 \ 

> \ n n' 2 n 3 n 3 n 5 '"J 

which faster converge to the Euler's constant with the increase in the terms considered, 
where H n is the harmonic number. Also, we presented the following double inequality 

1 j 5 1 i 5 

1 » ^) <Hn -\un- 1 < j- — — ; n= 1,2,3,..., 

n + 1 n + 1 

which improved some known inequalities of the sequence H n — In n — 7. 
2000 Mathematics Subject Classification: 41A60, 41A25, 57Q55. 

Key Words: Euler's constant, speed of convergence, asymptotic expansion, approximations. 



1 Introduction. 

Euler's constant was first introduced by the Swiss genius Leonhard Euler (1707-1783) in 1734 as 

7 = lim (H n - Inn) , (1) 

where H n = X]fc=i \ * s ^ ne hamionic number. It is also known as the Euler-Mascheroni constant. 
More generally, for a > —n [11] 

7 = lim (H n - ln(n + a)) . (2) 

n^oo 

*Permanent address: M. Mansour, Department of Mathematics, Faculty of Science, Mansoura University, 
Mansoura 35516, Egypt. 
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Also, 7 is related to the Gamma function T(x) by the relation [2] 

7 = -r'(i) (3) 

and there are many integral representations for 7 are recorded in [5]. 

The constant 7 is one of the important constants in mathematics and it has many applica- 
tions in analysis, special functions, number theory, probability and physics. For an interesting 
discussion of this constant and its many connections to various fields of Mathematics, see J. Havil 
[11]. 

The sequence 7 n = H n — Inn converges toward its limit 7 very slowly like K So, direct use of 
formula (1) to compute Euler constant is of poor interest. In fact, using the harmonic number 
notation H n , we have the estimation 

H n - Inn - 7 ~ 

This estimation is the first term of an asymptotic expansion which can be used to compute 
effectively 7. The Euler-Maclaurin summation can be used to have a complete asymptotic 
expansion of the harmonic numbers 



B 



2k 



2n ^ 2k n 2k ' 

k>l 



2(2k)\ 

1UC1D. kJlll^C ±J2k g^vvo 11-tYC 

should be stopped at a given k [10]. 



where the B 2 k are the Bernoulli numbers. Since B 2 k grows like the asymptotic expansion 



Many lower and upper estimates of the sequence H n — In n — 7 have been obtained for n e iV 
in the literature. Here some examples: 

Young [19]: < Hn _ lnn _ 7 < i_ ( 4) 

T6th l 18 l : 2^2/5 K H " ~ " ~ 7 < »TTT73 <5> 
Aker[l] : ^ Er <H„-ln„- 7 <^ T7 3 (6) 

1— 7 ' 

also, 

DeTemple [7], [6] : ^-L ^ < H n - ln(n + 1/2) - 7 < (7) 

where H n — ln(n + 1/2) — 7 converges like n~ 2 . Also, D. W. DeTemple and S. H. Wang [6] 
established an estimate for 7 — H n + ln(n + 1) where Bernoulli's numbers are involved. 

Recently, C. Mortici [15] open a new direction to accelerate the sequence H n — Inn — 7 by 
considering the sequence 

Pin) 

M n = # n -lnn-7 + ln-f^, (8) 

Q(n) 
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where P(n) and Q{n) are polynomials of the same degree, having the leading coefficient equal 
to one. Precisely, He introduced the two sequences 

rr 1 i n-1/12 

s n = H n - Inn - 7 + In — (9) 

n + 5/12 



and 



ir + fin + "• 



g n -lnn- 7 + ln — - ^ "g> (10) 



2 _|_ UH _|_ 

ft -r 140 'i -i- 336 



whose speeds of convergence increase to n~ 3 , respective n~ 5 . The papers [4], [14], [3], [8], [9], [16] 
and [17] presented some important improvements of the speed of convergence of the sequence 
H n - Inn - 7. 



2 Main results. 

In view of the inequality (4), we define the sequence 

\ n = H n -\nn- 1 +~^-^, (11) 

n + 1 

where a and b are real parameters, which provide the fastest sequence. In what follows, our 
study is based on the following result; which represents a powerful tool for constructing some 
asymptotic expansions, or to accelerate some convergences. 

Lemma 2.1. If {w n ) n >i is convergent to zero and there exists the limit 

lim n k (w n - w n+1 ) = I e R (12) 

n >oo 

with k > 1, then there exists the limit: 

t k— 1 ^ 

lim n w„ 



k-1 



This Lemma was first used by C. Mortici for constructing asymptotic expansions, or to accel- 
erate some convergences [12], [13]. By using Lemma (2.1), clearly the sequence {w n ) n >i converges 
more quickly when the value of k satisfying (12) is larger. 

Now, using the relation (11), we get 

A n -A n+1 = ^-Inf-^V 1 "™ l + ^ 

and 



n + 1 \n + lj n+1 n + 2 



Then 



— — — — 2& + an _ 6 

n n+1 ~2n 2 3n 3 + 4n 4 5n 5 + abn(n + l)(n + 2) + {H h 

lim n 2 (A n - X n+1 ) = \ + \ 

n—>oo Z 
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and so we choose b = —2 and at this value we get 

5 2 

lim n 3 (A n - A n+ i) = - + -. 

n— >oo b a 

Then we choose a = —12/5 and we can conclude the following 
Lemma 2.2. The sequence 



A n = tf n -lnri-7- A±ff ( 13 ) 

n + 1 



/jas a rate of convergence equal to n 3 ; where 



lim n 4 (A n - A n+ i) = -\. 



Our second step will by considering the following sequence 

1 + 5 



tt 2 12n(l+ & ) ,„ lS 

li n = H n -]nn-i 14 

n + 1 

where ft, is a real parameter. Then 

1 2 3 4 10 + llh + 6h 2 + 16n + 12n/i + 6n 2 nr - 6 N 
/in - /Wi - + 12(n + l)(n + 2)(n + /i)(n + /i + l) + (n ^ 

and hence 

lim n 4 (u„ - /i n+ i) = -(5/z — 1). 

n^oo 4 

So we choose h — 1/5 and we we can conclude the following 
Lemma 2.3. the sequence 

1 + 5 



2 12n ( 1+ iZ») 

u n = #„-lnn- 7 i T ^ Li - 15 

n + 1 

has a rate of convergence equal to n~ A , where 

lim n 5 (/i n - /in+i) = -^r- 

This procedure will give us an easy technique to construct an asymptotic expansion of the 
harmonic numbers 

1 5 
H n — Inn — 7 ~ — H 7 r- (16) 

2(™ + l) 12w(w + l)fl+Vg+V|°- 1 4° + 59 / 5 f 00 + 437 / 3 7 500 - ...^ 

which increases the speed of the convergence with the increase in the terms considered. For 
example the sequence 

Q _ 1 , 5 

" 2(n+l) 10 ( 1 1 ^ ^1 1 V 5 1 1 / 50 1 / 50 1 59/52500 , 437/37500 4547/875000 11633/875000 \ 

izn\n+ i) n -+- n2 ni -+- nA -+- n5 n6 n? j 

(17) 

has a rate of convergence equal to n 10 , where 

n 394566341 

lim n (6L — u n+ i) = . 

n-oo v n n+u 7276500000 

Of course the sequence (17) give us a superiority over the two sequences (9) and (10). 
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3 New double inequality of H n — Inn — 7. 

Let f(n) = \i n - fi n+ i, then 



1 + 5 1 , 



m = _ L_i n (_;_) _ 5 -c^i + ' ***£m . x>0 

and 

625x 3 + 1375x 2 - 20a; - 864 
/ ^ X > ~ 6x{l + xf{2 + xy{l + 5x) 2 (6 + 5x) 2 5 X > 

Also, 

lim /(#) = 0. 

x^oo 

Now for x > 0, the function f(x) is monotonically increasing and tends to as i tends to oo, 
then 

f(x) < 0, x > 0. 

Hence 

/x n < /i n+ i, n = 1,2,3, ... . 
Now fi n is increasing sequence and lim^oo /i n = 0, then we get 

Hn < 0, 71=1,2,3,... 

and hence 

"I" ,„ /. ■ l/5\ 



2 ' 12n(l+ ] 

i7„-lnn-7< - , n = 1,2,3, ... 

71+1 



1 i 5 



2 i 2n ( 1+ iZ5 + i/MT 

Similarly, if we let z/„ = if n — Inn — 7 ^ n " — 11 — - and g(n) = z/„ — ^ n +i, we can prove 

that for rr > 0, the function is monotonically decreasing and tends to as x tends to 00, 
then 

g(x) > 0, x > 0. 

Hence 

> v n +i, n = 1,2,3, ... . 
Now v n is decreasing sequence and lim^oo v n = 0, then we get 

v n > 0, n = l,2,3,... 

and hence 

i + 



2 ^ 12n ( 1+ V5 + V|2) 

# n - Inn - 7 > \ n ^ , n = 1, 2, 3, .. 

n + 1 

Then we obtain the following result: 

Lemma 3.1. The sequence H n — Inn — 7 satisfies the double inequality 

1 j 5 1, 5 

2 + 12 „( 1+ V5 + l/|0) 2 + I2nfl+i^) 



<# n -lnn- 7 < ^—=^-, n = l,2,3,.... (18) 

n + 1 n + 1 
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The inequality (18) give us a superiority over the inequality (4), since 

1 j 5 1 , 5 

T ,„ /. . i 1 o ~r 



2 ^ 12n(l+i/5 1 1 2 T / 1/5 1/50 

< — and < ^ : 

n + 1 2n 2(n + l) n + 1 

Also, it improved the two inequalities (5) and (6), since 

1 + 5 



2 - 12n(l + ^) < 



n+1 2n+l/3 

and 



x + 



< - , o._ 1 < \ : ^ forn>\. 



2n + 2/5 2n+^ ' n + 1 
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Abstract. A continuous map / from a graph G to it self is called a graph. In [4], Block 
and Franke proved that if / : S l — > S l is a circle map CR(f) = P(f) if and only if P(f) is 
a nonempty closed set and for every x e S l - P(f) , some element of 0)(x,f) has a 
generalized attracting neighborhood. In this paper, we show that if / :G — » G is a graph map, 
and if P(f) is a nonempty closed set and for every x e G — P(f) , there is a point in G)(x,f) 
which has a generalized attracting neighborhood containing no circle, then CR(f) = P(f) . An 
example is constructed to show that the inverse is not true. 

§ 1 Introduction 

Let(Z,d)be a metric space. For any FczZ, denote by Int x (Y) , d x (F) and 
Clos x (Y) the interior, the boundary, the closure of Y in X respectively. If there is 
no confusion, we also write Y for Clos x (Y) .For any y e Y a X and r > , write 
B(y,r) = {xe X : d(x, y)<r) and B(Y,r) = [x e X : d(x,Y) < r) . For a finite set Y, 
denote |7| the number of the elements in Y . 

Denote by C°(X) the set of all continuous maps from X to it self. Let N 
be the set of all positive integers, and let Z + = N u {0} .For any hgN, write 
N„ = {1, 2, •••,«} and Z„ ={0,l,---,n-l} . For any /eC°(X)and x e X , the orbit 
of x under /, denoted by o(x,f), is the set |/"(jc) : n = 0,1,2, •••} , 

where f° =id x , f 1= f, and f n =fof"~ l (n>2)is the n — fold composition 
of / . Let N be the set of all positive integers. For any neN , write 
N„ = {1, 2, • • -,n} . Write Z + = N u {0} . 

A point xeX is called a periodic point of / with period n if f"(x) = x 
and f'(x)^x for \<i<n. xeX is called a fixed point of / if f(x) = x. 

co 

The set w{x,f) = Q 0(f m (x),f) is called the co- limit set of a point xeX 

m=0 

under / . Write co(f) = (J /) , called the co - limit set of / . xeXis called a 

recurrent point if* e co(x,f) . x is called an almost recurrent point if for any 
neighborhood U of jc in X there exists an meN such that 
{/" + '(jc) : / e N m }fW ^ forevery neZ + .Forany x, y e X ande > , a sequence 

x n ) of points in X with n>l is called an s -pseudo orbit or an 
s— chain of / from x to y if x = x, x n = y and d(x i ,f(x i < ^ for all 
ieN B , If there is an ^ -pseudo orbit from jcto j for every s>0, then we 
say x can be chained to y .A point leX is called a chain recurrent point of / 
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if x chain to j. A subset Y of X is called positively chain invariant if for every 
yeYand x£Y ,y cannot be chained to x . Denote by Fix(f) , P(f) , AP(f), 
R(f) and G?(/)the set of fixed points, periodic points, almost periodic points, 
recurrent points, chain recurrent points of / respectively. From the definition, it is 
easy to see thatF/x(/) c P(f) cz AP(f) cz R(f) cz co(f) cz CR(f) . 

Let i be a periodic point with period n , A generalized attracting 
neighborhood of 0(x,f) is an open neighborhood V x of x with V x * X and 

A non-degenerate metric space X is called an arc(resp. an open arc, 
a circle) if it is homeomorphic to the interval [0,l](resp. the open interval (0,1) , 

the unit circle S 1 ). By a graph G we mean a connected Hausdorff space which is 
the union of finitely many subspaces G i , each of them is a arc and 

|G ( . flG ; .|<l. By a tree T we mean a graph which contains no circle, that is 

a uniquely arcwise connected graph. 

Let G be a graph, let xeG and U be an open (in G ) neighborhood of x 

such that U is a tree. The number of connected components of U\{x] is called 
the valence of x and is denoted by Val c (x) (or simply V(x) if there is no 
confusion). If Val c (x) = l, x is called an endpoint of G; if Val c (x)>2,x is 
called a branch point of G .We use EndiG) and BriG) to denote the set of 
endpoints and the set of branch points of G respectively. Let V(G) = 
End(G){jBr(G) . A finite set D(G)z^V(G) is a set of vertices of G such that 
the closure of each connected component of G-D(G) is homeomorphic to [0,1] 

and if I, J are two different elements in E(G) = ^L:L is a connected 

component of G-D(G)} , then |/n/|<l. The element of E(G) is said to be the 
edge of G .For some edge I of G and any a,b e I , we use [a,^]^ or simply 
[a,£]if there is no confusion ) to denote the smallest connected closed subset of 

/containing {a, b] .Define (x, y] = [x, y]~{x} and (x, y) = (x, y]-{ y} ■ 

In [3], Block and Franke proved that if /:/—>/ is an interval map and 
P(f) is a closed set thenCR(f) = P( f) . In [4], Block and Franke proved that if 
/ : S l — > S 1 is a circle map CR(f) = P(f) if and only if P(f) is a nonempty 
closed set and for every x e S 1 - P(f) , some element of co(x,f) has a 
generalized attracting neighborhood. In [8], Mai and Sao proved that if 
f:G— >G is a graph map and P(f) is a closed set, then co(f)=R(f). Our 
main result is the following theorems. 

Theorem 2.1. Let G be a graph, f.G^G be a continuous map. If P(/)is a 
nonempty closed set and for every xe G-P(f) , there is a point in co(x,f) which 
has a generalized attracting neighborhood containing no circle, then CR(f) = P(f) . 

Theorem 2.2. Let G be a graph, / : G — > G be a continuous map. If P(f) is 
closed and for every y e P( f) , y has a generalized attracting neighborhood 
containing no circle, then CR(f) = AP(f) . 
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§ 2 Chain recurrent point of graph maps with closed periodic 
point set 

In this section, the properties of chain recurrent point set of graph 
maps with closed periodic point set are discussed. 

Lemma 2.1.([4])LetX be a compact metric space, / : X — > X be a continuous 

map. If Y is an open subset such that f(Y) c Y then Y is positively chain 

invariant and CR(f) f] Y = CR(f Y) . 

Lemma 2.2. Let G be a graph, / : G — > G be a continuous map and 
yeP(f). If y has a generalized attracting neighborhood then so does each point 
in the orbit of y . 

Proof. Let n denote the period of y and y 1 =f~ 1 (y). It suffices to 
show that y l has a generalized attracting neighborhood. Let V be a connected a 
generalized attracting neighborhood of y and Vj denote the component of 
f^(V) which contains y l . Then V, is a open set and /(VJczV. 

Case 1. Vj=G.In this case, f(G) cz V £ G . Then jc has a generalized 
attracting neighborhood for each x e P(/) . 

Case 2. V, * G Let A = V, - V, .Then A * .For any a e A ,we claim that 
/(a) g V .If /(a) g V , there is a connected open setL^ with aeU l such that 

/({/[) czy .Therefore, U l aV l ,which contradicts with 

aeV.-V, .Thus f(A)f]V = .It follows that f(A)C]f n (V) = and 

ad /"^(y) = . Thus, r (y~) = c /-'(y) c v; 

So V, is a generalized attracting neighborhood of y r ■ 

In [5], Li and Ye proved the following lemma. They got a necessary and 
sufficient condition of tree maps / with CR(f) = P(f) . 

Lemma 2.3. Let T be a tree, / : T — > T be a continuous map. Then 
CR(f) = P(f) if and only if P(f) is closed. 

Theorem 2.1. Let G be a graph, /: G — > G be a continuous map. If P(/)isa 
nonempty closed set and for every x e G-P(f) , there is a point in a>(x,f) which 
has a generalized attracting neighborhood containing no circle, then CR(f) = P(f) . 

Proof. Suppose that P(f) is a nonempty closed set and for every xeG- P(f) , 
there is a stable periodic point in co(x,f). Let xeG-P(f). We will show 
thatjce CR(/) . 

Let y be a element of a>(x, f) which has a generalized attracting 
neighborhood and denote by {y k = f k (y) :k = 0,l,---,n-l| the orbit of y, 
where. By Lemma 2.2, each y k has a generalized attracting neighborhood V k 
containing no circle. Without loss of generality, suppose that V k is connected for 

n-l 

k = 0, 1, • • •, n - 1 Let V = [J V k . Then V is a neighborhood { y , y v ■ ■ ■, y n _ x } and 

k=0 
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f"(V) cz V . Thus, by Lemma 2.1, V is positively chain invariant under 
/" .Choosey > such that B(y k ,s l ) czV k for k =0,1, •••,«- 1. Choose c5j>0such 
that if d(u,v)<8 l then d(f (u), f'(v)) < s l for i = 0,l,---,n . Since y g <z>(x, /) , 
there is some point / m (x) e . It follows that f m+k (x)eV k for 

k = l,2,---,n-l . For any £>0 , choose ^>0 such that d(u,v)<8 then 

d(/ i (u),/ , '(v))<- for / = 0, 1, ■••,/!. Assume that xeCR(f), then f m+n ~\x) can 

be chained to x. There is a £-chain ^x = / m+n_1 (x),x 1 ,x 2 ,---,^ =x) . Choose 
£e{0,l,---,n-l} such that n-k-l + t = ln for some / e N . Since (f m+k (x), 
f m+k+1 (x),--;x Q = f m+n - l (x),x l ,x 2 ,--;x t =x)is a £-chain. Denote y Q =f m+k ( x ), 
y 1 =f m+k+l (x),--;y n _ k _ i =f m+ "-\x) and y n _ k =x„ —,y n _ k = * . Then (y ,)V--, 
yn-t-i+») is a ^- chain from f m+k (x) to x. Since d(f(yj), y j+l ) < 8 for 
7 = 0, 1, •••,«/- 1 , we have 

< ^ 

for i = 0,l,--,(/-l)n. Thus (y ,y n ,y 2n ,--;y nl ) is an s- chain from f m+k (x) 
to x. Since Vis positively chain invariant under /", we have xeV. Without 
loss of generality, suppose that x e V . 

It follows by Lemma 2.1 that x^CR(f)f]V Q = CR(f n )C\V () =CR(f n V a ). 

Obviously, f"V is a tree map. Thus, by Lemma 2.3, xe P(f n V ) cz P(f), which 
contradicts with the assumption. It follows thatCi?(/) = P(f) . ■ 

One can construct example where /:G—»G is a graph map, CR(f) = P(f), 
P(f)*0 is closed and there is no periodic point in co(x,f) has a generalized 
attracting neighborhood containing no circle for some xeG- P(f) ■ 

Example 2.1. Let S i =^(x,y):(x + ^x(-l) i ) 2 + y 2 =^ , for z'=l,2 and 

G = S l U 5 2 . Map / : G -> G is defined as following: 

(1) /((0,0)) = (0,0), /((1,0)) = (1,0) , /((-1,0)) = (-1,0); 

(2) / ((x, y)) = (yfx , -^1 yjjx - x ) if (*,y)eS, and ;y*0; 

(3) /((x,);)) = (-x 2 ,W^ 2 -x 4 )if Uj)gS 2 and j^0; 

It is easy to check that Ctf(/) = P(f) = {(-1,0), (0,0), (1,0)} and (0,0) = 0(5) 
for every 5 = (x, y) e 5 2 with -l<x<0. Obviously, V is not a generalized 
attracting neighborhood of (0,0) for each open neighborhood V of 
(0,0) with V *G . Thus, the inverse of theorem 2.1 doesn't hold. ■ 

Lemma 2.4.([8]) Let G be a graph, f .G— >G be a continuous map. If 
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Pif) is closed, then coif) = R(f) . 

Lemma 2.5.([6]) Let G be a graph, / : G — » G be a continuous 

map. Then R(f) = AP(f)[)P(f) 

Theorem 2.2. Let G be a graph, / : G — » G be a continuous map. If Pif) is 
closed and for every y e P(f) , y has a generalized attracting neighborhood 
containing no circle, then CR(f) = AP(f) . 

Proof. Suppose that P(f) is a closed set. By Lemma 2.4 and 2.5, we have 

^{f) = R{f) = AP(f) U Pif) = AP(f) U Pif) = AP(f) <zR(f)<z co{f) ■ 

Thus, AP(f) = R(f) = co{f) ■ Let* eG-APif) .We will show that* £ CRif) . 
Let y be a element of co(x, f) . Then y <= AP( f) . 

Case l.y e Pif) .In this case, it is easy to prove x £ CRif) by the same process 
as in the proof of Theorem 2. 1 . 

Case 2. y £ Pif) . In this case, it follows by Theorem 4.6 in [6] that 

Oiy,f) = (jC, , where C, is a circle, fiC i ) = C i+Hmodk) and f k \C, is 

topologically semi-conjugate to an irrational rotation of the unit circle 
S l for each i'gNj . Therefore, there is an open set U such that 

Oiy,f)<^U and fiU) = Oiy,f) .Since j e coix,f) ,there is integer meN 
such that f m ix) eU . It follows that 

/ m+1 (x) e |J C, Let £ = imax <U(J C ( ., x), J((J C, , G - U) 1 . 

i=i 2 [ ;=1 i=1 J 

If xeCRif), then / m+1 (x) can be chained to x. Thus, there is an 

k 

e- chain (x = f m+ \x),x l ,x 2 ,---,x n = x) . Obviously, /(x ) e |jc, , d(x ,x) > a 

i=l 

and d(/(x ),x) > 2^ . Thus, <i(x p x) > £ and /(x^e^jc,. and difix { ), x) > 2s . 

k 

Suppose that dix } , x) > s , fix } ) e [J C, and difixj ), x) > 2^ . Then 

k 

/(x 7+1 )e|J C < and difix J+l ),x)>2e. 
It follows that difix n _ l ),x)>s which contradicts the fact that 
(x = / m+1 (x), x v x 2 ,--;x n = x) is an f-chain. Hence, x £ CRif) . 

It follows by case 1 and 2 thatO?(/) = APif) . ■ 

One can construct example to show that the condition that the generalized 
attracting neighborhood contains no circle in Theorem 2.1 and 2.2 can not be omitted. 

Example 2.2. Let S, = j(x, y) : i*-^) 2 + y 2 = , A = {(x,0):-l<x<0} , 

fl = {(x,0):l<x<2},and G = S, U A[jB .Map f.G^-G is defined as following: 
(l)/((0,0)) = (0,0), /((1,0)) = (1,0); 
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(2) f((x, yj) = (Vx, yjsfx - x) if (x,y)eS l and y>0; 

(3) f((x,y)) = (x 2 -Jx 2 -x 4 )if (x,y)eS 1 and y<0; 

(4) /(A) = {(0,0)}, /(5) = {(1,0)} 

Obviously, (0,0) gcd(s) for every s = (x, y)eA, V = |(x,y):x>-i| f]G is 

a generalized attracting neighborhood of (0, 0) which contains a circle S l . It is 
easy to check that CR(f) = S 1 , co(f) = P(f) = {(0,0),(l,0)} . ■ 
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Abstract 

In this paper, some new properties of pseudo almost periodic sequences are es- 
tablished. Especially, we obtain two interesting characterization theorems for pseudo 
almost periodic sequences. 

Keywords: pseudo almost periodic, almost periodic, ergodic zero set. 
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1 Introduction 

In 1990s, Zhang (see [8]) introduced the concept of pseudo almost periodic function, which 
is a generalization of the classical almost periodic function. Since then, there has been of 
great interest for many authors to study pseudo almost periodic functions and it applica- 
tions in differential equations. 

On the other hand, recently, many authors investigated almost periodic type solutions 
for various difference equations (see, e.g., [1, 3-6] and references therein). Therefore, it is 
very necessary to make further study on the properties of almost periodic type sequences. 
In this paper, we aim to make some study on pseudo almost periodic sequences and obtain 
some new results. 

Throughout the rest of this paper, we denote by A" a real Banach space, by M the set 
of real numbers, by Z the set of integers, by N the set of positive integers. Next, we first 
recall some basic notations about almost periodic type sequences. For more details, we 
refer the reader to [2, 8]. 

Definition 1. A set P C Z is called relatively dense in Z if there exists a number I > 
such that VaGl, (a, a + /) f| P / 0. 

Definition 2. A set P C Z is called relatively dense in Z if there exists a number I G N 
such that Va £ Z, [a, a + I] f] P / 0. 

Remark 3. It is not difficult to show that the above two definitions are equivalent. 

*Hui-Sheng Ding acknowledge support from the NSF of China (11101192), the Program for Cultivating 
Young Scientist of Jiangxi Province, and the NSF of Jiangxi Province; Wen-Hai Pan acknowledges support 
from the Graduate Innovation Fund of Jiangxi Province. 
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Definition 4. A sequence g : Z — ► X is called almost periodic if for every e > 0, 

P e = {t e Z : sup ||/(n + r) - /(n)|| < e} 

is relatively dense in Z. We denote the set of all such sequences by AP(Z, X) or AP(Z) 
if there is no confusion. 

Next, we denote Cb(Z, X) be the set of all sequences / : Z — ► X satisfying lim f(n) = 
0, and 

PAP (Z,X) := | / : Z ->■ X is bounded : lim V ||/(fc)|| = 1 . 

K k=-n J 

Definition 5. A function f : Z — > X is called asymptotically almost periodic if it can be 
expressed as f = g + h, where g £ AP(Z, X) and h £ Co(Z, X). TTie set o/ suc/i functions 
will be denoted by AAP(Z, X). 

Definition 6. A bounded function f : Z ^ X is called pseudo almost periodic if it can 
be expressed as f = g + h, where g G AP(Z,X) and h £ PAPq(Z, X). The set of such 
functions will be denoted by PAP(Z,X). 

Definition 7. A set E C Z is said to be an ergodic zero set in Z if 

lim card(Ef][-n,n}) = Q 

ra^+oo In 

Lemma 8. Let f : Z — ► X 6e bounded. Then f G PAPo(Z, X) if and only if for every 
e > 0, E(f,e) = {k £ Z : ||/(fe)|| > e} is an ergodic zero set in Z. 

Proof. The proof is similar to [4, Lemma 2.9]. So we omit the details. □ 



2 Main results 

In this section, we will establish two characterization theorems for pseudo almost periodic 
sequences. Before establish our main results, we first prove some lemmas. 

Lemma 9. Let E C Z be an ergodic zero set. Then, for every L > 0, there exists an 
interval (n, v) C R with v — u > L such that Ef](u, v) = 0. 

Proof. We prove it by contradiction. If the conclusion is not true, then there exists Lq > 
such that for every a £ R, E f)(a, a + Lq) / 0, which yields that 

M »«> Urn £ I =-L>0, 
7w+oo 2n r^+oo 2n Lo 

which contradicts with the fact that E is an ergodic zero set. □ 

Lemma 10. Let P C Z be a relatively dense set, and E C Z be an ergodic zero set. Then 
for any given interval [c,d], there exist (u,v) C R and r £ P such that Ef](u,v) = and 
[c,d] + t C (u,v). 
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Proof. Since P is relatively dense, there exists a number I > such that Va G R, (a, a + 
I)f)P 7^ 0. Letting L = l + d—c, by Lemma 9, there exists an interval (u, v) with v—u > L 
such that E f](u, v) = 0. Taking r G (u — c, u — c + Z) f] P, for all i € [c, d] , we have 

U<C + T<t + T<d + T<d + U — c + l = u + L<v, 

which means that [c, d] + r C (u, v ). □ 

Lemma 11. Let P C Z be a relatively dense set, E C Z be an ergodic zero set, and 
ki £ Z, i = 1, 2, . . . , n, where n £ N is a fixed constant. Then, there exits t £ P such that 
k + r ^ E, i = 1,2, . . . ,n. 

Proof. Without loss for generality, we can suppose that k\ < &2 < ■ ■ ■ < k n . It follows 
from Lemma 10 that there exists an interval (u,v) and r G P such that Ef](u,v) = 
and [ki,k n ] + r C (w, v). Thus E'PKf/ci, A; n ] + r) =0, which means that ki + t ^ E, 
i = l,2,...,n. □ 

Now we are ready to present one of our main results, which extends the corresponding 
result in [7] to pseudo almost periodic sequences. 

Theorem 12. Let f : Z — > X be a bounded sequence. Then a necessary and sufficient 
condition for f G PAP(Z, X) is that for every e > 0, there exist a relatively dense set 
P t C Z and an ergodic zero set E e C Z suc/i t/iat 

||/(A; + r)-/(fc)||<e, (1) 
/or all k £ Z and t £ P t with k, k + t E e . 
Proof. "Necessity". 

Suppose that / G PAP(Z,X). Then, there exist g £ AP(Z,X) and h £ PAP (Z,X) 
such that f = g + h. For every e > 0, since g is almost periodic, there is a relatively dense 
set P t cZ such that ||g-(A; + r) - fli(A;)|| < e for all k £ Z and r G P e . We denote 

E e = {k £ Z : > e}. 

Noting h £ PAPq(Z, X), by Lemma 8, E e is an ergodic zero set. Then, for all k £ Z and 
t £ P e with k,k + t E e , we have 

\\f{k + r) - f{k)\\ = \\f[k + r) - ^(fc + r)|| + \\g(k + r) - g(k)\\ + || 5 (fc) - 
= \\h(k + T )\\ + \\g(k + T)- g(k)\\ + \\h(k)\\ 
< 3e. 

"Sufficiency". 

By (1), for every n £ N, there exist a relatively dense set P n C Z and an ergodic zero 
set E n C Z such that 

||/(fc + r)-/(fc)||<l (2) 
for all k £ Z and t £ P n with k,k + t ^ E n . 
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For every n £ N and every k £ Z, by Lemma 11, there exists r„ G P„ such that 
k + r k ^ E n . Now, we denote 

/n(*) = /(fc + T*), neN, fceZ. 

Next, we divide the remaining proof by five steps. 
Step 1. For every n £ N, r € P„ and k £ Z, there holds 

||/n(fc + r)-/ n (fc)||<l 
Again by Lemma 11, we can choose r' £ P n such that 

k + T + T* +T + T,k + T + T',k + T',k + T + T% E n . 

Then, by (2), we have 

||/n(fc + r)-/„(fc)|| 
= \\f{k + r + r k ^)-f{k + r k )\\ 

< + T + r *-K) - /(fc + r + r k+T + r) || + + r + r n fc+ - + r') -f{k + r + r') \\ 

+ \\f{k + r + r') - /(A; + r')|| + + r') - f(k + r' + r n fc )|| + + r' + r„ fc ) - f(k + 
5 

< -. 
n 

Step 2. For every m, n £ N with m > n and k £ Z, there holds 

||/m(*)-/n(fc)||< - 
n 

Again by (2), we get 

||/m(fc)-/n(fc)|| 

= \\f(k + r^-f(k + r k )\\ 

< \\f(k + r k m ) - f(k + ri + t") II + \\f(k + r k m + t") - f(k + r") || 
+ \\f(k + r") - f(k + r" + r k ) || + \\f(k + r" + r n fe ) - f(k + r k ) \\ 

11114 

< - + — + - + -<-, 
n m n n n 

where t" £ P n satisfying 

k + r k m + t", k + r", k + r" + r k $ E n [jE m . 

Step 3. Let 

g(k)= lim f n (k), k£Z. 
It follows from Step 2 that g is well-defined, and 

\\f n (k) - g(k)\\ < i n G N, k £ Z. (3) 

Step 4. 5 6 AP(Z,X). 
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In fact, by Step 1 and (3), we have 

\\g(k + r) - g(k)\\ < \\g(k + r) - f n (k + r)|| + \\f n (k + r) - / n (fc)|| + ||/ n (fc) - g(k)\\ 

4 5 4 13 
< - + - + - = —, 
n n n n 

for all n G N, r G P n and k £ Z. 
Step 5. f — g & PAP (Z,X). 
It follows from (3) that 

\\f(k) - g(k)\\ < \\f(k)-f n (k)\\ + \\f n (k)-g(k)\\ 

< \\f(k)-f(k + r k a )\\ + -<^, 

n n 

for every n G N and A? G Z with A; ^ i£ n , which means that for every n G N, 

{fc€Z: ||/(A;)-0(fc)|| > 5 }cii; n . 

n 

Noting that every E n is an ergodic zero set, we conclude that {k G Z : ||/(fc) — <?(A;)|| > ^} 
is an ergodic zero set for every n G N. Then, by Lemma 8, / — g G PAPq(Z, X). This 
completes the proof. □ 

Next, we will present another characterization theorem for pseudo almost periodic 
sequences. Before establishing our main result, we first prove the following interesting 
lemma: 

Lemma 13. Let f : Z — > X be a bounded sequence. Then a necessary and sufficient 
condition for f G PAPq(Z,X) is that there exists an ergodic zero set E C Z such that 

lim /(At) = 0. 
k<=Z\E 

Proof. "Sufficiency" 

Since lim f(k) = 0, we know that for every e > 0, 

k— ++oo 

kez\E 

card{k G Z\E : \\f(k)\\ > e} < +oo, 
which yields that for every e > 0, 

Hm card{k&[-n,n]:\\f(k)\\>e} _ Q 

n^+oo In 

since E is an ergodic zero set and 

card{k G [-n,n] : ||/(A;)|| > e} < card([-n,n] H E) + card{k G Z\E : \\f(k)\\ > e}. 

Thus, by Lemma 8, / G PAP (Z,X). 

"Necessity". Suppose that / G PAP (Z,X). We denote 

E k = {n€Z:\\f(n)\\ > ^}, k G N. 
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Then, every E k is an ergodic zero set. For k = 1, there exists N± G N such that for all 
n > iVi, 

card([— n, n] n E 2 ) 

2^ " ' 

and 

card([—Ni, Ni] l~l £1) < card([-n,n] n £1) < 

For k = 2, there exists 7V 2 G N (iV 2 > iVi) such that for all n > N 2 , 

card([—n,n] PI £3) 1 
2n ~ 2' 

and 

cord([-iVi, iVi] n £1) + card([-N 2 , N 2 ] n £2) 2iVi + 1 + cord([-n, n\ n £ 2 ) 1 
2^ ~ 2^ ~ 2' 

Continuing by this way, we can get a sequence {A^}^ C N satisfying that for every 
fceN and n > N k , there hold 

card([-n,n] n gfc+i) 1 , . 

2n " fe' { ' 

and 

fc— 1 

^cardQ-A^iV;] DEi) £ ( 2N i + 1) + card([-n, n\ n £ fc ) 

^ < ^ < -. (5) 

2ra ~ 2n ~ fc w 

Now, we denote E = Ufcli ^k> where 

^ = [-iV 1 ,iV 1 ]ni? 1 , E k = ([-N k ,N k ]\[-N k - 1 ,N k - 1 ])nE k , fc = 2,.... 

We claim that £ is an ergodic zero set. In fact, for every m G N and n G [iV m , 7V m+1 ], by 
(4) and (5), we have 

card{[-n,n] HE) carrf([-TC, w] H(UfcLi ffifc)) 

2n 2n 

Ysk=i cardE k + card([-n, n] n i? m+ i) 



< 
< 



2n 

J2T=i card([-N k , N k ] n £ fc ) + card([-n, n] n E m+1 ) 



2n 
2 

< — . 

m 

Noting that N m — > +00 asm-> +00, we conclude that 

^. card([— n, ra] (~l E) 
n— »+oo 2n 

It remains to show that lim f(k) = 0. For every k G N and n G Z\£ with n > N k , 

there exists m> k such that 

n G [-iV m+ i,iV m+1 ]\[-Af m ,iV m ]. 
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Since n ^ E, n ^ E m+ i, and thus n ^ P m +i, which means that 

"<»>» < ^Ti < i- 

This completes the proof. □ 

Theorem 14. Let f : Z ^ X be a bounded sequence. Then a necessary and sufficient 
condition for f G PAP(Z, X) is that there exist an ergodic zero set E C Z anc/ / G 
AAP(Z,X) suc/t too* 7| z \b = /• 

Proo/. Let / G PAP(Z,X). Then there exist 5 G AP(Z,X) and /i G PAP (Z,A) such 
that f = g + h. By using Lemma 13, there is an ergodic zero set E C Z such that 

lim /i(jfe) = 0. 
fcezyE 



Let 

h(k) 



h(k), k G Z\E, 
, fe G P, 



and / = g + h. Then / G AAP(Z, X) and /| Z \ E = /. 

On the other hand, if there exist an ergodic zero set E C Z and / G AAP(Z, X) 
such that /| Z \ B = /. Let / = g + /i, where g G AP(Z,X) and h G C (Z,X). Noting 
(/ — g)\z\E = h, by a similar proof to the "Sufficiency" part of Lemma 13, we can obtain 
/ - g G PAP (Z, X), and thus / G PAP(Z, X). □ 
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1. Introduction and Preliminaries 

Let K be a nonempty convex subset of a real Banach space E. Let J denote 
the normalized duality mapping from E to 2 E * defined by 

J(x) = {/* e E* : (x, /*> = \\x\\ 2 and ||/*|| = \\x\\} 

for all x G E, where E* denotes the dual space of E and (•, •) denotes the 
generalized duality pairing. We shall denote the single- valued duality mapping 
by j. 

* Corresponding author. 

1 
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Let T : K — > K be a mapping. 

Definition 1.1. The mapping T is said to be Lipschitzian if there exists L > 
such that 

||Tz-Ty|| <L||:r-y|| 

for all x,y e K. 

Definition 1.2. The mapping T is said to be nonexpansive if 

llTx-Tj/H < — 

for all x,y £ K. 

Definition 1.3. The mapping T is said to be pseudocontractive if 

\\x — y\\ < \\x — y + £((/ — T)x — (I — T)y\\ 

for all x,y e K and t > 0. 

As a consequence of a result of Kato [8] , it follows that T is pseudocontractive 
if and only if for all x,y G K, there exists j(x — y) G J(a: — such that 

(Tx-Ty,j(x-y)) < \\x - y\\ 2 . 
Definition 1.4. The mapping T is called accretive if 

1 1 rcr - y\\ < \\x — y + s(Tx - Ty)\\ 
for all x,y G K and s > 0. 

Remark 1.5. It is well known that every nonexpansive mapping is pseudo- 
contractive. Indeed if T is nonexpansive mapping, then for all x, y G K, there 
exists j(x — y) G J(x — y) such that 

(Tx - Ty,j(x - y)) < \\Tx - Ty\\ \\x - y\\ 

^ II II 2 

< If - 2/ 1 1 • 

Rhoades in [15] showed that the class of pseudocontractive mappings prop- 
erly contains the class of nonexpansive mappings. 
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ISHIKAWA ITERATIVE SCHEME FOR LIPSCHITZIAN PSEUDOCONTRACTIONS 3 

The class of pseudocontractions is, perhaps, the most important generaliza- 
tion of the class of nonexpansive mappings because of its strong relationship 
with the class of accretive mappings. A mapping T : E — > E is accretive if 
and only if I — T is pseudocontractive. 

Let K be a nonempty convex subset of a normed space E. 

(I) For arbitrary x\ G K, the sequence {x n } defined by 



where {&„} and {b n } are sequences in [0, 1] is known as the Ishikawa iteration 
scheme [7]. 

If b n = for n > 1, then the Ishikawa iteration scheme becomes the Mann 
iteration scheme becomes [10] . 

In the last few years or so, numerous papers have been published on the 
iterative approximation of fixed points of Lipschitz strongly pseudocontractive 
mappings using the Ishikawa iteration scheme (see for example, [7]). Results 
which had been known only in Hilbert spaces and only for Lipschitz mappings 
have been extended to more general Banach spaces (see for example [2]-[5], 
[16], [18] and the references cited therein). 

In 1974, Ishikawa [7] proved the following result. 

Theorem 1.6. Let K is a compact convex subset of a Hilbert space H and 
T : K — * K be a Lipschitz pseudocontractive mapping. 

Fot arbitrary x\ e K , let {x n } be a sequence defined iteratively by 



where {a n } and {f3 n } are sequences satisfying 

(i) < a n < f3 n < 1; 

(ii) lim^oo (3 n = 0; 

(ill) En>l a nfin = OO. 

Then the sequence {x n } converges strongly to a fixed point ofT. 




x n+1 = (1 - a n )x n + a n Ty,, 

Un (1 j3n)X n -\- f3 n Tx n ^ 



(I) 
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Rhoades [13, Theorem 8], using the special case of (/) for which f3 n = 0, 
and different conditions on a n has established a similar result for strictly pseu- 
docontractive mappings. In [14], Rhoades further pointed out that no such 
results can be proved for pseudocontractive mappings. 

In [2], Chidume extended the results of Schu [16] from Hilbert spaces to 
the much more general class of real Banach spaces and approximate the fixed 
points of strongly pseudocontractive mappings. 

In this paper, we establish the strong convergence for the Ishikawa iterative 
scheme associated with Lipschitz pseudocontractive mappings in real Banach 
spaces. We also generalize the results of Schu [16] from Hilbert spaces to more 
general Banach spaces and improve the results presented in [3]-[5], [7], [17], 
[18]. 

2. Main Results 
We will need the following results. 

Lemma 2.1. ([11]) Let {r n }, {s n } and {t n } be three nonnegative sequences 
satisfying 

r n +i < (1 + s n )r n + t n , Vn G N. 

If E n >i Sn < oo and J2 n >i *n < °°> tfien lim «->oo r n exists. 

Lemma 2.2. ([1]) Let J : E — > 2 E be the normalized duality mapping. Then 
for all x,y G E and j(x + y) G J(x + y), we have 

\\x + y\\ 2 < \\x\\ 2 + 2(yJ(x + y)). 

Lemma 2.3. ([12]) // there exists n G N such that 

pn+i < (1 - 6*)f>n + b n , Vn > n , 

then 

lim p n = 0, 

n— »oo 

where 5 n G [0, 1), Xl„>i $1 = 00 and K = o(5 n ). 
The following is our main result. 
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Theorem 2.4. Let K be a nonempty closed convex subset of a real Banach 
space E, S : K K be nonexpansive and T : K — > K be Lipschitz pseudo- 
contractive mappings such that F(S) H F(T) = {x G K : Sx = x = Tx} 7^ 
and 

\\x -Sy\\< \\Sx -Sy\\, \\x - Ty\\ < \\Tx - Ty\\ (C) 

for all x,y G K. Let {a n } n >i and {/9„}„>i be sequences in [0, 1] satisfying 
(i) Hindoo a n = 0; 

(") E„>i a l = °°; 

(iii) E„>i Pn < oo. 

For arbitrary x i G K, let {x n } n >i be a sequence defined iteratively by 

x n+1 = (1 - a n )x n + a n Sy n , 
y n = (1 - f3 n )x n + (3 n Tx n , n>\. 

Then the sequence {x n } n >i converges strongly to the common fixed point p of 
S and T. 

Proof. For pseudocontr active mappings, the existence of a fixed point follows 
from Deimling [6]. 

By using condition (C), we have 

- a n )x n + a n Sy n - p\\ 
-p + a n (Sy n - x n )\\ 





1(1 




I %!% 


< 


\ -En 


< 


\%n 


< 


\%n 







P\\ ®nPn \\%n Tx n \\ 

< (1 + (1 + L) a n p n ) \\x n - p\\ , 

< (1 + (1 + L) AO \\x n -p\\ 

and by using condition (iii) and Lemma 2.1, we can conclude that the sequence 
{x n — p} n >i is bounded. Since T is Lipschitzian, so {Tx n — p} n >i is also 
bounded. Let Mi = sup n>1 \\x n — p\\ + sup n>1 \\Tx n — p\\. 
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Also by (iii), we have 

\\%n UnW \\%n (1 ftn)%n Pn-Tx n \\ 
Pn 1 1 -En Tx n 1 1 

<Mi(3 n 
-> 

as n — > oo. This show that {x n — y n }n>i is bounded, so let M 2 = sup n>1 \\x n — 
y n \\ + Mi. Further 

\\Un - P\\ < \\Vn ~Xn\\ + \\x„ ~ p\\ 

< M 2 , 

which implies that {y n — p} n >i is bounded. Therefore {Sy n — p} n >i is also 
bounded. 
Set 

M 3 = sup \\y n -p\\ + sup || Sy n - p\\. 

n>l n>l 

Denote 

M = Mi + M 2 + .U.j. 

Obviously M < oo. 

Now from Lemma 2.2, we obtain for all n > 1, 

Hajn+i -p|| 2 = ||(1 - a n )x n + «„% -p|| 2 

= || (1 - On) (x n -p) + a n {Sy n -p)\\ 2 

< (1 - a n ) 2 ||x n -p|| 2 + 2a n (Sy n -p,j(x n+1 - p)) 

< (1 - « n ) 2 -p|| 2 + 2« n (Tx n+ i -pj'(a; n+ i -p)) 

+ 2a n (Sy n - Tx n+ i,j(x n+ i - p)) (2.2) 

< (1 - a n f \\x n - p\\ 2 + 2a n \\x n+1 - p\\ 2 
+ 2a n \\Sy n -Tx n+ i|| ||x„+i - p\\ 

< (1 - a n ) 2 \\x n -p\\ 2 + 2a n \\x n+1 - p\\ 2 
+ 2Ma n \\Sy n - Tx n+1 \\ . 
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Consider 

lkn+1 -Pf = || (1 - Un)Xn + a n Sy n - p\\ 2 



(2.3) 



= ||(1 - a n ){x n -p) + a n (Sy n - p)\\ 2 

< (1 - an) \\x n -p\\ 2 + a n \\Sy n -p\\ 2 

< (1 - a„) ||a; n - p|| 2 + M 2 a n , 

where the first inequality holds by the convexity of ||-|| . 
Substitution of (2.3) in (2.2) yields 

\\x n +i - pf < ((1 - «n) 2 + 2a n (l - a n )) \\x n - p\\ 2 

+ 2Ma n (Ma n + \\Sy n -Tx n+1 \\) (2.4) 
= (1-oQ \\x n -p\\ 2 + 2Ma n (Ma n + \\Sy n -Tx n+1 \\), 

where 

\\Sy n — Tx n+ i\\ < \\Sy n — x n \\ + ||x n — Tx n +i|| 

^ ll'S'^/n •S'^-nll ~\~ \\Tx n T"a; n _)_i|| 

^ 1 1 2/n x n \ \ -\- L \\x n X n +\ || 

= \\y n -x n \\+L \\x n - (1 - a n ) x n - a n Sy n \\ 

(2.5) 

< (1 + L) \\x n - y n \\ 

= (1 + L)Pn \\%n T'^nll 

< (1 + L)M(3 n 
-> 

as n — > oo. 

For all n > 1, put 

Pn H^n p|| j 

<^n o; n , 

6 n = 2Ma n (Ma n + \\Sy n - Tx n+1 \\) , 
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then according to Lemma 2.3 and by using (2.5), we obtain from (2.4) that 

lim \\x n — p\\ = 0. 

This completes the proof. □ 

Corollary 2.5. Let K be a nonempty closed convex subset of a real Hilbert 
space E, S : K — > K be nonexpansive and T : K — > K be Lipschitz pseudocon- 
tractive mappings such that F(S) H F(T) ^ and the condition (C). 

Let {a n } n >i and {(3 n }n>i be sequences in [0, 1] satisfying the conditions (i)- 
(iii). For arbitrary x± G K, let {x n } n >i be a sequence defined iteratively by 
(2.1). Then the sequence {x n } n >i converges strongly to the common fixed point 
p of S and T. 

Example 2.6. As a particular case, we may choose for instance a n = and 

Remark 2.7. The condition (C) is not new and is due to Liu et al. [9]. 

Remark 2.8. (1) We do not need the boundedness assumption on K intro- 
duced in [4] and [18]. 

(2) Our proofs are simple. 
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SOME IDENTITIES OF ^-BERNOULLI NUMBERS 
ASSOCIATED p-ADIC CONVOLUTIONS 



J.J. SEO, T.KIM, S.H.LEE 



Abstract. In this paper, we give some interesting and new identities of 
g-Bcrnoulli numbers which are derived from convolutions on the ring of 
p-adic integers. 



1. Introduction 



Throughout this paper Z p ,Q p and C p will denote the ring of p-adic integers, 
the field of p-adic numbers and the completion of algebraic closure of Q p . The 
p-adic norm is defined by \p\ p = p~ v p( p ) = p~ x . Now, we set 

(/ P = {"£C P | |a-l| p <l} 

and 

T p = jw e C p \w p = 1 for some n > oj , 

so that T p is the union of cyclic (multiplicative) group C p ™ of order p n (n > 0) 
and T p C U p (see [12]). Let UD(Z p ) and C(Z p ) be the space of uniformly differ- 
entiable and continuous function on Z p . For / e UD(Z p ), the p-adic invariant 
integral on 7L p is defined as follows : 

r i pN - x 

I (f) = / f{x)d^{x) = lim £ ( see I 11 ])" ( L1 ) 

Jz, p ^ 

For w £ Tp, the p-adic Fourier transform of / is given by 

f w = Io(fK) = Jim -jf V f(x)4> w (x), (sec [12]), (1.2) 



JV->oo V 1 

y x=0 



where <p w (x) — w x . 



1991 Mathematics Subject Classification, bbbbb. 
Key words and phrases, bbbbb. 
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Let f,g£ UD(Z p ). Then C. F. Woodcock denned the convolution of / and g 
as follows : 

.f*g = ^2fwdw(f> w -i, (see [12]). (1.3) 

W 

From (1.3), we note that 

/ * g g UD(Z P ), (f7g) w = f w g w , (Vw e T p ), (1.4) 

and (UD(Z p ) 7 +, *, V) is Banach algebra, where V(f) = min{i/(/),i?(/)} , i/(/) = 

inf xeZp ^ p (/(or)) and i?(/) = inf ^ p ,x y g Z p , (see [12]). 

Let int Z p = {/ g UD(Z p )\f = 0}. Then mi Z p is *-idcal of UD(Z p ). Dif- 
ferentiation induced a linear isometry 

ra(Z p )/»ntZ p — ► C(Z P ) by (/ * g)' = -/' © </, (1.5) 

where f,g g UD(Z p ) (sec [12]). By (1.5), we get 

n 

(/®3)(n) = £/»$(»-<). (1-6) 
»=o 

where /, g g C(Z p ). 

For /, 5 g UD(Z p ) and z g Z p , it is known that 

/ * g(z) = l£\f{x)g{z - x)) - f © ff '(z), (1.7) 

where I^ x \f) = lim^oo YZ=o 1 

When one talks of q-extensions, g is variously considered as an indeterminate, 
a complex number q g C, or ap-adic number geC p . If q g C p , then we normally 

assume |1 — g| p < p^ 11 so that = exp(log<7) for \x\ p < 1. We use the notation 
N g = [a; : = ^E^. Thus, lim 9 _n [x] q = x. 

As is well known, the usual Bernoulli numbers are defined by 

Bo = i, {B+ ir-B n = {l : (1.8) 

with the usual convention about replacing (i l by ft (see [1-10]). In [1.3], 
Carlitz defined the q-extension of Bernoulli numbers as follows: 



ft,,, = 1, g(gft + 1)" - ft, 9 = I 



if ra = 1 
if n > 1, 



(1.9) 



with the usual convention about replacing fj l by ft i9 . By (1.9), we easily see 
that 

R -1 fl fl - g fl _ ~ g) 

^ " ' ^ 9 " [2],' l 2 > q ~ [2] q [3],' ^ 9 " [3], [4],' • 
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In this paper, we consider the modified q-Bernoulli numbers, which are slightly 
different Carlitz's q-Bernoulli numbers, as follows : 

/ ~ \ " f ^22 if n = 1 

k+i) -*,,={ v' i f r>i, (lio) 

with the usual convention about replacing f3 l q by (3i, q . 

The purpose of our paper is to give some interesting and new identities of the 
modified q — Bernoulli numbers /3„ jg which are derived from convolutions on 
the ring of p-adic integers. 



2. Some identities of q-Bernoulli numbers 



Let us consider the following g-extension of Bernoulli numbers : 

a,„ = i, K+i) -a.„ = { ifn>1; (2.1) 

Then, by (1.1), we easily see that 



Pn, q = / [x]qdno 



(x) 



^m^y-'l 'i e z + = N u {0} . 



(1-9) 



(2.2) 



In the equation (1.6) and (1.7), if we take p-adic integral on 7L p with respect 
to variable Z, then we have 

4'\f * 9) = 4 Z) ifi x \f{x)g{z *))) 4 Z) (/ © g'(z)) . (2.3) 
By (1.4) and (2.3), we get 

I { o } (/ © <?'(*)) = 4 Z) [li x \m 9 {z x))) 4 z) (M z \g). (2.4) 
Let us take f(x) = [x]™_ 1; g[a;] = [x]™. Then 

!'W=n^fHr 1 . (m,neN). 

Now, we set 

^,n = 4' ) ([<-®Wr 1 ). m,neN. (2.5) 
From (2.4) and (2.5), we can derive 
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logg 

n 



\Al n _ 1= f [ [x^lz-xfidpoWdtoW-P^-iPw (2.6) 
1 Jz.„ Jz„ 



Note that 



[z - x}^ = ([z] q - g" VM,-0" = E (") Wr't-^^'^Nr'- ( 2 - 7 ) 



By (2.6) and (2.7), we get 
logg 



=E (")(-i) V3U^ E Q(ff- !) fe X wr*"'^^) 
= E E (I) Q (-iJ'ff-'ifiU!,,-! - 



(2.8) 

Thus, from (2.8), we have 

= (") (2-9) 

By (2.5), we easily see that 



— -^n-l.m+l- 

From (2.5), we have 

"„(^,,J ^(/ofK-^K" 1 )) 

© mj- 1 ) - 1 (2.ii) 
^(K-o+Kwr 1 )- 1 - 1 

> -2. 

Therefore, by (2.9), (2.10) and (2.11), we obtain the following theorem. 
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Theorem 2.1. For m 6 Z + and n G N ? we /mve 
(=1 k=0 v 7 x 7 

Furthermore, 

^m,n = ^ra-l.m+l' ^pC-^m.n) — — 2. 

In particular, if we take m = 0, then by (2.10), we get 

4J„ = A q n _ 1 i (g-analogue of FwZer identity). (2-12) 
From (2.2), we note that 



?»..^e(;)m)'-^ 
=»<^e (';:;) (-»'- E/- 

v ^ y ;=i v ' m=0 

i -. n — 1 / \ oo 

log <j 1 ^ In — 1 



1 ™ _1 / 1\ 00 



(2.13) 



l-q(l-qY 

H y H > 1=0 x 7 m=0 

logg 



q 

H m=0 

where n <G N. Thus, by (2.13), we obtain the following theorem. 
Theorem 2.2. For n e N, me have 

Pn,q _ log? 

m— 1 

Let F q (t) be the generating function for /?„ i? with F g (i) = Y^k=o hP k ^ k ■ 
Then, by (2.13), we get 



fc=0 



^E^ji+E^K" 1 *^ (2.i4) 



m=0 k k=l 

oo 



TT^ + ^E^- 



m=0 

Therefore, by (2.14), we obtain the following theorem 
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Theorem 2.3. Let F q {t) = Efelo^MM- Then we have 

V 11 H m=0 
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HYERS-ULAM STABILITY OF GENERAL JENSEN TYPE MAPPINGS 

CHOONKIL PARK, GANG LU, RUIJUN ZHANG, AND DONG YUN SHIN* 

Abstract. In this paper, we introduce general Jensen mappings of type I and 77, and 
prove the Hyers-Ulam stability of these mappings. 



I. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [16] 
concerning the stability of group homomorphisms. Hyers [9] gave a first affirmative partial 
answer to the question of Ulam for Banach spaces. Hyers' Theorem was generalized by 
Aoki [1] for additive mappings and by Rassias [13] for linear mappings by considering an 
unbounded Cauchy difference. A generalization of the Rassias theorem was obtained by 
Gavruta [8] by replacing the unbounded Cauchy difference by a general control function 
in the spirit of Rassias' approach. The stability problems for several functional equations 
or inequations have been extensively investigated by a number of authors and there are 
many interesting results concerning this problem (see [2]-[7], [10]— [12] , [14, 15]). 

Throughout this paper, assume that X is a real normed space, and Y is a real Banach 
space. Let a and (3 be positive real numbers. 

Definition 1.1. A mapping / : X — > Y is called a general Jensen mapping of type I if / 
satisfies the functional equation 

f(ax + (3y) + f(ax - (3y) = 2af(x) (1.1) 

for all x, y G X. We note that (1.1) is equivalent to the equation 

/(*) + f(y) = 2af (^±*) 

for x, y G X. 

Definition 1.2. A mapping / : X — > Y is called a general Jensen mapping of type II if 
/ satisfies the functional equation 

f(ax + (3y) - f(ax - (3y) = 2(3 f(y) (1.2) 

for all x, y G X. We note that (1.2) is equivalent to the equation 

f{x) - f(y) = 2/3/ 

for x,y G X. 



2010 Mathematics Subject Classification. Primary 39B62, 39B52, 46B25. 
Key words and phrases. Jensen type mapping; Hycrs-Ulam stability; functional equation. 
* Corresponding author. 
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2. HYERS-ULAM STABILITY OF THE GENERAL JENSEN MAPPING (1.1) OF TYPE I 

In this section, we prove the Hyers-Ulam stability of the functional equation (1.1) with 
a^l. 

Theorem 2.1. Let f : X — >■ Y be a mapping for which there exists a function ip : XxX — > 
[0, oo) with ip(0, 0) = such that 



ip{x 



j oo 

>V) : =2E«V(^t,^t)<oo, 



3=0 



\\f(ax + (3y) + f(ax - (3y) - 2af{x)\\ < tp{x,y) (2.1) 
for all x,y G X. Then there exists a unique additive mapping A : X -^-Y such that 

\\f(x)-A(x)\\<£(x,0) (2.2) 

for all x G X . 

Proof. Letting x = y = in (2.1), we get 

11(2-2^/(0)11 < ^(0,0). 

So /(0) = 0. 

Letting y = in (2.1), we get 

IN -ON Ms- ) 

for all x G X . 

Hence one may have the following formula for positive integers m, I with m > I, 



a l f 



x 



a 1 



-a m f 



x 



1 m— 1 
i=l 



X 



i+1 



a 



■0 



(2.3) 



It follows from (2.3) that the sequence {a k f (^)} is a Cauchy sequence for all x G X. 
Since Y is a real Banach space, the sequence {a k f (^)} converges. So one may define 
the mapping A : X — > Y by 



A(x) := lim a k f f-^V G X. 



Next, we show that A(x) is an additive mapping. Letting x = ax + (3y and y = ax — (3y 
in (2.1) , we get 



f(x) + f(y) - 2af 



x + y 
2a 



< ip(ax + (3y, ax — (3y) 



for all x, y G X. 

Replacing y by |x in (2.1), we get 



\\f(2ax)-2af(x)\\< V [x, -x 



a 



and so 



/<*)-*</(£) 



< v 



a; x 
2a' 2/3 
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for all x G X. 



\\A(x) + A(y) - A(x + y)\\ = lim 

k— >oo 



< lim a k 



+ lim a 

k— >OD 



« l /(4)+« t /(4)-« l /(^ 



2o fc+] 



./ 



x + y 



2af 



x + 



2a k+1 J 

^ r k f x , oV x o v \ 

< hm a (p[a—r + /3—r,a^:-f3— j :) 
k^oo \ oc a K a K a K J 

1 x + y 1 x + y 



+ lim a h (p ■ . 

k^oo \2a cr 2(3 cc 







for all x, y G X. Therefore, the mapping A : X — > Y is additive. 

Now, we show that the uniqueness of A. Let T : X — > Y be another additive mapping 
satisfying (2.2). Then one have 



\\A(x)-T(x) 



a k A 



x 



^iK5H©IMK^)-/(^)ll) 



< 2a k (p 



x 



,o), 



which tends to zero as k — > oo for all x G X. So we can conclude that A(x) = T(x) for 
all x £ X. This completes the proof. □ 

Corollary 2.2. Let p, 6 and a be positive real numbers with p > 1 and a > 1 or p < 1 

and a: < 1 . Let f : X —}Y be a mapping satisfying 

\\f(ax + /3y) + f(ax - /3y) - 2af(x)\\ < 9(\\x\\ p + \\y\\ p ) 
for all x,y G X. Then there exists a unique additive mapping A : X — >■ Y such that 



\\f(x) - A(x)\\ < 



\x\ 



2(aP - a) 



for all x G X . 

3. HYERS-ULAM STABILITY OF THE GENERAL JENSEN MAPPING (1.2) OF TYPE 77 

In this section, we prove the Hyers-Ulam stability of the functional equation (1.2) with 

Theorem 3.1. Let f : X — > Y be a mapping for which there exists a function ip : XxX — > 
[0, oo) with ip(0, 0) = such that 



V(x,y):=j2m 



3=0 



X 



{2(5)i+ 1 ' (2/3)J'+ 1 



< oo, 



\\ f ( ax + p y ) _ f ( ax _ p y ) _ 2 f3f(y)\\ < <p( x ,y) 



(3.1) 
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for all x,y G X. Then there exists a unique additive mapping A : X — >■ Y such that 

( lax 



\\f{x)-A{x)\\<v 



V 2/5 



,x 



(3.2) 



for all x G X . 

Proof. Letting x = y = in (3.1), we get 

||2/3/(0)|| <<p(0,0). 

So /(o) = o. 

Replacing x and y by ^x and x in (3.1), respectively, we get 

ll/M-W(i)ll<*i,i> 

for all rr G X. 

Hence one may have the following formula for positive integers m, I with m > I, 

m—l 



(2/3)7 



x 



(2/3)' 



x 



(2/3)' 



< 



v5 



i=l 



X 



X 



(3.3) 



It follows from (3.3) that the sequence <{ (2/3) k f \ j^y; 



2a(2/3)*' (2py+\ 
is a Cauchy sequence for all 



x G X. Since F is a real Banach space, the sequence j(2/3) fc / {j^y^j } converges. So one 
may define the mapping A : X — >■ Y by 



A(x) := lim (2/3) fc / 



fc— »oo 



(2/3)' 



Vx G X. 



Moreover, by letting I = and passing the limit m — > oo, we get (3.2). 
Next, we show that -A(x) is an additive mapping. 

Replacing x and y by ax + (3y and arc — (3y in (3.1), respectively, we get 



/(*) - /(y) - 2/3/ 



s - y 

2/3 



< y?(ax + /3y, ax — (3y) 



for all x,y G X. 

Replacing x and y by - and H, in (3.1), respectively, we get 



f( X + y)-f( X -y)-2l3f 



x y 
a' /3 



for all x,y & X. 

Replacing x by ^ in (3.1), we get 



f(y) - 2/3/ 



for all y G X. 

Letting x — in (3.1), we get 



y_ 

2/3 



f(y) - f(-y) - 2/3/ 



2a' 2/3 



(3.4) 



<¥> 0, 
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for all y e X. 

Replacing x by — ^ in (3.1), we get 



/(-y) + 2/3/ 



2/3 



<<P[- 



y_ y_ 

2a 2(3 



for all y E X. By (3.4) and (3.5), we have 



(3.5) 



for all y E X. So 



\\A(x + y) - A(x) - A(y)\\ 



lim 

k— >oo 



< lim (2(3)' 



f 



(2/3)* 



x + 



x 



(2/3)' 



- (2/3)*/ 



(2/3)' 



(2/3)' 



+ 



f 



(2/3)* 



fe J -M (OR\k ) + $ 



y 



V 



< lim (2/3)' 

k— >oo 



2/3/ 
2/3/ 



/ 



(2/3) V J V(2/3) fc 

+ y^ _ * f x-y 



y 



+ 



/3(2/3) fc 
x - y 
(2(3) k+1 



JJ 



x-y 



< lim (2/3)' 

k— >oo 



f 



(2/3)' 
-2/ 

f V(2/3) fe 
/ a: + y \ _ / x-y 
\(20) k J V(2/3) fe 



(2/3)* 



y 



V(2/3)V " 2/?/ V/3(2/3) fc 



2/3/ 



x-y 



k+l 



(2/3) 



/ 



(2/3)* 



+ 
+ 



2/3/ 
2/3/ 



y 



/3(2/3)* 



/ 



y 



(2/3) fc +! 
< lim (2/3) fc ( ip 



(2/3)* 



l ,(2/3)* 
x y 



+ / 
+ / 



2/3/ 



y 



y 



(2/3)* 

y 

(2/3)* 



0(2/9)* 
-f 



-y 



f 



(2/3)* 



+ 



V' V«(2/3) fc ' /3(2/3) 

y y 



it J + V 9 ( 0) 



y 



/3(2/3)* 



2/3/ 



(2/3)* 

x-y 
(2/3)*+* 

y 



/ 



y 



/ 



(2/3)* 
x-y 
(2/3)* 



y 



2a(2/3)*' (2/3)*+* 



2a(2/3)*' (2/3) fe +! 

(x — y x — y \ 
2a(2/3)* ' (2/3)*+! ' = ;! 



a; y x y 



(2/3) fe ^(2/3) fc ' (2/3)* 



(2/3)' 



for all x,y E X. Therefore, the mapping A : X — > Y is additive. 
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Now, we show that the uniqueness of A. Let T : X — > Y be another additive mapping 
satisfying (3.2). Then one have 

(X 

r 



\\A(x)-T(x) 



(2/3) k A 



(X 
(W 



- (2/3) k T 



< (2/3)' 



< 2(2/3)*^ 



A 



(2/3)' 



(2/3)* 



+ 



(2/3)' 



-/ 



(2/3)* 



2a 

2/3 



X 



(2/3)*' (2/3)* 



which tends to zero as k — >■ oo for all x G X. So we can conclude that A(x) = T(x) for 
all x G X. This completes the proof. □ 

Corollary 3.2. Let p, 9 and (3 be positive real numbers with p > 1 and j3 > | or p < \ 
and (3 < \ . Let f : X — > Y be a mapping satisfying 

11/(03 + £„) _ /( ax _ /fy) _ 2 /3/(y)|| < 6(\\x\\* + 

/or all x,y G X. T/ien £/iere exists a unique additive mapping A : X — >■ Y such that 

(2ff)P + (2a) p 
\\f(x)-A(x)\\< n \ZZ [ > 6\\x\\> 



2/3((2/3)p - 2/3) 



/or all x E X . 
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Identities involving r-stirling numbers 

by 

Dae San Kim and Taekyun Kim 



Abstract 

In this paper, we investigate some interesting identities involving r- 
stirling numbers which are derived from the transfer formula for the 
associated sequences. 



1 Introduction 

Let T be the set of all formal power series in the variable t over C with 



7 




a k E C } . (1) 



and let P be the algebra of polynomials in the variable x over C and P* be 
the vector space of all linear functionals on P. (L\p(x)) denotes the action of 
the linear functional L on a polynomial p(x). For f(t) E J 7 , let us define the 
continuous linear functional f{t) on P by 

(/(f)|a; n ) = a n , (n > 0), (see [2,3,4,5]). (2) 
Thus, by (1) and (2), we get 

(t k \x n ) = n\5 n , k , (n, k > 0), (see [4, 5]), (3) 
where <5„ 5 fc is the Kronecker's symbol. 

Let fh{t) = Sfclo ^ki ^ fc - Then, by (1), (2) and (3), we easily see that 
(fL{t)\x n ) = (L\x n ). The map L i — > fh{i) is a vector space isomorphism 
from P* onto J 7 . Henceforth, T is thought of as both a formal power series 
and a linear functional (see [3, 5]). We call J 7 the umbral algebra. The umbral 
calculus is the study of umbral algebra. The order 0(f(t)) of the non-zero 
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power series f(t) is the smallest integer k for which the coefficient of t k does 
not vanish (see [2,3,4]). If 0(f(t)) = 1, then f(t) is called a delta series 
and if 0(f(t)) = 0, then f(t) is called an invertible series. Let 0(f(t)) = 1 
and 0(g(t)) = 0. Then there exists a unique sequence s n (x) of polynomials 
such that (g(t)f(t) k \s n (x)) = n\S nj k, where n, k > (see [3,4,5]). The se- 
quence s n (x) is called the Sheffer sequence for (g(t),f(t)), which is denoted 
by s n (x) ~ (g(t),f(t)). If s n (x) ~ (1, /(£)), then s n (x) is called the associated 
sequence for f(t). Let f(t) E J 7 and p(x) £ P. Then we have 

* x) = (^[4,5]). (4) 

fc=0 fc=0 

From (4), we have 

pW(0) = <t fc b(x)>, (l|pW(x)>=pW(0). (5) 
By (5), we easily get 

=pW(x) = (fc > 0), (see [3,4,5]). (6) 

Let p n (x) ~ (l,/(t)), g n (x) ~ (l,g(t)). Then the transfer formula for the 
associated sequences is given by 

q n (x) = x (J^yj x^pnix). (7) 

Broder has worked out the generalization of Stirling numbers to the so-called 
r-stirling numbers (see [1]). 

In this paper, we investigate some interesting identities involving r-stirling 
numbers which are derived from the transfer formula for the associated se- 
quences. 



2 Identities involving r-stirling numbers 



In this section, we assume that r is natural number. In [1], the identity in- 
volving r-stirling numbers of the first kind is given by 



k=0 



k + m + r 
m + r 



(k + m)\ 
2 



(8) 
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where 



n 
m 



is the r-stirling number of the first kind. 
Let q n (x) ~ (1, i(l — t) r ). For n > 1, from (7) and x n ~ (l,i), we have 

Vn + n — A; — 1 N 



Qn(x) = E T 
k=l ^ 



n — k 



(n - l) n - k x 



where (x) n = x(x — 1) • • • (x — n + 1). 
Let us assume that 



p n (a;) ~ [l,t 



log(l-*) 



For n > 1, by (8), (9) and x n ~ (l,t), we get 

As is well known, we note that 

t 



x 



n-l 



log (1 + t) 



E^ ( 



(l-n+l). 



1=0 



where B^ n \x) is the Z-th Bernoulli polynomial of order n. 
From (11) and (12), we can derive the following identity: 



Pn{X) 



For n > 1, by (7) and (10), we get 



n [ n 

ft,w=w B E E E 

fc=l L i=fe jlH hjn='-fc 

j i + m + r 1 
m + r J (j i + m )! 



x 



n 



n — 1 
I - 1 



>a: fc . 



(9) 



(10) 



(11) 



(12) 



£(-!)»-*(" j)s S- m) - fc+1) (l)^- (13) 
fc=i ^ ' 



(/ - l)i- fc B ; 



((l-m)ra-H-l) 
n— i 



(1) 

(14) 



Therefore, by (9) and (14), we obtain the following theorem. 



3 
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Theorem 1. For n > 1, 1 < k < n, we have 
(r + l)n — k — 1 



n — k 



' l=k ji+-+j n =l-k ^ ' 



x(/-i)^r m)n " m) (i) n 



ji + m + r 
m + r 



(ji + m)! 



Remark. By the same method of Theorem 1, we get 



r + l)n — k — 1 
n — k 



(n - l) n _ fc 



(™o n E E (-W/.iV- 1 ^ 



X 



where n ^ is Narumi number of order —n. 
It is known that 



n 



ji + m + r 
m + r 



(ji + m)! / ' 



where 
Let 



m 



n 
m 



'E 



A:=0 



/c + m + r 



e £ -l 



rf 



is the r-stirling number of the second kind. 



q n (x) ~ (l,te rt ) , p n (x) ~ ( l,t 



e'-l 



From (7), (17) and x n ~ we can derive the following equations: 

q n (x) = x(x + rn) n ~\ p n (x) = xB^\x). 
By (7) and (17), we can also see that 

n-l 

g„(x) = (m!)"E E (w-l)n-i-* 

k=l jiH hj„=n-l-fc 



X 



n 



ji + m + r 



1 



m + r ) r (Ji + ™>)\ 1 



Therefore, by (18) and (19), we obtain the following theorem. 



(15) 



-, (see[l]), (16) 



(17) 
(18) 



(19) 
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Theorem 2. For n > 1, we have 

n-1 

xix + rnT-^imlTY, E (" " l)n-i-k 

k=0 \-jn=n-l-k 

In [1], it is known that 

£ m + r ^ m = exp(a( e «-l)+rt), (20) 



where a is constatant. 
Thus, by (20), we get 



k,m=0 

Let 



y . k + r 1 ^ texp(a(e'-l)) 
^ 1 m + r I fc! te" rt v 7 



g n (x) - {l,te- rt ) , p n (x) ~ (l,texp (a (e* - l))) . (22) 
For n > 1, from (7), (22) and x n ~ we have 

g n (x) = x(aj + rn) n_1 , p n (sc) = ^ ( j 4> n - k (-an)x k , (23) 

fc=i ^ ' 

where <f> n (x) is the exponential polynomial. 
By (7), (22) and (23), we get 

n ( n oo / 1 \ 

EE E ("I )(/-l)i-*a> B _,(-an) 

i.— i 1 7— t m=n i, j 7_t \ ' 



fe=l k /=fc m=0 jr'iH \-j n =l—k 

miH \-m„=m 



X 



Therefore, by (23) and (24), we obtain the following theorem. 



5 
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Theorem 3. For n > 1, 1 < k < n, we have 



n — 1 
k-1 



(™r=EE E 



l=k m=0 jjH \-j n =l-k 

miH hm„=m 



71 — 1 
I - 1 



(I - l)^ k a m (t) n ^{-an) 



x 



n 



Ji + r \ 1 



It is known that 



E 

fc,m=0 



A; + r 
m + r 



fc! t{\-ty+ a 



, where a G Z> , (see [1]). (25) 



Let 



q n (x)~{l,t(l-ty +a ), x n ~(l,t). 
For n > 1, by (7) and (26), we get 

q n (x) = x(l - t)-^ n x n ~ l = x f2^ r + a)U l + l ~ i y x n ~ l 



Ef(r + a + l)n - k - 1\ . . k 
{ n-k jt"- 1 )-^ 

k=l V 7 



From (7), (25) and (26), we can also derive 



Qn(x) = x I —— 



t{l-t) r+a 



x n ~ l = X 



E 

j,m=0 



3 + r 
m + r 



a m x n ~ l 



= EE E (-luin 



k=l m=0 jiH |-j n =n-fc 

mH h™n=m 



,i=l 



rrii + r 



x k . 



Therefore, by (27) and (28), we obtain the following theorem. 
Theorem 4. For n> 1, 1 < k < n, we have 
'(r + a + l)n-k- V 



n — k 

n(n—k) 

= E E 

m =° ilH hjn=n-k 

Ym n =rn 



[n - l) n - k 
n-l) n „ k a m [X[ 



ji + r 
rrii + r 



1 



(26) 



(27) 



(28) 
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Abstract. In this paper, we prove the Hyers-Ulam stability of ternary Jordan C*-homomorphisms and ternary 
Jordan C* -derivations associated with the following generalized Cauchy- Jensen functional equation: 

\ 



e/Ue 



Xj -\- Xi 



3 = 1 



p + k-1 



(*) 



/ 



by proving the generalization of Gavrut.a's theorem. 

Keywords: Hyers-Ulam stability; C*-ternary algebra; Cauchy- Jensen functional equation; Ternary Jordan G* 
homomorphism; Ternary Jordan G*-derivation. 
2010 MSC: 39B52, 17A40, 47B47, 17B40. 



1. Introduction and preliminaries 

Consider the following Cauchy- Jensen functional equation: 

/ (_!+» +z } +f (E+l (V±l + x j = 2 [f{x) + f(y) + f(z)] . 

A generalized form of the Cauchy- Jensen functional equation is 

f (t + ') + f (t + ») + / + x ) = T + f M + / Wl (1-D 

with k € N. We can generalize the functional equation (1.1) again. It is clear that if we put p — 3 , xi = x , X2 = y 
and X3 = z in the functional equation ( * ), then we lead to (1.1). In order to investigate of the functional equation 
( * ), we will suppose that p > 2 and k € N, and so the simplest case of ( * ) is Cauchy 's additive equation; 
(p = 2 , k = 1). 

We say a functional equation (£) is stable if any function g satisfying the equation (£) "approximately" is near to 
a true solution of that. The stability of functional equations was first originated by Ulam [28] in 1940. A classical 
question in this theory, was that "when does an exact solution of functional equation (£), near an approximately 
solution of that exist?" More precisely, Ulam proposed the following problem: Let G\ be a group and (G2,d) be 
a metric group. Given e > 0, does there exist a 5 > such that if a mapping / : Gi — . G2 satisfies the inequality 
d(f(xy),f{x)f(y)) < S for all x, y £ Gi, then there exists a homomorphism T : Gi — > G2 with d(f(x),T(x)) < e 
for any x G G_? 

A year later, Hyers [11] affirmatively answered to this question of Ulam for the case where Gi and G2 are Banach 
spaces. In 1950, Aoki [1] generalized the Hyers' theorem for approximately additive mappings. In 1978, Rassias 
[23] generalized the theorem of Hyers by considering the stability problem with unbounded Cauchy differences. 

Theorem 1.1. [23] Let E,E ' be two Banach spaces, and let f : E — > E ' be a mapping from E into E ', subject 
to the inequality 

|| f(x + y )-f(x)-f(y) || < x ||" + || y \n 



°Corresponding author: Shahrokh_Math@yahoo.com (S. Farhadabadi) 
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Ternary Jordan C'-homomorphisms and ternary Jordan C*-derivations 

for all x,y G E, where 9 and p are constants with 6 > and < p < 1. Then the limit 

L(x) = lim ^f(2 n x) 
exists for all x € E and L : E — » E ' is the unique additive mapping that satisfies 



II f(x)-L(x) || < - 




for all x G. Ifp<0, then the top inequalities are true for x,y =fc 0. In addition, if for each x G E the mapping 
f(tx) is continuous in t el, then L is ^-linear. 

In 1991, Gajda [9] showed that Rassias' theorem is also true for p > 1. Rassias and Semrl [25] proved that 
the similar result does not hold for the case p = 1. In 1994, a generalization of Rassias' theorem was obtained by 
Gavru^a [10], who replaced the factors || x \\ p + \\ y \\ p by a general control function ip(x,y). 



Theorem 1.2. [10] Let G be an abelian group and E a Banach space. Denote by ip : G x G — > [0, oo) a mapping 
such that 

oc 

<t>(x,y) := ^2- ( " +1 V(2^,2"y) < oo 

for all x,y £ G. Suppose f : G —¥ E is a mapping satisfying 

II f(x + y)-f(x)-f(y) || <<p(x,y) 
for all x,y G G. Then there exists a unique additive mapping A : G —¥ E such that 

|| f(x)-A(x) || <4>(x,x) 

for all x G G. 

The stability problems of several functional equations have been extensively investigated by a number of 
authors, and there are many interesting results concerning this problem. A list of references concerning this 
results can be found in [3, 4, 5, 6, 7, 8, 12, 16, 17, 18, 19, 20, 22, 24, 26, 27]. 

A C*-ternary algebra is a complex Banach space A, equipped with a ternary product, (x,y,z) i — > [x,y,z] 
of A A into A, which is C-linear in the outer variables, conjugate C-linear in the middle variable, and associative 
in the sense that [a;, y, [z, u, v]] = [x, [u, z, y], v] — [[x, y, z]u, v], and satisfies || [x,y,z] || < || x || . || y || . || z | 
and || [x,x,x] \\ = \\ x || 3 . If a C*-ternary algebra (A, [., ., .]) has an identity, i.e., an element e G A such that 
x — [x,e,e] — [e,e,x] for all x G A, then it is routine to verify that A, endowed with x o y := [x, e, y] and 
x* — [e, x, e], is a unital C*-algebra. Conversely, if (A, o) is a unital C*-algebra, then [x, y,z] := x o y* o z makes 
A into a C*-ternary algebra [13, 14, 15, 20, 29]. 

A C-linear mapping H : A — > B is called a C*-ternary homomorphism if 

H([x,y,z]) = [H(x),H(y),H(z)] 

for all x, y, z G A. If, in addition, 

H(x*) = H(xY (1.2) 
for all x £ A, then H is called a ternary C*-homomorphism. A C-linear mapping H : A — > B is called a C*-ternary 
Jordan homomorphism if 

H ([x, x, x}) = \H(x), H{x), H(x)] 
for all x £ A. If, in addition, H satisfies (1.2), then H is called a ternary Jordan C* -homomorphism. 

A C-linear mapping 8 : A — > A is called a C*-ternary derivation if 

S {[x, y,z]) = [S(x),y, z] + [x, S(y), z] + [x, y, 8(z)} 
for all x, y, z G A. If, in addition, 

5(x*) = S(x)* (1.3) 
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D. Y. Shin, C. Park, S. Farhadabadi 

for all x £ A, then 5 is called a ternary C*-derivation. A C-linear mapping S : A — > A is called a C*-ternary 
Jordan derivation if 

5([x, x, x]) — [5 (x), x, x] + [x, 8(x), x] + [x, x, 8(x)] 
for all x £ A. If, in addition, 5 satisfies (1.3), then 5 is called a ternary Jordan C*-derivation [13, 14, 15, 16, 20]. 

2. Hyers-Ulam stability of ternary Jordan C*-homomorphisms 

Throughout this section, assume that A and B are C*-ternary algebras with norms || • \\a and || • || s , 
respectively. 

We prove the Hyers-Ulam stability of ternary Jordan C*-homomorphisms associated with functional equation 
( * ), by proving the generalization of Gavru^a's theorem. 
For a given mapping / : A — > B, we define 



r M /(xi, 



v ( l p \ + k — 1 P 

c p) : = ^2f -^^^j+fiXi — ^nffa) , 

i=l \ 3 = 1 / ' i=l 



r h f{x,y) := f({x,x,x])-[f(x),f(x),f(x)]+f(y*)-(f(y)y 
for all /i € T 1 := {A G C : | A | = 1} and all x, y, xi, ■ ■ ■ , x p G A, and also for any / : A — > A 

r d f(x,y) := f([x,x,x]) - [f(x),x,x] - [x,f(x),x] - [x,x, f(x)\ + f(y*) - (/(j,))* 

for all x,y £ A. 

One can easily show that a mapping f : A —t B satisfies 

r M /(zi, • • • ,a5 p ) = 

for all /i G T 1 and all xi, ■ ■ ■ , x v £ A if and only if 

+ Ay) = [i f(x) + A f(y) 

for all /i, A G T 1 and all x, y £ A. 



We will use the following lemmas in the proof of our theorems. 
Lemma 2.1. [2] Let X and Y be linear spaces. If f : X Y is an additive mapping, then 

f(rx) = r f(x) 

for all x £ X and r £ Q. 

Lemma 2.2. Let f : A — > B be a mapping. Then f is C-linear if and only if 

f(jix + \v) = H f(x) + X f(y) (2.1) 

for all n, A G T 1 and all x,y £ A. 

Proof. By letting /i = A = 1 in (2.1), we will see that / is an additive mapping. So it's just necessary to show 

f(\x) = A f{x) 

for all A G C and x £ A. Now assume that A G C and k be an integer number such that k > 2 | A | > 0. By 
Lemma 2.1, we have 

/ (^) = \ m (2.2) 

for all x £ A. Since < | | | < \, there is t £ (f , f ] such that 

I A I e u + e~ u 1 

< | £ | = cos t = \ e < L - (2.3) 
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We know there exists fj, G T 1 such that £ = | £ | //. By (2.1), (2.2) and (2.3), one can obtain 



f(Xx) = f[k-x)=f[k 



(ii =f\ k 



H x 



= f(x) + f(x) = fc 6 7 n f{x) = A /(x) 

for all A G C and x G A. 

Lemma 2.3. A mapping f : A — > B is a C-linear mapping if and only if 

r li f(xi,--- ,x p ) = o 

for all fi G T 1 and all xi, ■ ■ ■ , x p G A. 

Proof. It's clear from Lemma 2.2 and the initial descriptions of this section. 



□ 



□ 



Lemma 2.4. [14] Let {x n } n , {y n } n and {z„} n be convergent sequences in A. Then the sequence {[x n , y n , z n ]} n 
is a convergent sequence in A. 

Theorem 2.5. Let <p : A p — > [0, oo) be a function with <fi(0, ■ ■ ■ , 0) = 0. Denote by <f> a function such that 

oo 

<£(zi,-- - ,x p ) ~Y. Kn v(K- (n+1) Xl ,--- ,K- (n+1) Xp ^ < oo (2.4) 



for all Xi, ■ ■ ■ ,x p G A, where K = p+k k 1 . Suppose that f : A — > B is a mapping satisfying 

II T ll f(xi,--- ,x p ) ||s < ip(xi,--- ,x p ), 
II r h f(x,y) || s < <p(x,y,0,--- ,0) 



(2.5) 
(2.6) 



/or /i G T 1 and aH x,y,xi, - ■ ■ ,x p £ A. If linin^oo K 3n ip [K n x, 0, • • • , 0) =0 for all x G A, then there exists 
a unique ternary Jordan C* -homomorphism H : A —¥ B such that 



f(x)-H(x) || s < - 4>(x, — ,x) 



(2.7) 



for all x £ A. 



Proof. Putting /i = 1 and xi = ■ • • = x p = x in (2.5), we get 



.p+k-1 \ p + k-1 . . 
P/ ( r a; r p /(a:) 



< ••• ,x), 



f(Kx)-Kf(x)\\ B < -<p(x,---,x) 



for all x G A. Replacing a; by ^, we see that 



1 / a; 



K ' ' K 



for all x £ A. Now we claim 



1 n— 1 

/- ^ /(,;..) [<)E^( jr(,fl, ''-' rMi ) 



(2.8) 



(2.9) 



for each n > 1 and all x G A. We verify it by induction on n. The relation (2.8) shows that (2.9) is true for the 
case n = 1. For the case n + 1, replacing x by and putting n = 1 in (2.9), we get 

I '(&)-*'(*!*) l.fiJ-.^^-.ir*"'.). 
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From this and (2.9), we obtain 

- n— 1 
P s = 

4-iT 1 Q ^(V^av ,K- in+1) x)^j 

Accordingly, the assertion (2.9) holds for all n > 1 and all x G A. 

Now assume that m, I are positive integers, with m > I. By (2.9) for m — I > and -^j , we have 

II *-'(£) ""'(p) II. = |, 

1 m — 1 

P 3 = 1 
1 °° 

< -j2 Ka f (k- (s+1) x, • • • , J ff- (s+1) a; ) . 



V 

s — [ 



Now, the relation (2.4) shows when in the top line I — > oo, the right side of it converges to 0, and this clarifies 
that the sequence {K n f (-£=)} is a Cauchy sequence. Since A is a complete space, the sequence {K n f(-^)} is a 
convergent sequence. Therefore, we can define, for all x G A, the mapping H : A — > B by 



H{x):= lim K n f(^A. 

Passing the limit n — > oo in (2.9) and looking to (2.4), we obtain (2.7). 
It follows from (2.5) and (2.4) that 

|| r^.-.^llB = lim K- \\ Tll f \\ b 

for all fj, G T 1 and all xi, • • • , a; p G A It means by Lemma 2.3 that H is C-linear. 

Putting p = 1 and xi = ■ ■ ■ = x p = in (2.5), we get /(0) = 0. Letting y = and replacing a; by in (2.6) 
and by Lemma 2.4 and the assumption on tp, we obtain 

* ^^ 3 >(^°'-'°)= 

for all x€A. Thus i/flx, x, a;]) = \H{x), H(x), H(x)] for all x £ A. 

Letting x = and replacing y by in (2.6) and by (2.4), we obtain 



H(y*)-(H(y)T\\ B = ^^|| /((£)> 

* ,SS o ^( .^' '-' ) =0 



for all y £ A. Thus H(y*) = H(y)* for all j/ G A Therefore, H : ^4 — > _B is a ternary Jordan C*-homomorphism. 
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Let G : A — y B be another ternary Jordan C*-homomorphism that satisfies (2.7), we will have 

ii *(*)-<?(*) ii* < ^(|/(^)-^(^)L + |/(^)-g(^)|J 

oc 



2 
P 



for all x £ A. Now if in the top line n — y oo, then (2.4) shows that the right side of it converges to 0. This clearly 
means that H is unique. □ 

Theorem 2.6. Let ip : A p — y [0, oo) be a function with ip(0, ■ ■ ■ , 0) = 0. Denote by <j> a function such that 

oc 

4>(x lr -- ,x p ) :=Y,K- (n+1) <p{K n x u --- ,K n x p ) < oo (2.10) 

n = 

for all xi, ■ ■ ■ ,x p € A, where K = p+k k ~ 1 ■ Suppose that f : A —y B is a mapping satisfying (2.5) and (2.6). Then 
there exists a unique ternary Jordan C* -homomorphism H : A —y B satisfying (2.7). 

Proof. It follows from (2.5) that 



f(K x)-K f(x) \\ B < - V (x,---,x), 



- f(Kx) - f{x) 



B P K 



for all x € A. Now we claim 



K n 



f(K n x)-f(x) 



n-l 



(2.11) 



(2.12) 



for each n > 1 and all x € A. We verify it by induction on n. The relation (2.11) shows that (2.12) is true for the 
case n = 1. For the case n + 1, replacing x by K n x and putting n = 1 in (2.12), we get 



K 

From this and (2.12), we obtain 
1 



/ (K n+1 x) - f(K n x) 



B <-^x,-.^x). 



/ (K n+1 x) - f{x) 



K*> 



f (K n+1 x) - f(K" 3 



+ 



* ^{&C 

1 " 



K< 



-fiK n x) - fix) 



Accordingly, the assertion (2.12) holds for all n > 1 and all x £ A. 
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Now assume that m, I are positive integers, with m > I. By (2.12) for m — I > and K l x, we have 



1 

K 1 



... i 

< - Yl K- (s+1) <fi(K s x,--- , K"x) 

P s=l 
oo 

P s = l 

Now, the relation (2.10) shows when in the top line I — > oo, the right side of it converges to 0, and this clarifies 
that the sequence { -^f(K n x)} is a Cauchy sequence. Since A is a complete space, the sequence {-^f(K n x)} 
is a convergent sequence and we can define for all x G A, the mapping H : A — > B by 

H(x) := lim -^f(K n x). 

Passing the limit n —¥ oo in (2.12) and by (2.10), we obtain (2.7). 

Letting y — and replacing x by K n x in (2.6) and by Lemma 2.4 and (2.10), we obtain 

1 



H([x,x,x]) - [H(x),H(x),H(x)] 



lim 



K 3r, 



f ([K n x, K n x, K n x\) - [f (K n x) , / (K n x) , / (K n x)] 



< lim -A-^jra;, (),••■ , 0) < lim -Lp (K n x,0, ■ ■ ■ , 0) = 



for all x G A. Thus H([x, x, x\) = \H(x), H(x), H(x)] for all x G A. 
The rest of the proof is similar to the proof of the previous theorem. 



□ 



Corollary 2.7. Let 6 be a nonnegative real number and, for every 1 < j < p, qj be positive real numbers such 
that all qj > 1 with qi > 3 or all qj < 1 and let f : A —¥ B be a mapping satisfying 

\\r,f( Xl ,--- ,x p )\\ B < e&WxiW 

\j=i 

\\r h f(x,y)\\ B < 9(\\x\\^+\\y\\^) 

for all pL G T 1 and all x,y,xi, ■ ■ ■ ,x p G A. Then there exists a unique ternary Jordan C* -homomorphism 
H : A^> B such that 



+i 



for all x G A. 
Proof. Defining 



<p(xi,-- ■ ,x p ) = e [ ^ 

2 = 1 



and applying Theorem 2.5 for the case that all qj > 1 with qi > 3, and Theorem 2.6 for the case that all qj < 1, 
we get the result. □ 

Corollary 2.8. Let 8 be a nonnegative real number and let q be a positive real number with q > 3 or q < 1. Let 
f : A —¥ B be a mapping such that 

\\T ll f(x 1 ,---,x p )\\ B < olj^W 1 ^ 

\2 = 1 

\\T h f(x,y)\\ B < 9 (|| x ||« + || y ||«) 

for all pL G T 1 and all x, y, xi, ■ ■ ■ , x p G A. Then there exists a unique ternary Jordan C* -homomorphism 
H : A^f B such that 

1.9+1 

rtii no 



/(*) - ff(x) || fl < 



|fc (p + fc- l) 9 - (p + fc- 1) fc«| 
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for all x £ A. 
Proof. Putting qi 



= q p — q and applying Corollary 2.7, we get the result. □ 
3. Hyers-Ulam stability of ternary Jordan C*-derivations 

. In this section, we will prove 



Throughout this section, assume that A is a C*-ternary algebra with norm || • 
the results for ternary Jordan C*-derivations. 

Theorem 3.1. Let <p : A p — > [0, oo) be a function with ip(0, ■ ■ ■ , 0) =0. Let 
satisfying (2.4) and let f : A —¥ A be a mapping such that 



A p — > [0, oo) be a function 



WT^xi,--- ,x p )\\ < <p(x u ■ ■ ■ ,x p ), (3.1) 

\\r d f(x,y)\\ < <p(x,y,0,--- ,0) (3.2) 

for all /iGT 1 and all x, y, xi, ■ ■ ■ , x v G A. If linin^oo K 3n ip (K~ n x, 0, • • • , 0) = for all x G A, then there exists 
a unique ternary Jordan C* -derivation 8 : A — }■ A such that 



f{x) - 5(x) || < - <j>(x, 



,x) 



(3.3) 



for all x £ A. 



Proof. By the same argument as in the proof of Theorem 2.5, one can show that 8 : A — > A, given by 

S(x) := Jim K V (^) 

for all x £ A, is & C-linear mapping and satisfying (3.3). 

Putting (j, = 1 and xi = ■ ■ ■ = x v = in (3.1), we get /(0) = 0. Letting y = and replacing x by in (3.2) 
and by Lemma 2.4 and the assumption on tp, we obtain 

II 5{[x,x,x]) - [8ix),x,x] - [x,S(x),x] - [x,x,b~ix)] \\ 

= i^o Ri II f ([k^'K^'K^]) ~ l f (lC") 'K^'K^]' [K^ ,f i.K^) 'kA ~ [k^'K^'^K^)] II 



< lim K 3n <p 



,0) 



for all x G A. Thus 5i[x,x,x]) = [8ix),x,x] + [x, Six), x] + [x, x, Six)] for all x G A. 
Letting x = and replacing y by in (3.2) and by (2.4), we obtain 



<%*)-(<%))! 



lim K" 

n— >oo 



- / 



v_ 



< lim 7TV(0,-^,0,--- ,0) 

n— too \ K n / 







for all y G A. Thus Siy*) = <5(?/)* for all y G A. Therefore, 8 : A — > A is a ternary Jordan C*-derivation. 
The rest of the proof is similar to the proof of Theorem 2.5. 



□ 



Theorem 3.2. Let (p : A v —¥ [0, oo) be a function with <p(0, • • • ,0) =0. Let <f> : A p — > [0, oo) be a function 
satisfying (2.10) and let f : A — > A be a mapping satisfying (3.1) and (3.2). Then there exists a unique ternary 
Jordan C* -derivation 8 : A — > A satisfying (3.3). 

Proof. By the same argument as in the proof of Theorem 2.6, one can obtain a C-linear mapping 8 : A — > A, 
given by Six) = lim^oo -A^f iK n x) for all x G A, and satisfying (3.3). 

The rest of the proof is similar to the proofs of Theorems 2.6 and 3.1. □ 

Corollary 3.3. Let 6 be a nonnegative real number and, for every 1 < j < p, qj be positive real numbers such 
that all qj > 1 with q\ > 3 or all qj < 1 and let f : A — > A be a mapping satisfying 

\\r,fi Xl ,--- ,x p )\\ < 0(£||^ || 

\j=i 

\\r d fix, y )\\ < em x p + 1| y m 
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for all n € T and all x, y, xi, ■ ■ ■ ,x p G A. Then there exists a unique ternary Jordan C* -derivation S : A — > A 
such that 

" **> - " * t Pifc ( P+fc ,i)r- +1 (p+fc _ 1)fc9J | «n * p 



/or a// x £ A. 
Proof. Defining 



<p(xi,-- ■ ,x p ) = e ^2 II x i ll ,J j 



and applying Theorem 3.1 for the case that all qj > 1 with qi > 3, and Theorem 3.2 for the case that all qj < 1, 
we get the result. □ 

Corollary 3.4. Let 9 be a nonnegative real number and let q be a positive real number with q > 3 or q < 1. Let 
f : A —¥ A be a mapping such that 

HIV/On,--- || < 0[J2\\x 3 

\j=i 

l|r d /(^,y)|| < 0(||z||« + ||y||«) 

for all fi G T 1 and oZi x, y, xi, ■ ■ ■ ,x p G A. Then there exists a unique ternary Jordan C* -derivation S : A — > A 
such that 

I" - S ^ I" ^ | fc (^-/-V^ ^ «n - r 

for all x £ A. 

Proof. Putting qi = ■ ■ ■ = q p = q and applying Corollary 3.3, we get the result. □ 
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OSTROWSKI TYPE INEQUALITIES FOR FUNCTIONS WHOSE 
DERIVATIVES ARE MT- CONVEX 



MEVLUT TUNQ 



Abstract. Some inequalities of Ostrowski's type for MT— convex functions 
arc introduced. An improvements for some Midpoint type inequalities arc 
given. Some applications to special means arc also obtained. 



1. Introductions 



Let /:/C [0, oo) ->lbca diffcrcntiable mapping on 1° , the interior of the 
interval I, such that /' e L [a, b], where a, b <E I with a < b. If \f (x)\ < M, then 
the following inequality: 



(i.i) 



du 



< 



M 



(x — a) 2 + (b — x) 2 



holds. This result is known in the literature as the Ostrowski inequality. For recent 
results and generalizations concerning Ostrowski's inequality, see [l]-[7] and [9] the 
references therein. 

In [10], MT— convex function defined by Tung and Yildirim as following. 

Definition 1. A function f : I C R — > R is said to belong to the class of MT (I) 
if it is nonnegative and for all x,y G I and t e (0, 1) satisfies the inequality; 



(1.2) 



/ (tx + (1 - t) y) < ^L=J (x) + ^O/ 0/ ) 



2-y/l - t 2Vi 
Theorem 1. Let f e MT (I), a,b e I with a <b and f e L\ [a, b\ . Then 



(1.3) 
and 
(1.4) 



/ 



< 



i r 

-aj a 



f (x) dx 



b- 



■ / t (x) f (x) dx < 

J a 



f(a) + f(b) 



where r (x) = ^ ° -, x e [a, b] . 

The aim of this manuscript is to establish some Ostrowski type inequalities for 
the class of functions whose derivatives in absolute value are MT-convex functions. 



2000 Mathematics Subject Classification. 26D10, 26D15. 

Key words and phrases. Ostrowski's inequality, MT— convex function, Midpoint type 
inequalities. 
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2. New Results 

In order to prove our main theorems, we need the following lemma that has been 
obtained in [5]: 

Lemma 1. [5]Let f : I C R — > R be a differentiable mapping on 1° where a, b e I 
with a < b. If f e L [a, b], then the following equality holds; 



fix) 
(x — a) 



1 



b — a 

2 ,1 



f {u) du 



^- f 1 t/' (tx + (l-t) a) dt - ^ X) f 1 tf (tx + (1 - 
a Jo b-a J 



t) b) dt 



for each x e [a, 6] 



We shall start with the following refinement of the Ostrowski inequality for MT- 
convex functions. 

Theorem 2. Let f : I C [0, oo) -^Ifca differentiable mapping on 1° such that 
f € L [a,b], where a,b £ I with a < b. If \f'\ is MT -convex function on I and 
\f {x)\ < M, x G [a, b] , then we have; 



(2.1) 



fix) 



b — a 



f iu) du 



Mtt 



< 



(x — a) 2 + (b — x) 2 



A (b-a) 



for each x G [a, b] . 

Proof. Using Lemma 1 and MT-convexity of |/'|, it follows that 



du 



^— ^ [ 1 t\f'(tx+(l-t)a)\dt+ {b X) 

(x — a) 
b — a 

ib-x) 



< 



< 



o 

- rl 

t 

2 „1 



b — a 



2 r l 







" \f'{x)\ + ^i\fi(a)\ 



+ 



M 



-xY f 
-a Jo 



2vT^I 



2y/i 



2v _l/'WI + ^l/'W| 



t\f (tx + (l-t) b)\dt 
dt 
dt 



< 



(x — a) 2 + (b — x) 2 



2 (b-a) 
The proof is completed. 



(i 3 / 2 (l-i)- 1/2 + ^ 2 (l-t) 1/2 ) 



dt. 



□ 



Remark 1. In Theorem 2, if we choose x — (a + b)/2, then we get 



(2.2) 



< 



Mtt (b - a) 



The corresponding version for power of the absolute value of the first derivative 
is incorporated in the following results. 
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Theorem 3. Let f : I C [0, oo) -tlfca differentiate mapping on 1° such that 
f € L [a,b], where a,b £ I with a < b. If \f'\ q is MT-convex function on [a,b] , 
q > 1, p^ 1 + q^ 1 = 1 and \f (x)\ < M, x <G [a, b] , then we have; 



(2.3) 



/(*) 



b — a, 



f (u) du 



< — , (*Y 



(x — a) 2 + (b — x) 2 
b — a 



for each x e [a, b] . 



Proof. Suppose that p > 1. From Lemma 1 and using the Holder inequality, we 
have 

f(x)-j±-Jj(u) d u 

f t \f (tx +{l-t)a)\dt+ (& ' ~ X) C t \f {tx + (1 - t) 6)| dt 
~~ a Jo b — a J 



(x — a) 
~b 



< 



( x - a Y 

b — a 



+ 



(b-x) 1 



t p dt 



t p dt 



\f (tx + (l-t) a)\ q dt 



\f (tx + (l-t) b)\ q dt 



Since \f'\ q is MT-convex function and \ f (x)\ < M, then we have 



f \f'{tx + (l-t)a)\ q dt < f 
Jo Jo 



16 



— tf=l/' (x)\ q + ^^\f {a)\ q 

[l/'WI' + l/'WH <> 9 



fit 



and similarly 

[ \f'(tx + (l-t)b)\ q dt < f 
Jo Jo 



2^/l-t 



\f'{x)\ q + ^\f'{b)\ q 



dt 



= l 6 [\f'(x)\ q + \f'(b)\ q ]<l Mq 



Therefore, we have 



/(*) 



i r b 

-a J a 



I (u) du 



< 



[x — aY 



b — a 



(1+p) 

\2 



r^VP V8 / 



M 



(1+P) 

(I) 



(x — a) 2 + (b — x) 2 



(l+p) 1/p 

where p^ 1 + q^ 1 = 1, which is required. 

Remark 2. In Theorem 3, if we choose x = (a + b)/2, then we get 



□ 



(2.4) 



(b-a). 
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Remark 3. Since ^j— p7p > \ f or an y P > 1> */ we write the inequality (2.3) 
again, then we obtain 



< 



M 



(2.5) 



(l+p) 1/p V « 
< M 



[x — a) 2 + (b — x) 2 
b — a 



| \ P PQ 



1+p 



(x — a) 2 + (6 — x) 2 
& — a 



Theorem 4. Lei / : 7 C [0, oo) -^Ifca differentiable mapping on 1° such that 
f G L [a,b], where a,b € I with a < b. If \f'\ q is MT-convex function on [a,b] , 
q > 1 and |/' (x)| < M, x € [a, 6] , then the following inequality holds: 



(2.6) 



/(*) 



b — a 



f (u) du 



< M. 



It 



1 1 
.7T9 . 



(x — a) 2 + (6 — x) 2 
b — a 



for each x e [a, 6] . 

Proof. From Lemma 1 and using the well known power mean inequality, we have 



fi^-^Jj^du 



< 



< 



(x — a) 
b — a 

(x — a) 2 
b — a 



2 ,1 



t\f (tx + {l-t) a)\dt + 



(b-x) 
b — a 



2 r l 



t\f (tx+(l-t) 6)| rf* 



tdt 



o 



t\f (tx + (l-t) a)\ q dt 



dt 



Since \f'\ q is MT-convex function and \ f (x)\ < M, then we have 



ft\f (tx 
Jo 



+ (l-t)a)\ q dt < 



L 



tVt 



\f{x)\ q + 



ty/T^t . , 



i/»r 



dt 



2V1 - t 2Vi 
2 I/' (*)!' f ti{l-t)^dt+ l - \f (a)\ q jf 1 i* (l _ t y 



dt 



1 , ,_ 3TT 1 - 7T 7T 

< -M 9 — - — h -^M q — = — 
~ 2 8 2 8 4 



and 



/ t|/'(ta; + (1 -t)b)\ q dt < 
Jo 

Therefore, we have 
1 



Jo 



tVt 



2vT^i 



dt < -M q 
4 



which is required. 



/ (u) du 



< M 



(x — a) 2 + (b — x) 2 
b — a 



□ 
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Remark 4. In Theorem 4, if we choose x = (a + b) jl, then we get 



(2.7) 



a + b 



1 



b — a 



f (u) du 



< M.iri. 



2+i 



(b - a) . 



Corollary 1. In Theorem 4, if we choose x — a, then we get 



(2.8) 



if wee choose x — b, then we get 



(2.9) 



du 



du 



< M. 



< M. 



h4 



.7t « . (b — a) , 



H4 



.7t « . (b — a) , 



adding above inequalities (2.8) and (2.9), we get 

rb 



(2.10) 



2 b - a 



f (u) du 



< M. 



.it " . (b — a) . 



Now, We want to give a few example for MT-convex function, preparatory to 
not to pass to the section of applications, as follows: 

Example 1. i- f : (0, 1] — ► R, f(x) — — lnx k , k e (0, oo) is AIT— convex function. 

n- f,g,h : R — > R+, /(x) = x n , g (x) = (£)", ft (a;) = ^, n e R are MT- 
convex functions. The details are left to the interested reader. 



3. Applications to special means 

We consider the means for arbitrary positive numbers a,b (a ^ b) as follows: 
The arithmetic mean: A = A (a, b) := 



The Idcntric mean: I = I (a, b) := \ " " , 



The p-logarithmic mean: L p — L p (a, b) := 



b P+i_ aP +i 



i/p 



, peR\{-i,o}. 



_(p+l)(6-o)J 

Now, using the results of Section 2, we give some applications to special means 
of real numbers. 

Proposition 1. Let < a < b and q > 1. T/ien we have 



1\ 



2+^ 



|A"(o,6)-LS(a,6)|<M.7ri.^-J (b - a) 

Proof. The inequality follows from (2.7) applied to the MT-convex function / : 
R -» R+, /(a;) = .x™, n e R. The details are omitted. □ 



Proposition 2. Let < a < b and q > 1. TTien we ftawe 

2+^ 



|ln/(a,6) -lnA(a,6)| < M.tt?. 



(6 -a) 



Proof. The inequality follows from (2.7) applied to the MT-convex function / : 
(0, 1] — > R, /(x) = — In a;. The details are omitted. □ 
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Proposition 3. Let < a < b and q > 1. Then we have 

| A (a", b n ) - LI (a, b)\ < M.tt? . i^-j (b - a) 

Proof. The inequality follows from (2.10) applied to the MT-convex function / : 
K -> R+, /(a;) = x n , n <= K. The details are omitted. □ 
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Abstract. In this paper, using the direct and the fixed point methods, we prove the Hyers-Ulam stability of the following 
mixed additive and quadratic functional equation f(kx+y) + f(kx — y) — f(x+y) + f(x — y) + (k — l) [(k + 2)f(x) + kf(—x)] 
(k > 2 is an integer) in complete non- Archimedean normed spaces. 

Keywords: Hyers-Ulam stability; direct method; fixed point method; non- Archimedean normed space; additive-quadratic 
functional equation. 

MR(2000) Subject Classification. 39B82, 39B52, 46S40. 
1 Introduction 

In 1897, Hensel discovered the p-adic numbers as a number theoretical analogue of power series in complex 
analysis. The most important examples of non- Archimedean spaces are p-adic numbers. A key property of p-adic 
numbers is that they do not satisfy the Archimedean axiom: for all x, y > 0, there exists an integer n such that 
x < ny. It turned out that non- Archimedean spaces have many nice applications [1, 2]. During the last three 
decades, theory of non- Archimedean spaces has gained the interest of physicists for their research in particular 
in problems coming from quantum physics, p-adic strings and superstrings [1]. 

The study of stability problems for functional equations is related to a question of Ulam [3] concerning the 
stability of group homomorphisms and affirmatively answered for Banach spaces by Hyers [4]. The result of 
Hyers was generalized by Aoki [5] for approximate additive mappings and by Rassias [6] for approximate linear 
mappings by allowing the Cauchy difference operator CDf{x,y) = f(x + y) — [f(x) + f(y)} to be controlled by 
e (IMI p + I n 1994, a further generalization was obtained by Gavrut^a [7], who replaced e(||a;|| p 4- \\y\\ p ) by a 

general control function ip(x, y). The reader is referred to the following books and research papers which provide 
an extensive account of progress made on Ulam's problem during the last seventy years (see for instance [8-21]). 
The quadratic functional equation and several other functional equations are useful to characterize inner product 
spaces (see [10, 11, 13]). 

Now we consider a mapping / : X — >• Y satisfies the following additive-quadratic (AQ) functional equation, 
which is introduced by Eskandani et al. (see [8]), 

f(kx + y) + f(kx -y) = f(x + y) + f(x - y) + (k - 1) [(k + 2)f(x) + kf(-x)} (1.1) 

for a fixed integer with k > 2. It is easy to see that the function f(x) = ax 2 + bx is a solution of Eq.(l.l). 
Eskandani et al. [8] have established the general solution and investigated the generalized Hyers-Ulam stability 
of Eq.(l.l) in quasi-/3-normed spaces. 

The main purpose of the present paper is to prove the generalized Hyers-Ulam stability of an AQ-functional 
equation (1.1) in complete non-Archimedean normed spaces using the direct and the fixed point methods. 

Throughout this paper, we will assume that A is a linear space over Q or a non-Archimedean field of 
characteristic different from 2 and k (i.e. |2| ^ 0, |fc| ^ 0), Y is a complete non- Archimedean normed space over 
a non- Archimedean field of characteristic different from 2,3, and k (k > 2 is a fixed integer). 

*Corresponding author. 

The first author was supported by the National Natural Science Foundation of China (Grant No. 11171022) 
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2 Hyers-Ulam stability of the functional equation (1.1): a direct method 

Throughout this section, using direct method, we prove the generalized Hyers-Ulam stability for the mixed AQ- 
functional equation in non- Archimedean Banach space. For convenience, we use the following abbreviation for a 
given function / : A — > Y: 

Df(x, y) := f(kx + y) + f(kx - y) - f(x + y) - f(x - y) - (k - 1) [(k + 2)f{x) + kf(-x)] 

for all x, y € A. 

Theorem 2.1 Let ip : X x X — > [0, oo) be a function such that 



lim <p(k n x,k n y) = Q 



\k\ n 



for all x,y E X and let for each x E X the limit 



lim max 



r (p(&x,o) _ 



: < j < n } , 



\ \k\> 

denoted by <fi a (x), exists. Suppose that f : X — > Y is an odd mapping such that 

\\Df(x,y)\\ < <p(x,y) 
for all x,y € X . Then there exists an additive mapping A : X — > Y such that 



\\.f(x)-A(x)\\<—£ a (x) 



for all x £ X. Moreover, if 



lim lim max 

i— too n— >oo 



then A is the unique additive mapping satisfying (2.4). 
Proof. Setting y = in (2.3), we get 



\\f(kx)-kf(x)\\ < ^<p(x,0) 



(2.1) 

(2.2) 
(2.3) 
(2.4) 



(2.5) 



for all x E X. Replacing x by k n x in (2.5), we get 

f{k n x) f(k n ^x) 



< TT^r-r^" -1 ^") 
~ 2-fc" ' 



(2.6) 



for all x E X. It follows from (2.6) and (2.1) that the sequence j ^\n^ j is Cauchy. Since Y is complete, we 
conclude that •! \ is convergent. Set A(x) = lim 4 r /(fc™x). Using induction one can show that 



/(fc^) 



i 

< — — T max 



r <p(k j x,o) _ 



— - — r max s , , , - 

\2k\ \ \k\> 



■ < j <n 



(2.7) 



for all x E A and all n G N. Letting n — > oo in (2.7) and using (2.2) one obtains (2.4). By (2.1) and (2.3), we 
obtain 

\\DA(x, y)\\ = lim ^ \\Df (k n x, k n y)\\ < Jim ^_ ^ fc»y) = 

for all x,y E X. Therefore, the mapping A : A — > F satisfies (1.1). By [8, Lemma 2.2] we get that the mapping 
A is additive. To prove the uniqueness property of A, let A' be another additive mapping satisfying (2.4). Then 

\\A(x)-A'(x)\\ < lim - i l~\\A(k l x)^A'(k t x)\\ 

< lim j^r max{||A(Fx) - /(fc^)||, ||/(F.t) - A'{k l x)\\} 



I— >oo 

1 



< t— — 7 lim lim max 

\2k\ i— >oo n—>oo 



for all a; € X. If 



lim lim max 

i— too n— too 



'} 



then A = A' . This completes the proof. 



□ 
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Corollary 2.2 Let a : [0, oo) — > [0, oo) be a function satisfying 

(i) a(\k\t) < a(\k\)a(t) for all t > 0, 

(ii) a(|*|)<|fc|. 

Let S > 0, X be a normed space and let f : X — > Y be an odd mapping such that 

\\Df(x,y)\\<6[a(\\x\\)+a(\\y\\)} 
for all x,y € X . Then there exists a unique additive mapping A : X — > Y such that 

\\f(x)-A{x)\\<^5a{\\x\\) 

for all x £ X. 

Proof. Let ip : X x X ^ [0, oo) be defined by ip(x, y) — S [a(||a;||) + a(||y||)] for all x, y e X. Then we have 

n-too n-s-oo y |fc| y 

((pi&X, 0) 1 

¥>a(aO = hm max < — — 4 — : < j < n > = tp(x, 0), 
n-s-oo I I"t J 

f v(tix, 0) 1 ,. ip(k l x,k l y) 

lim lim max <^ ,,' : i < ) < n + i \ = lim ^ ,, . yy = 0. 

i— s-oo n—>oo ^ \ky J i— S-oo 

The corollary follows from Theorem 2.1. □ 

Remark 2.3 The classical example of the function a is the mapping a(t) = t r for all i > 0, where r > 1 with 
the further assumption that |fc| < 1. The assumption |fc| < 1 cannot be omitted (see Example 3.4). 
Remark 2.4 We can formulate similar statements to Theorem 2.1 in which we can define the sequence A(x) := 
lim^^oo k n f(-£;) under suitable conditions on the function ip and obtain similar result to Corollary 2.2 for r < 1. 
Theorem 2.5 Let ip : X x X ^ [0, oo) be a function such that 

lim ^fv) = o ( 2 . 8) 

n-S-oo \k\ 2n 

for all x,y e X and Zet /or eac/i .t e X f/ie Zimii 

n 1 ^ maX {^lr ): °^i<-}' ( 2 - 9 ) 
denoted by <p q (x), exists. Suppose that f : X -^Y is an even mapping such that 

\\Df(x,y)\\<^(x,y) (2.10) 
for all x, y € X. Then there exists a quadratic mapping Q : X — > Y such that 

\\f(x) ~ Q(X)\\ < ^-^(X) (2.11) 

for all x £ X. Moreover, if 

(ip(k j x,0) } „ 

hm hm max < — — — - — : i<j<n + i>=0, 

i— >oo n— s-oo I ™ ) 

i/ien Q «s i/ie unique quadratic mapping satisfying (2.11). 
Proof. Setting y = in (2.10), we get 

\\f(kx)-k 2 f(x)\\ < 4^,0) (2.12) 



for all x G X. Replacing x by k n x in (2.12), we get 

f(k n x) fik^x) 



-^M^ 1X ' 0) (2J3) 



fc2n fc2(n-l) 

for all x € X. It follows from (2.13) and (2.8) that the sequence j ^ } is Cauchy. Since y is complete, we 
conclude that \ ^4%4p \ is convergent. Set Q(x) = lim T^f(k n x). Using induction one can show that 



, ,_l<^ ; 053<n l (214) 



1 

|2F 2 | [ |fc| 2 J 
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for all x € X and all n £ N. By taking n to approach infinity in (2.14) and using (2.9) one can obtain (2.11). By 
(2.8) and (2.10), we obtain 

\\DQ(x,y)\\= lim J— \\Df (k n x,k n y)\\ < lim <p (k n x, k n y) = 

for all x,y £ X. Therefore, the mapping Q satisfies (1.1), by [8, Lemma 2.1] we get that the mapping Q is 
quadratic. Let now 

(tp(k j x,0) } „ 

lim lim max < — — — — : i<j<n + i>=V 

and let Q' be another quadratic mapping satisfying (2.11). Then 

1 



\\Q(x)-Q'(x)\\ < lim _ — \\Q{Vx)-Q'{Vx)\ 



< lim 



o \k\ 2i 



j max{||Q(^x) - f(k l x)\\, \\f{Vx) - Q'(fcV)||} 



1 ,. ,. (<p(kix,0) . . 

— ToTTT nm nm max 1 — TTTT — : t < J < n + i 



'}- 



|2fc 2 |i"~n-^o \ |jfe|2j 

for all x € X. Hence Q — Q' . This completes the proof. □ 

Corollary 2.6 Lef /3 : [0, oo) — > [0, oo) fee a function satisfying 

(i) /9(|fc|i) < /3(|fc|)/3(i) /or aft i > 0, 

(ii) 0(1*1) < |£f. 

Lei <5 > 0, X be a normed space and let f : X — > Y be an even mapping such that 

\\Df(x,y)\\<S[f3(\\x\\)+f3(\\y\\)] 
for all x,y e X . Then there exists a unique quadratic mapping Q : X — > Y such that 

\\m-Q(x)\\<^sp(M) 

for all x £ X. 

Proof. Let ip : X x X -> [0, oo) be defined by p(a;,j/) = <5 [/3(||a:||) + /3(||y||)] for all x,y e X. Then we have 



r mitix 0) 

^(x) = _lim_ max j j — : < j < n J> = <p(a;, 0), 



} = 



f <p(k J x, 0) 1 ,. tp(k l x,k l y) 

The corollary follows from Theorem 2.5. □ 

Remark 2.7 The classical example of the function j3 is the mapping Pit) = t r for all t > 0, where r > 2 with 
the further assumption that \k\ < 1. The assumption |fc| < 1 cannot be omitted (see Example 3.10). 

Remark 2.8 We can formulate similar statements to Theorem 2.5 in which we can define the sequence Q(x) := 
lim k 2n f (-&) under suitable conditions on the function ip and obtain similar result to Corollary 2.6 for r < 2. 

n— >oo 

Theorem 2.9 Let <p : X x X — > [0, oo) be a function such that 



lim =0 



/or all x,y £ X and let for each x £ X the limit 



lim max <j y(^Z'O) : < j < n 



n— ^oo 



denoted by <p a (x) } and 
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denoted by <fi q (x), exist. Suppose that f : X —*Y is a mapping such that 

\\Df(x,y)\\ <<p(x,y) 

for all x,y G X. Then there exist an additive mapping A : X — > Y and a quadratic mapping Q : X — > Y such 
that 

\\f(x) - A(x) - Q(x)\\ < max|max{(^ (a;),^ a (-a;)}, ^max{<p q (x),<p q (-x)}^ 
for all x € X. Moreover, if 

r lp{&x,o) 



i<j<n + i>=0, 



,. ,. (<p(k j x,0) . . .1 ,. f ^(fc J 'cc, l 

lim lim max < — : i<j<n + i> = lim lim max < — 

i— >co ri—>oo | J i— S-oo n— s-oo ^ | A; | 

£/ien A is ffte unique additive mapping and Q is the unique quadratic mapping. 
Proof. If we decompose / into the even and the odd parts by putting 

,.<,) _ M±flz£) md Ux) . /M_/Ll> 

for all x G X, then /(a;) = / e (x) + ,f (x), and 

||D/o(a;,y)|| < ^max{<p(x,y),<p(-x,-y)}, \\Df e (x,y)\\ < ^max{<p(x,y),<p(-x,-y)} 

for all x,y G X. Hence by Theorems 2.1 and 2.5, there exist an additive mapping A : X — > Y and a quadratic 
mapping Q : X — > Y~ satisfying 

||/ (x) - A(x)|| < maxfe(i),^(-s)}, ||/ e (x) - Q(ar)|| < j^- max{<p q (x),<p g (-x)} 

for all x € X. Therefore 

\\f(x)-A(x)-Q(x)\\ < max{||/ (x)-A(x)||, \\f e (x) - Q(x)\\} 

< max jmax{^ a (x), <^ a (-x)}, -j^ max{^(i), <^(-x)} j 

for all x e X. □ 

3 Hyers-Ulam stability of the functional equation (1.1): a fixed point method 

Throughout this section, we establish the generalized Hyers-Ulam stability for the mixed AQ-functional equation 
(1.1) in non-Archimedean Banach space, using the fixed point method introduced by Radu in [16] (see also [12]). 
Let £1 be a set. A function d : £1 x £1 — >• [0, oo] is called a generalized metric on il if d satisfies 
(1) d(x, y) = if and only if x = y; (2) d(x, y) = d(y, x), x, y £ SI; (3) d(x, y) < d(x, z) + d(y, z), x,y,z G SI. 
For explicitly later use, we recall the following result by Diaz and Margolis [22]. 

Proposition 3.1 Let (SI, d) be a complete generalized metric space and J : SI — >• £1 be a strictly contractive 
mapping with Lipschitz constant L < 1, that is 

d(Jx, Jy) < Ld(x,y), Vx,yG£l. 

Then, for each given x G SI, either 

d ( J n x, J n+1 x) = oo, Vn>0, 

or there exists a non-negative integer n such that 

(1) d (J n x, J n+1 x) < oo for all n > n ; 

(2) the sequence { J n x} is converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set SI* = {y G £1 | d (J n °x, y) < oo}; 

(4) d(y,y*) < jhzdiViJy) for all y e SI*. 

Now we are going to investigate the stability problem of the mixed AQ-functional equation (1.1) in non- 
Archimedean Banach space. 

Theorem 3.2 Let ip : X x X ^ [0, oo) be a function such that there exists an < L < 1 with 

ip(kx,ky) < \k\L<p(x,y) (3.1) 
for all x,y G X . Let f : X — »• Y be an odd mapping such that 

\\Df(x,y)\\ < <p( x ,y) (3.2) 
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for all x,y £ X . Then there exists a unique additive mapping A : X — > Y such that 

1 



\\m-A(x)\\< 



for all x £ X. 

Proof. Letting y = in (3.2), we get 



|2fc|(l-L) 



1 



ip(x,0) 



\\f(kx)-kf(x)\\ < t^-Mx,0) 



(3.3) 



(3.4) 



for all x £ X. Consider the set il :— {g \ g : X — > Y, g(0) = 0} and introduce the generalized metric on 0: 

d(g, h) = inf{C e (0, oo) | ||ff(a;) - h(x)\\ < Cip(x, 0), Vx e X}. (3.5) 
It is easy to show that (O, d) is a complete generalized metric space. We now define a function J : f2 — > 17 by 



{Jg)(x) = -g(kx), V 5 efl,iel 



(3.6) 



Let g,h £ £1 and C G [0, oo] be an arbitrary constant with d(g, h) < C, by the definition of d, it follows 

\\g(x) - /i(x)|| < C<p(x, 0), Vx e X (3.7) 

By the last inequality, one has 



^g(kx) - ^h(kx) 



<CLip(x,0), Viel. 



(3.8) 



Hence, d(Jg,Jh) < Ld(g,h). It follows from (3.4) that d(Jf,f) < l/|2fc| < oo. Therefore, by Proposition 3.1, J 
has a unique fixed point A : X — > Y in the set n* = {g e O | d(f,g) < oo} such that 



^(x) := lim (J"/)W - lim T^f{k n x) 
and A(kx) = kA(x) for all x e X. Also, 

This means that (3.3) holds for all x G X. 

Now we show that A is additive. By (3.1), (3.2) and (3.9), we obtain 

\\DA(x,y)\\ = lim ±-\\Df(k n x,k n y)\\< lim -L ^ (fc«x, fc"y) < lim L>(x,y) = 

for all x, y G X. Therefore, by [8, Lemma 2.2] we get that the mapping A is additive. 
Corollary 3.3 Let 8 > 0, r > 1, \k\ < 1 and f : X — > Y 6e an odd mapping satisfying 

\\Df(x,y)\\<5(\\x\\ r + \\y\n 
for all x,y £ X. Then there exists a unique additive mapping A : X — > Y~ smc/i i/iai 

1 



(3.9) 



(3.10) 



□ 



||/(z)-^r)ll< 



Elixir 



\2\(\k\-\k\r) 

for all x £ X . 

Proof. Let Lp : X x X ^ [Q,oo) be defined by <p(x,y) = S (\\x\\ r + \\y\\ r ) for all x,y £ X. Then the corollary 
follows from Theorem 3.2 by L — Ife^ 1 < 1. □ 
The following example shows that the assumption |fc| < 1 cannot be omitted in Corollary 3.3. This example 
is a modification of the example of [19] . 

Example 3.4 Let p > 2 be a prime number and / : Q p — » Q p be defined by f(x) — x 3 . Then for 6 = 1 and 

r = 3, 

\Df(x,y)\ p <ma,x{\x\ 3 p ,\y\ 3 p } < \x\ 3 p + \y\ 3 p (x,y£Q p ). 
However, for k = 2 we have \k\ p = |2| p = 1 and 



= 2 



2n 



■p l^lp M p — |3| p |x|p 



for all x G Q p and n G N. Hence |^:/(2™x)} is not a Cauchy sequence for each nonzero x G Q p . 
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Similar to Theorem 3.2, one can obtain the following theorem. 
Theorem 3.5 Let tp : X x X — > [0, oo) be a function such that there exists an < L < 1 with 

v{x,y) < ^<p{kx,ky) 

for all x,y E X . Let f : X — > Y be an odd mapping such that 

\\Df(x,y)\\ <<p(x,y) 

for all x,y E X . Then there exists a unique additive mapping A : X — > Y such that 

L 



\\f(x)-A(x)\\< 



\2k\(l-L) 
for all x £ X. 

As an application for Theorem 3.5, one can get the following corollary. 
Corollary 3.6 Let S > 0, < r < 1, \k\ < 1 and f : X — > Y be an odd mapping satisfying 

\\Df(x,y)\\<6(\\x\\ r + \\y\n 

for all x,y E X . Then there exists a unique additive mapping A : X — > Y such that 

1 



\\f(x)-A(x)\\< 



S\\x\\ 



\2\(\k\r-\k\) 
for all x £ X. 

Proof. Let ip : X x X -> [0, oo) be defined by ip(x,y) = 5 (\\x\\ r + \\y\\ r ) for all x,y E X. Then the corollary 
follows from Theorem 3.5 by L = |fc| 1 " r < 1. □ 
The following example shows that the assumption |fc| < 1 cannot be omitted in Corollary 3.6. 

Example 3.7 Let p > 2 be a prime number and / : Q p — ► Q p be defined by f(x) = x 1 ^ 3 . Then for S = 1 and 
r = l/3, 

\Df(x, y)\ p < max { \x\ r p , \y\ r p ) < \x\ r p + \y\ r p (x, y E Q p ). 
However, for k = 2 we have \k\ p — \2\ p = 1 and 



2 n f( — )-2™ +1 f(^ Z — ) 



1 - 2 2 / 3 



1 1/3 



1 - 2 2 / 3 



,1/3 



for all x E Q p and n € N. Hence |2™/(^-)} is not a Cauchy sequence for each nonzero x E Q p . 
Theorem 3.8 Let ip : X x X — > [0, oo) &e a function such that there exists an < L < 1 with 

ip(kx,ky) < \k\ 2 Lip(x,y) 

for all x,y E X . Let f : X —*Y be an even mapping such that 

\\Df(x,y)\\ <<p(x,y) 

for all x,y E X . Then there exists a unique quadratic mapping Q : X — > Y such that 

1 



\\f(x) - Q(x)\\ < 



12^1(1 -i) 



ip(x,0) 



for all x E X . 

Proof. Letting y = in (3.12), we get 



\\f(kx)-k 2 f(x)\\ < ^<p(x,0) 



(3.11) 
(3.12) 

(3.13) 
(3.14) 



for all x E X. Consider the set O := {g \ g : X — > Y} and introduce the generalized metric on O: 

d(g, h) = inf {C E (0, oo) | \\g{x) - h(x)\\ < C<p(x,0), Viel}. (3.15) 

It is easy to show that (fi, rf) is a complete generalized metric space. We now define a function J : il — > O by 

1 



(Jfl)(a;) = -j^g{kx), V.g e fi, a; e X 



(3.16) 

Let g,h E and C G [0, oo] be an arbitrary constant with d(g, h) < C, by the definition of d, it follows 

\\g(x) - h(x)\\ < Ctp(x, 0), yx E X. (3.17) 
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By the given hypothesis and the last inequality, one has 



<CLip{x,0), VxeX. 



(3.18) 



Hence, d(Jg,Jh) < Ld(g,h). It follows from (3.14) that d(Jf,f) < l/\2k 2 \ < oo. Therefore, by Proposition 3.1, 
J has a unique fixed point Q : X — > Y in the set O* = {g £ O | d(f, g) < oo} such that 



Q(x) := lim (J n f)(x) = lim ^f(k n x) 



and Q(kx) = k 2 Q(x) for all x £ X. Also, 



d(Q,f) < 



1 



rd(Jf,f) < 



1 



1-L^ V "-" J/ " \2k 2 \{l-L\ 
This means that (3.13) holds for all By (3.11), (3.12) and (3.19) we obtain 

\\DQ(x,y)\\ = lim \\Df (k n x, k n y)\\ < lim <p (k n x,k n y) < lim lAf^, y) = 0, 

for all ijel, and so by [8, Lemma 2.1] we get that the mapping Q is quadratic. 

Corollary 3.9 Let S > 0, r > 2, < 1 and f : X — >• Y be an even mapping satisfying 

\\Df(x,y)\\<8{\\x\\ r + \\y\n 

for all x, y £ X. Then there exists a unique quadratic mapping Q : X — > Y such that 

1 



(3.19) 



(3.20) 



□ 



||/(*)-Q(aO|| < 



■5\\x\\> 



\y\\ r ) for all x,y e X. Then the corollary 

□ 



i2i(iAi 2 -ifcn 

for all x € X. 

Proof. Let ip : X x X — > [0, oo) be defined by (p(x,y) = S (\\x 
follows from Theorem 3.8 by L = |fc| r " 2 < 1. 

The following example shows that the assumption \k\ < 1 cannot be omitted in Corollary 3.9. 
Example 3.10 Let p > 2 be a prime number and / : Q p — > Q p be defined by /(a;) = x 4 . Then for (5 = 1 and 

r = 4, 

ID/Ca:, y)| p < max { |x| 4 , |2/| 4 } < \x\ 4 p + \y\ 4 p (x, y G Q p ). 
However, for fc = 2 we have |fc| p = \2\ p = 1 and 

i/( 2 "*) - ^TT) /(2" +1 ^)| - |2 2 "| p I3| p K = 131,1.1^ 

for all x <E Q p and n E N. Hence {^/^"x)} is not a Cauchy sequence for each nonzero x £ Q p . 

Similar to Theorem 3.8, one can obtain the following theorem. 
Theorem 3.11 Let ip : X x X — > [0, oo) be a function such that there exists an < L < 1 with 

i \ L [ x y\ 

for all x,y £ X . Let f : X — > Y be an even mapping such that 

\\Df(x,y)\\ <<p(x,y) 

for all x,y £ X . Then there exists a unique quadratic mapping Q : X — > Y such that 



\\f(x)-Q(x)\\ < 



\2k*\(l-L) 
for all x £ X . 

Corollary 3.12 Let S > 0, < r < 2, \k\ < 1 and f : X — > Y be an even mapping satisfying 

\\Df(x,y)\\<S(\\x\\ r + \\y\n 
for all x,y £ X . Then there exists a unique quadratic mapping Q : X — > Y such that 

1 



\\f(x)-Q(x)\\< 



\m\ 2 -\m 



6\\x\\ 



for all x £ X . 
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Proof. Let ip : X x X -> [0, oo) be defined by ip(x,y) = 5 (\\x\\ r + \\y\\ r ) for all x,y £ X. Then the corollary 
follows from Theorem 3.11 by L = |fc| r " 2 < 1. □ 
The following example shows that the assumption |fc| < 1 cannot be omitted in Corollary 3.12. 

Example 3.13 Let p > 2 be a prime number and / : Q p — > Q p be defined by f(x) = 2. For k = 2, 5 = 1 and 

r = 0, 

|D/(a;,y)| p = |12| p <l = <J (x,y£Q p ). 
Note that if p > 2, then |2 n | p = 1 for each integer n, we have 



2 n f(2~ n x) - 2 n+1 f(2- (n+1 ^x) 



= \2 n+1 \ = 1 



for all a; € Q p and n £ N. Hence {2 n f(2~ n x)} is not a Cauchy sequence for x £ Q. 

We now prove our main theorem in this section. 
Theorem 3.14 Let ip : X x X — > [0, oo) &e a function such that there exists an < L < 1 urai/i 

^(fcx,fcy) < lAfZ^foj/) (3.21) 

/or all x,y £ X . Let f : X — > Y &e a mapping such that 

\\Df(x,y)\\ <<p{x,y) (3.22) 

/or a/Z x,y £ X. Then there exist a unique additive mapping A : X — > y and a unique quadratic mapping 
Q : X — > y sttc/i i/iai 

||/(x) - A(x) - 0(^)11 < i^ki _ L) maxMx, 0), ^(-x, 0)} (3.23) 

/or all x £ X . 

Proof. If we decompose / into the even and the odd parts by putting 

/.(x) = M±Zfc?) and Ux) _ (3 . 24) 

for all a; e X. Then /(a;) = / e (x) + f Q (x). Let ip(x,y) — py max{y>(a;, y), <^(— x, — y)}, then by (3.21), (3.22) and 
(3.24) we have 

<p(kx,ky) < \k\ 2 L^{x,y) < \k\L^{x,y), ||£>/ (a;,y)|| < 1>(x,y), \\Df e (x,y)\\ < %l>{x,y). 

Hence by Theorems 3.2 and 3.8, there exist a unique additive mapping A : X — > Y and a unique quadratic 
mapping Q : X ^ Y such that 

||/„(a0-,4(a0|| < \2k\(l-L) ^ X ' 0) ' W^ x ) ~ ^ X )W ^ \2k*\(l- L) ^ X ' 0) 

for all x € X. Therefore 

\\f(x) - A(x) - Q(x)\\ < max{||/ (x)-A(x)||, \\f e (x) - Q(x)\\} 

1 , , 1 



" maX \ i2fc| ( l-£) ^' 0) ' |2fc 2 |(l-L) ^' 0) 

" |4fc 2 |(l-L) max ^( x ' °)' °)> 
for all x £ X. □ 
Corollary 3.15 Let S > 0, r > 2, \k\ < 1 and / : X — > y oe a mapping for which 

\\Df(x,y)\\<S(\\x\\ r + \\y\n 

for all x,y £ X. Then there exist a unique additive mapping A : X — > y and a unique quadratic mapping 
Q : X — > y sitc/i i/iai 

/or a/Z x G X. 

Similar to Theorem 3.14, one can obtain the following theorem. 
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Theorem 3.16 Let ip : X x X — > [0, oo) be a function such that there exists an < L < 1 with 

<p{x,y) < ^p{kx,ky) 

for all x,y e X . Let f : X — > Y be a mapping such that 

\\Df(x,y)\\ <<p(x,y) 

for all x,y G X. Then there exist a unique additive mapping A : X — > Y and a unique quadratic mapping 
Q : X — > Y such that 

\\f(x) - A(x) - Q(x)\\ < |4fc2|( ^_ £) maxMx, 0), V {-x, 0)} 

/or all x £ X. 

Corollary 3.17 Let 8 > 0, \k\ < 1, < r < 1 and / : X — > y &e a mapping for which 

\\Df(x,y)\\<S(\\x\\ r + \\y\n 

for all x,y G X. Then there exist a unique additive mapping A : X — > y and a unique quadratic mapping 
Q : X — > y sttc/i i/iai 

| /( x)-^,)-«,)|< — L_ <M - 

/or aZZ x £ X. 

Remark 3.18 The assumption |fc| < 1 cannot be omitted in Corollaries 3.15 and 3.17. 
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The parameter reduction of soft decision 
information systems and its algorithm * 

Guangji Yu^ 
June 3, 2013 

Abstract: In this paper, we introduced a general soft decision information 
system and reveal that every soft decision information system may be seen as a 
[0,l]-valued information system. We investigate the parameter reduction of soft 
decision information systems and give its algorithm. 

Keywords: Soft sets; Information systems; Soft decision information sys- 
tems; Parameter reductions; Importance; Decision rules; Algorithms. 

1 Introduction 

In 1999, Molodtsov [6] proposed soft set theory as a new mathematical 
tool for dealing with uncertainties which is free from the difficulties affecting 
existing method. As reported in [6, 7], a wide range of applications of soft 
sets have been developed in many different fields, including the smoothness 
of functions, game theory, operations research, Riemann integration, Perron 
integration, probability theory and measurement theory. 

Rough set theory was initiated by Pawlak [10] for dealing with vagueness 
and granularity in information systems. 

A decision information system means an information system whose attribute 
set is divided into a condition attribute set and a decision attribute set. In soft 
set theory, we can consider soft decision information systems. 

The parameter reduction of soft decision information systems is a very im- 
portant problem in soft set theory. To solve decision making problems by using 
this theory, Gong et al. [3] proposed a bijective soft set. Based on it, au- 
thors introduced bijective soft decision information systems and studied their 
parameter reductions. Xiao et al. [11] presented an exclusive disjunctive soft 
set by means of bijective soft sets. Based on it, authors introduced exclusive 
disjunctive soft decision information systems and investigated their parameter 
reductions. It is worthwhile to mention that methods of parameter reductions 
in [3, 11] are similar. 

"This work is supported by the Natural Science Foundation of Guangxi (No. 
2013GXNSFBA019016) . 

t Corresponding Author, School of Information and Statistics, Guangxi University of Fi- 
nance and Economics, Nanning, Guangxi 530003, P.R.China, guangjiyul00@126.com 
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The purpose of this paper is to investigate the parameter reduction of soft 
decision information systems. 

2 Preliminaries 

2.1 Soft sets 

Definition 2.1 ([6]). Let U be an initial universe and let A be a set of parame- 
ters. A pair (/, A) is called a soft set over U , if f is a map given by f : A — > 2 U 
where 2 U is the power set of U . We also denote (f,A) by $a- 

In other words, a soft set over U is a parameterized family of subsets of the 
universe U. For e e A, /(e) may be considered as the set of e-approximate 
elements of the soft set f^. 

Example 2.2. Let U = {hi,h 2 ,h 3 ,h 4 ,h§,he} be a universe consisting of six 
stores. Let A = {ai,a 2 ,a 3 ,a 4 , 0,5, 0,5,(17} be is a set of status of stores where 
a\, a 2 , a 3 , 014, 05, ag and a-j represent respectively the parameters "high em- 
powerment of sales personnel" , "medium empowerment of sales personnel", "low 
empowerment of sales personnel" , "good perceived quality of merchandise", "av- 
erage perceived quality of merchandise" , "high traffic location" and "low traffic 
location", respectively. We define fA by 

/(ai) = {hi, h 6 }, f(a 2 ) = {h 2 ,h 3 ,h 5 }, f(a 3 ) = {h 4 }, f(a 4 ) = {hi,h 2 ,h 3 }, 
/(a 5 ) = {h 4 ,h 5 ,h 6 }, f(a 6 ) = {hi,h 2 ,h 3 ,h 6 }, f{a 7 ) = {h 4 ,h 5 }. 

f^ can be described as the following Table 1. Lf hi e f{dj), then h^ = 1; 
otherwise hij — 0, where hij are the entries in the table 1. 



Table 1: Tabular representation of the soft set fA 





ai 


d2 


a>3 


a 4 


a 5 


a 6 


a 7 


hi 


1 








1 





1 





h 2 





1 





1 





1 





h 3 





1 





1 





1 





h 4 








1 





1 





1 


h 5 





1 








1 





1 


h 6 


1 











1 


1 






Definition 2.3. Let fA be a soft set over U . fA is called non-trivial, if for any 
a e A, f(a) ^ and /(a) ^ U. 

2.2 Information systems 

Definition 2.4 ([12]). Let U be a finite set of objects and let A be a finite set 
of attributes. The pair (U, A, V, g) is called an information system, if g is an 

2 
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information function from U x A to V = (J V a where every V a — {g(x, a) : a € 

aeA 

A and x € U} is the values of the attribute a. 

If A = CUD andCHD — 0, then (U, A, V,g) is called a decision information 
system where C is called a condition attribute set and D is called a decision 
attribute set. Sometimes the decision information system (U, CUD, V, g) denotes 
by (U,C,D,V,g). 

If V C {0,1}, then (U,A,V,g) is called a 2-valued information system; If 
V C [0,1], then (U,A,V,g) is called a [0,lJ-valued information system. 



2.3 The relationship between soft sets and information 

systems 

Definition 2.5. Let S = (/, A) be a soft set over U. Then Is = (U, A, V, g s ) is 
called a 2-value information system induced by S, where 

g s :UxA^V. 

For any x G U and a G A, 

a (x a) - { 1; Xe /(a) ' 

Definition 2.6. Let I = (U,A,V,g) be a 2-value information system. Then 
Si = (fi, A) is called a soft set over U induced by I, where fi : A — > 2 U and for 
any and a e A, 

//(a) = {xeU : g{x,a) = 1}. 

Lemma 2.7. Let S = fA be a soft set over U, let Is = (U, A,V, g s ) be a 2- 
value information system induced by S and let Sj s — {fj s ,A) be a soft set over 
U induced by Is ■ Then S — Si s . 

Proof. By Definition 2.6, for any a e A, fi s (a) = {x £ U : g s (x, a) = 1}. 
By Definition 2.5, for For any x G U and aeA, 



,(x,a) 



1, xef(a), 
0, x?f{a). 



This implies that g s {x 1 a) = loie /(°0- So for any x e U, a e A, f(a) = 
fi s (a). Hence /a = (fj s ,A). This implies that S = Si s . □ 

Lemma 2.8. Let I = (U,A,V,g) be a 2-value information system, Let Sj = 
{f i, A ) be a soft set over U induced by I and let Is T = (U, A, V,g Sl ) be a 2-value 
information system induced by Si . Then I — Is,. 

Proof. By Definition 2.5, for any x £ U and a e A, 

a (x a)- I h xe .M«), 
g SI [x,a) < Q) x ^ fi{a y 
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For any x £ U and a £ A, by Definition 2.6, fi(a) = {x € U : g(x, a) = 1}. 
Since I — (U, A, V, g) is a 2-value information system, g(x, a) — for x £ fi(a), 
This implies that 

1, x e //(a), 
0, a; £ //(a). 



g(x,a) = 



So for any x £ U and a e A, g Sl {x,a) — g(x,a). Hence = g. This implies 
that I = Isj- □ 

Theorem 2.9. Lei 

S = {5 : S = /a is a soft set over U} 

and 

r = {7 : I = (U, A, V, g) is a 2-value information system}. 
Then there exists a one-to-one correspondence between T, and T. 
Proof. Two maps F : S — > T and G : T — > S arc defined as follows: 

F(S)=I S , /orVSeS, 
G(/) = 5 7 , /orV/eT. 

By Lemma 2.7, 

GoF = i E , 

where G o _F is the composition of F and G, and is is the identity map on S. 
By Lemma 2.8, 

FoG = i r , 

where G o F is the composition of G and F, and i-p is the identity map on L. 

Hence L and G are both a one-to-one correspondence. This prove that there 
exists a one-to-one correspondence between £ and T. □ 

3 The parameter reduction of soft sets 

Soft set itself has classification ability. The parameter reduction of soft sets 
means reducing the number of parameters to the minimum without distorting 
its original classification ability. 

Since there exists a one-to-one correspondence between "the set of all soft 
sets" and "the set of all 2-value information systems" , we can do the parameter 
reduction of soft sets with the help of the knowledge reduction in rough set 
theory. 

Definition 3.1. Let $a be a soft set over U and let (U,A,V,g) be a 2-value 
information system induced by /a- For any P C A, ind(P) is defined as follows: 

md{P) = {{x, y)eUxU: g{x, a) - g{y, a)(Va G P)}. 
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Proposition 3.2. Let Ja be a soft set over U and let PC A. Then the following 
properties hold. 

(1) md(P) = {(x, y)eUxU:{x,y}C f(a) or {x, y} n f(a) = (Va G P)}. 

(1) ind(P) is an equivalence relation. 

(2) // Pi C P 2 C A, tften md(Pi) 2 ind(P 2 ) 2 md(A). 

Proof. Obviously. 

□ 

Sometimes, we replace respectively ind(P) and U/ind(P) by P and J7/P 
where 

U/ind(P) = {[x] ind(P) :xeU}. 

Specially, we replace md({a}) by a for a G A. 

Proposition 3.3. Let fA be a soft set over U and let (U, A, V, g) be a 2-value 
information system induced fA ■ Then for any a G A. 

U/ a ={f(a), U-f(a)}. 

Proof. Obviously. 

□ 

Definition 3.4. Let fA be a soft set over U. 

(1) A* C A is called a parameter reduction of fA (brief, a fA-parameter 
reduction), if ind(A) — ind(A*) and ind(A) ind(P) for any P C A*. 

(2) The intersection set of all fA-parameter reductions is called the core of 
fA- We denote it by core(fA)- 

In this paper, we denote the set of all /^-parameter reductions by pr{fA}- 
Then 

core(f A ) = n pr(f A )- 
Proposition 3.5. Let fA be a soft set over U . Then pr{fA) 7^ 0- 

Proof. (1) If ind(A) ^ ind(A - {a}) for any a G A, then A G pr{f A )- 

(2) If ind(A) = ind(A—{a}) for some a £ A, then we consider Pi = A — {a}. 

If ind(A) 7^ ind(P\ — {pi}) for any p\ G Pi, then Pi G pr(fA)- Otherwise, we 

consider Pi — {p{\ again. 

Repeat the above process. Since A is a finite set, we can find at least a 

/^-parameter reduction. 

Thus, pr(f A ) ? 0. □ 

Example 3.6. Let U = {h\,h2,hz,hi, h^}, A — {ai,a 2 , a 3 , 04} and let f A be a 
soft set over U , defined as follows 

/(01) = {/ii, h 2 , h 5 }, f(a 2 ) = 0, /(a 3 ) = {h 3 }, /(a 4 ) = {h 3 , h 4 }. 
By Proposition 3.3, we have 

U/sli = {{h 1 ,h 2 ,h 5 }, {h 3 , h 4 }}, U/sl 2 = {{h-L,h 2 ,h 3 , h 4 , h 5 }}, 
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U/a 3 = {{h 3 }, {hi, h 2 , h 4 , h 5 }}, U/a A = {/(a 4 ), U-f(a 4 )} = {{h 3 , h 4 }, {h x ,h 2 , h 5 }}. 
And 

U/A = {{h u h 2 ,h 5 },{h 3 },{h 4 }}. 

U/ind(A - {oi}) = h 2 , h 5 }, {h 3 }, {h 4 }} = U/ind{A). 
U/ind{A - {a 2 }) = {{h u h 2 ,h 5 }, {h 3 }, {h 4 }} = U/ind{A). 
U/ind{A - {a 3 }) = {{h u h2,h B h {^3, h 4 }} + U/md(A). 
U/md{A - {a 4 }) = {{hi,h 2 ,h 5 }, {h 3 }, {h 4 }} = U/ind{A). 
This implies that 

U/ind({a 2 ,a 3 ,a 4 }) = U / ind{{a\ , a 3 , a 4 }) = U/ind({ai,a 2 ,a 3 }) = U/ind(A). 

Since U/ind({a 2 ,a 3 ,a 4 }) — U/ind({a 3 ,a 4 }), U/ind({a 3 ,a 4 }) ^ U/ind({a 3 }) 
and U/ind({a 3 ,a 4 }) ^ U/ind({a 4 }), {a 3 ,a 4 } is a fA-parameter reduction. 

Since U/ind({ai,a 3 ,a 4 }) = U/ind({ai,a 3 }), U/ind({ai,a 3 }) ^ U/ind({ai}) 
and U/ind({a\,a 3 }) ^ U/ind({a 4 }), {01,03} also is a fA-parameter reduction. 

Thus, 

pr(fA) = {{a 3 ,a 4 },{a!,a 3 }}, core(f A ) = {03,04} n {ai,a 3 } = {a 3 }. 

Definition 3.7. Let /a be a soft set over U and let pr(fA) = {Ci : 1 < i < n}. 

Then 

n 

(1) a e A is called core, if a £ |") C, = core(fA). 

i=i 

n 

(2) a € A is called relative indispensable, if a G 1J Cj — core(fA)- 

i=l 

n 

(3) a £ A is called absolutely dispensable, if a £ A — (J Cj. 

»=1 

(4) a € A is called dispensable, if a £ A — core(fA)- 

Obviously, a £ A is dispensable if and only if a is relative indispensable or 
absolutely dispensable. 

Example 3.8. In Example 3.6, we have 

(1) 03 is core. 

(2) cti and a 4 are relative indispensable. 

(3) a 2 is absolutely dispensable. 

(4) ai, a 2 and a 4 are dispensable. 

Definition 3.9. Le£ ^,Kc2 1 '. A is called a refinement ofB, if for any A £ A, 

there exists B £ B such that A C B. We denote it by A < B. 

Lemma 3.10. Let R and p be two equivalence relations on U . If R C p, then 
U/R < U/p. 

Proof. Suppose A £ X/R. Since R is an equivalence relation over X, there 
exists x £ X, such that A = [x] R . 

Suppose y £ [x]r. Then xRy. This implies that (x,y) £ i?. Since i? C p, 
e p. This implies that w € [x] p . Then [x]# C [x] p . 
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Pick B = [x] p , then ACB, thus X/R < X/p. □ 

Theorem 3.11. Let Ja be a soft set over U. Then 

(1) \wUa)\ = 1 if and only if core(f A ) € pr{fA)- 

(2) a G core{f A ) if and only if U/ind(A) ^ U/ind(A — {a}). 

(3) a G A is dispensable if and only if U/ind(A) = U/ind(A — {a}). 

Proof. (1) Sufficiency. Let core(fA) € Note that pr(fA) = {Ci : 1 < 

i < n}. We only need to prove that n = 1. 

Suppose n — 2. Then there arc only two different //i-paramctcr reduc- 
tions C\ and C*2. Suppose C\ C C^. Since Ci G pr(fA), ind(A) ^ ind(C\). 
This implies that C\ (jL pr{fA), a contradiction; Suppose C2 C Ci. Sim- 
ilarly, this implies a contradiction. Suppose that C\ ^ C2 and C2 ^ Ci. 
Obviously, core(fA) = Ci n C 2 and core(/,4) C Ci. Since C\ G pr(f A ), 
ind(A) ^ ind(core(f a)) ■ This implies that core(fA) &pr(fA), a contradiction. 

Suppose n > 3. Similarly, this also implies a contradiction. 

Thus, \pr(f A )\ = 1. 

Necessity. This is obvious. 

(2) Sufficiency. Suppose U/ind(A) ^ U/ind(A — {a}). We claim that a G Cj 
for any 1 < i < n. 

Otherwise, o ^ C io for some C io . This implies that U/ind(A) — U/ind(C io ). 
Since ind(C lQ ) D ind(A - {a}) D ind(A), U/ind(C l0 ) > U/ind(A - {a}) > 
U/ind(A), by Lemma 3.7. So U/ind(A) = U/ind(A — {a}), a contradiction. 

This implies that a G core(j a)- 

Necessity. Suppose U/ind(A) = U/ind(A— {a}). Since pr(fA) ^ 0, we can 
find at least a B[ C A — {a} such that B[ G pr(f A ). So a £ core(f A ), a 
contradiction. 

Thus U/ind(A) ± U/ind(A - {a}). 

(3) Sufficiency. Suppose U/ind(A) = U/ind(A — {a}). Since A — {a} is a 
finite set, there exists B 2 C A — {a} such that _B 2 G pr{fA)- So a ^ core(fA)- 
This implies that s£/l - core(f A )- 

Thus, a is a dispensable parameter. 

Necessity. Suppose U/ind(A) ^ U/ind(A — {a})- Similar to (2), we have 
a G core(f A ). Then a ^ A — core(/^). Since a is a dispensable parameter, 
a G A — core(fA), a contradiction. 

Thus, U/ind{A) = U/ind(A - {a}). □ 
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4 A soft decision information system and its pa- 
rameter reduction 

4.1 The concept of soft decision information systems 

Definition 4.1. Let U be an initial universe, let A and B be two sets of pa- 
rameters. ( /a , 9 b , U) is called a soft decision information system, if (fA, g B , U) 
satisfies 

(1) /a and gs are two soft sets over U; 



(3) AC\B = $. 

In this case, fA is called the condition parameter set, gB is called the decision 
parameter set. 

Example 4.2. Let U — {hi, h 2 , h 3 , /14, /15, h e } be a universe consisting of six 
stores. Let A = {a\, a 2 , a 3 , a 4 , a$, a§, aj} be is a set of status of stores where 
di, a-2, 03, 04, 05, <26 and a-j represent respectively the parameters "high em- 
powerment of sales personnel" , "medium empowerment of sales personnel" , "low 
empowerment of sales personnel" , "good perceived quality of merchandise" , "av- 
erage perceived quality of merchandise" , "high traffic location" and "low traffic 
location", respectively. And let B = {61,62} represent respectively the parame- 
ters "store profit" and "store loss", respectively. We define fA and g B as follows 

f(ai) = {hi,h 6 }, f(a 2 ) = {h 2 ,h 3 ,h 5 }, f(a 3 ) = {/i 4 }, /(a 4 ) = {hi, h 2 , h 3 }, 
/(a 5 ) = {h 4 ,h 5 ,h 6 }, f(a 6 ) = {hi,h 2 ,h 3 ,h 6 }, f(a 7 ) = {h 4 ,h 5 }. 

3(61) = {hi, h 3 , h 6 }, g(b 2 ) = {h 2 , h 4 , h 5 }. 

Then (fA,gB,U) is a soft decision system over U. 

Remark 4.3. If f and g are the same corresponding law, then the soft decision 
information system (fA,9B,U) may be seen as the soft set ./UuB- 

Proposition 4.4. Every soft decision information system may be seen as a 
[0,l]-valued information systems. 

Proof. Let (fA, gB, U) be a soft decision information system. We define 



Then (£7, A(J B,V, g) is a [0,l]-valued information system. 

Thus, (fA, gB, U) may be seen as the [0,l]-valued information system (U, Ai) 



4.2 The parameter reduction of soft decision information 

systems 

The parameter reduction of soft decision information systems means reducing 
the number of condition parameters to the minimum without distorting its 



(2) U /(«) = U 9(b) = U; 



a£A beB 




x e U, e e A, 
x e U, e e B. 



B,V,g). 



□ 
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original classification ability of knowledge discovering. 

By Remark 4.3, soft sets and soft decision systems are closely related. So we 
can do the parameter reduction of soft decision information systems by using 
the parameter reduction of soft sets. 

Definition 4.5. Let (fA,gB,U) be a soft decision information system and let 
C € pr(fA)- Then (fc, gB,U) is called a soft decision information system after 
C. 

Definition 4.6. Let {fA,gB,U) be a soft decision information system and let 
C G pr(fA)- Then PosqB is called C-positive region of B, where 

Pos c B = |J CX = \J{[x} c :3yeU, S .t.[x} c C[y} B }. 

xeu/B 

Definition 4.7. Let (fA,gB,U) be a soft decision information system and let 
Cepr(fA). If 

PoscB = Pos C -{ a }B, for some a G C, 
then a is called B-dispensable in C. Or a is called B -indispensable in C. 

Definition 4.8. Let (fA,gB,U) be a soft decision information system, let C G 
P r (fA) and let (/c, <?s, U) be a soft decision information system after C . 

(1) C* C C is called a B-reduction ofC, ifPoscB — Posc*B and PoscB ^ 
PosjjB for any D C C . 

(2) The intersection set of all B-reductions of C is called the B-core of C. 
We denote it by corec(fA,gB,U). 

In this paper, we denote the set of all .B-reductions of C by pr c (fA, gB,U). 
Then 

core c (fA,gB,U) = n pr c {fA,gB,U). 

Proposition 4.9. Let (/a,.9b,C^) be a soft decision information system, let 
C G pr(fA) and let (fc,gB,U) be a soft decision information system after C. 
Then pr(fc,gB, U) ^ 0. 

Proof. (1) If Pos c B = Pos c _{ a }B for any a e A, then C itself is a £>-reduction 
ofC. 

(2) If ind(C) — ind(C — {a}) for some a £ C, then we consider B\ = C — {a}. 
If ind(C) ^ ind{B\ — {b\\) for any b\ € B\, B\ is a B-reduction of C. Otherwise, 
we consider B\ — {b\} again. 

Repeat the above process. Since C is a finite set, we can find at least a 
B-reduction of C. 

Thus, pr{fc,g B ,U)^%. □ 

Example 4.10. Ln Example 4-. 2, similar to the process of Example 3.6, we ob- 
tain four fA-parameter reductions: C\, Ci, C3 andC^, where C\ = {02,03,04}, 
C2 = {02,04,06}, C 3 = {01,03,04} and d = {01,02,04}. 
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Moreover, a 4 is core parameter; a\, ai, a 3 and ae are relative indispensable 
parameters. There is no absolutely dispensable parameter. 

Obviously, 

U/A = U/d = {{hi}, {h 2 , h 3 }, {h^, {h 5 }, {h 6 }}(i = 1, 2, 3, 4). 
U/B = {{hi,h 3 , h 6 }, {h 2 ,h 4 , h 5 }} 

and 

Pos Ci B = {h u h 4 ,h 5 ,h 6 } (i = 1,2,3,4). 

(1) We consider C\ — {02,03,04}. Then 

Pos Cl -{a 2 }B = Pos lnd{a3 , ai} B = {h 4 } ^ Pos Cl B, 
p os Cl -{a 3 }B = Pos ind{a3tai} B = {hi, h 5 } ^ Pos Cl B, 
Pos Cl -{ ai }B = Pos ind{a2ta3} B = {/n, h 4 , he} ^ Pos Cl B. 

Since Pos Cl B = Pos ind { a2 . a3 . a4 }B ^ Pos lnd{a3 ^ 4 }B , Pos ind { }B ^ 

B and Pos ind{a2 ^ a3 ^B ^ Pos ind{a2t(l3 }B , {a 2 ,a 3 ,a 4 } is a B- 

reduction. 

There is only a B-reduction of C\. 

(2) We consider C2 = {02,04,06}. Then 

P° s c 2 -{a 4 }B = Pos md{a2 (16} B = {fti, h 4 , h 5 , h 6 } = Pos ind{a4 , ae} B, 
Pos ind{a2} B = ^ Pos C2 B, 
Pos ind{a6 }B = {h 4 ,h 5 } ^ Pos ind{a4 , ae} B. 

Since Pos C2 B = Pos ind{a2 ^ a(i} B = Pos ind { a2 ^B, Pos md{a2 af , } B ^ 
Pos ind{a2 }B and Pos ind{ct2 af . } B ^ Pos ind{afi} B , {a 2 ,a 6 } is a B-reduction. 
There is only a B-reduction 0/C2. 

(3) We consider C 3 = {01,03,04}. Then 

P° s c s -{a 3 }B = Pos ind { aua4 yB = {h l7 h 4 , h 5 , he} = Pos Ca B, 
Pos ind{ai} B = {fti,ft 6 } ^ Pos C3 B, 
Pos ind{ai} B = ^ Pos c? B. 

Since Posc 3 B = Pos ind{ai ^ a3 ^B = Pos ind{aua4} B , Pos lnd{ai ^B ^ 
Pos ind { ai }B and Pos ind { aua4 yB ^ Pos ind { a4 yB, {ai,a 4 } is a B-reduction. 
There is only a B-reduction ofC 3 . 

(4) We consider C 4 — {ai, 02, a 4 }. 
{ai,a 4 } is only a B-reduction of C 4 . 

Therefore, WcAIa, 9b, U) = {{a 2 , a 3 , a 4 }}, pr C2 (f a,9b,U) = {{a 2 ,a 6 }}, 
prc 3 (fA,gB,U) = pr Ci {fA,9B,U) = {{a 1} a 4 }}. 

core Cl (fA,9B,U) = {a 2 ,a 3 ,a 4 }, core C2 (fA, 9b, U) = {a 2 ,a 6 }, 
core C3 (f A ,g B ,U) = core Ci (f A ,9B,U) = {ai,a 4 }. 

Definition 4.11. Let (fA,9B,U) be a soft decision information system, let 
C € pr(fA) an d let {fc, 9b, U) be a soft decision information system after C. 
Denote prc(f a, gB,U) = {Di :l<i<l}. Then 
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I 

(1) a e C is called B-core of C , if a £ f|Dj = core c {f a,9b,U) ■ 

i=l 

I 

(2) a £ A is called B -relative indispensable of C , if a € (J Di—corec{f a,9b, U). 

i=i 

i 

(3) a € C is ca/ted B-absolutely dispensable of C, if a £ C — (J Dj. 

i=l 

(4) a G C is called B-dispensable of C, if a £ C — coreci^f a,9b, U). 
Obviously, a £ C is dispensable of C if and only if a is B-relative indispens- 
able of C or B-absolutely dispensable of C . 

Example 4.12. In Example 4-10, for C\ = {02,03,04}, Since there is only 
a B-reduction of C\, a 2 ,a 3 and a 4 are B-core of C\. There is no B-relative 
indispensable parameter of C, B-absolutely dispensable parameter of C and B- 
dispensable parameter of C . 

Let pr(f A ) = {Ci : 1 < i < n}. Put 

71 

pr(fA,9B,U) = [jpr Ci {fA,9B,U). 

Definition 4.13. Let (/a, 5s, U) be a soft decision information system. Define 
the core of(f A ,9B,U) by 

core(f A ,gB,U) = n pr(f A ,9B,U). 

n 

Obviously, core(f A , 9b, U) = f| core Ci (f A , g B ,U). 

Example 4.14. In Example 4-10, we have 
wUa,9b,U) 

= prc 1 {fA,gB,U){Jprc 2 {fA,9B,U)Uprc 3 (fA,9B,U)Upr Ci {fA,gB,U) 
= {{a-2, a 3 , 04}, {0,2, a e }, {01, 04}}. 

core(f A ,9B,U) = {02,03,04} n {o 2 ,o 6 } n {01,04} H {01,04} = 0. 

Definition 4.15. Let (fA,gB,U) be a soft decision information system, let 
P r (/-A) = {Ci I < i < n} and let (fd, 9b, U) be a soft decision information 
system after Ci (1 < i < n). Then 

n 

(1) a € A is called B-core, if a £ f] corecXf a,9b,U) = core{f ? a,9b,U). 

»=i 

n 

(2) a e A is called B-relative indispensable, if a £ (J d — core(f 'a, 9b, U). 

i=i 

n 

(3) a £ A is called B-absolutely dispensable, if a £ A — (J C,. 

i=i 

(4) a £ A is called B-dispensable, if a £ A — core(f 'a, 9b, U). 

Obviously, a £ A is dispensable if and only if a is B-relative indispensable 
or B-absolutely dispensable. 

11 
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Example 4.16. In Example 4-14> we have 

(1) There is no B-core parameter in A. 

(2) a\,a2,as,a4 and a 6 are B-relative indispensable. 

(3) 05 and a-? are B-absolutely dispensable. 

(4) ai,a2,a^,a^,a^,aQ and a-j are B -dispensable. 

Lemma 4.17. Let X be a set and let R, X and p be three equivalence relations 
on X. If RC p, then PosrX D Pos p X. 

Proof. Suppose x € Pos p g. Then there exists [y\ e such that [x] p C [y] s . Note 
that X/R < X/p. By Lemma 3.7, {x]r C [x] p . So [x]r C [x] e . This implies 
that x € Posrq. Thus PosrQ 3 Pos p g. □ 

Proposition 4.18. Let (fA,gB,U) be a soft decision information system, let 
C G pr(fA) and let {fci9B,U) be a soft decision information system after C. 
Denote prc(fA,gB,U) = {Di :l<i<l}. Then 

a € core c (fA,9B, U) if and only if Pos c _{ a }B ^ Pos c B. 

Proof. Sufficiency. Suppose Pos C -{ a }B 7^ PoscB. Then a e Di for any 1 < 
i < I. 

Otherwise, a ^ Dio for some DiQ. This implies that Poso io B = PoscB. 
Since ind(D in ) D ind(C — {a}) D ind(C), Posd' B C Pos C -{ a }B C PoscB 
by Lemma 4.17. Then Pos C -{ a }B — PoscB, a contradiction. 

This implies that a e corec(fA,gB, U). 

Necessity. Let a € corec{fA,gB,U). Suppose Pos c _^B = PoscB. Since 
C — {a} is a finite set, we can find at least a F C C — {a} such that F e 
pr c (fA,9B, U). So a ^ core c {fA,9B, U), a contradiction. 

Thus Pos C -{ a }B ^ Pos c B. □ 

Proposition 4.19. Let {fA,9B,U) be a soft decision information system, let 
Pf(fA) = {Ci : 1 < i < n} and let (fd, 9b,U) be a soft decision information 
system after Ci (1 <i < n). Then 

core(f A ,9B,U) C core(f A ). 

Proof. Suppose a G core(fA, 9b, U). By Proposition 4.18, for any 1 < i < n, 
Pos Ct -{ a }B ^ Pos c% B. This implies that U/ind(d - {a}) ^ U/ind(d) for 
any 1 < i < n. Since (fd t9b,U) are a soft decision information system after Cj, 
U/ind(A) — U/ind(Ci) for any 1 < i < n. This implies that for any 1 < i < n, 

{{x, y) eU xU : Va e A, g s (x, a) = g s (y, a)} 

= {(x,y) eU xU : Vce C u g s (x,c) = g s (y,c)}. 

Then 

{{x, y) £U xU : Va' e A — {a},g s (x, a') = g s (y,a')} 
= {(x, y) Elf xU :Vc Ed- {a} and g s (x, c) = g s (y, c')} 

12 
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and 

U/ind(A - {a}) = U/ind(C l - {a}). 

So U/ind(A) ^ U/ind(A - {a}). By Theorem 3.8, a e core(f A ). 

Hence, core(f A ,g B , U) C core(f A ). □ 

Example 4.20. In Example 4-2, CI4 <G core(f A ) and 04 £ core(f A , g B , U). Thus 

core(f A ,g B ,U) ^ core(f A ). 

5 The importance of condition parameters and 
decision rules in soft decision information sys- 
tems 

Definition 5.1. Let (f A ,g B ,U) be a soft decision information system, let C € 
pr(f A ) and let (fc,9B,U) be a soft decision information system after C. fc is 
said to depend on g B to a degree fc(0 < k < 1), denote by fc =H gB, and k is 
called soft decision information system dependency of (fc, 9b,U) , if 

j , m \Po3 C B\ 

k = lc (B) = — — — . 

If k — 1, we say fc is full depended on gs- 
If k = 0, we say fc is not depended on gB- 

Proposition 5.2. Let (f A ,gs,U) be a soft decision information system, let 
C G pr(f A ) and let (fc,9B,U) be a soft decision information system after C. 
If there is a C C C, s.t. 

, m \Pos c >B\ 

then PoscB = PoscB. 

Proof. Since C C C, ind(C') D ind(C). By Lemma 4.17, Pos c >B C Pos c B. 
This implies that ~/ c >(B) < k. Since 7c (B) = k, Pos c >B = Pos c B. □ 

Example 5.3. Let (f A ,gB, U) be a soft decision information system with U = 
{hi,h 2 , h 3 , h 5 ,h 6 , h 7 }, A = {oi, a 2 , a 3 , a 4 , a 5 } and B = {6i, b 2 }- .Ja and g B 
are defined as follows 

/(ai) = {hi,h 2 ,h 3 }, f(a 2 ) = {h 2 ,h 5 ,h 7 }, f(a 3 ) = {h 4 ,h 7 }, 
/(a 4 ) = {hi, hi, h 5 }, f(a 5 ) = {hi,h 2 , h 3 , h 7 }. 

g(bi) = {hi,h 2 ,h 3 }, g(b 2 ) = {h 4 , h 5 , h 6 , h 7 }. 

Similar to Example 3.6, we obtain C\ = {01,02,04} is a f A -parameter re- 
duction and U/A = U/C\ = {{hi}, {h 2 }, {h 3 }, {hi}, {h 5 }, {h 6 }, {h 7 }}. 
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Similar to Example 4-10, we obtain D = {ai} is a B-reduction of C\ and 
Pos Cl B = Pos D B = {hi,h 2l h 3 , hi, h 5 , h 6 , h 7 }. 

Let C = {01,02} C C\. Obviously, C is not a B-reduction. However, 
Pos C 'B = {hi, h 2 , h 3 , h 4 , h 5 , h 6 , h 7 } = Pos Cl B. 

Definition 5.4. Let (fA,gB,U) be a soft decision information system, let C G 
pr{fA) and let (fc,9B,U) be a soft decision information system after C. For 

a c c, 

o-cb{C') = 1 c{B)- 1C -c>{B) 

is called the importance of parameter subset C on the decision parameter set 
B. 

Especially, when C — {a}, the importance of parameter a € C on the 
decision-making parameter set B is cfcb{o), where 

o-cb{o) = ■jc(B) - J C -{a}(B). 

Example 5.5. Ln Example 4-10, for B-reduction C'2, we have 

o-c 2 B(a 2 ) = lc 2 {B) - lc-{a 2 }{B) = § - § = |. 
ctcsbM = lc 2 (B) - 7c-{a 4 }(£) = I - I = 0. 
o-c 2 B{a&) = lc 2 (B) - 7c-{a 6 }(-B) = | - | = |. 

So, in the soft decision information system of Example 4-10, for B-reduction 
C 2 - ae(high traffic location) is the most important parameter, a 2 (medium em- 
powerment of sales personnel) is in the second place and 04 (good perceived 
quality of merchandise) is not important for store profit or loss. 

Definition 5.6. Let (fA,gB,U) be a soft decision information system. Xi 
and Yi represent the equivalence classes of VIA and U/B respectively, des(XA 
represents the condition parameter values for Xi and des(Yj) represents the 
decision parameter values for Yj. Decision rules are defined as follows: 

rij : des(Xi) — > des(Yj), where Yj n Xi ^ 0, 

The decisive factor of rule: fj,(Xi,Yj) = \Yj n Xi\/\Xi\. 

Lf n{Xi,Yj) = 1, then r^ is decisive; if < [i(Xi,Yj) < 1, then r^ is 
indecisive. 

Example 5.7. Let U = {hi,h 2 ,h 3 ,hi} be a set of patients under diagnosis. 
Let A = {01, a 2 } be a set of symptoms about patients where a\ and a 2 represent 
respectively parameters " headache" and " nasal obstruction" . Let B = {61,62} 
be a set of the probable diagnosis results where b\ and b 2 represent parameters " 
flu" and " nasitis" respectively. Then (fA,gB, U) be a soft decision information 
system. 

By Proposition 3.3, we have 

U/A = {X 1 ,X 2 ,X 3 }, where X t = {h u h 2 },X 2 - {h 3 },X 3 = {h^}. 

U/B = {Y U Y 2 ,Y 3 ,Y 4 }, where Y 1 = {h^,Y 2 = {h 2 },Y 3 = {h 3 },Y 4 = {h A }. 

Hence 
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(1) We have the following deterministic rule 
(ai,l) A(a2,0) =► (6i,l) A(&3,0); 

(This means that if "headache", then "flu".) 

(2) We have the following deterministic rules 

(ai, 1) A (a 2 , 1) =^> (bi, 1) A (63, 1) and the factor of rule is 0.5; 

(This means that if " headache" and "nasal obstruction", then flu and na- 
sitis(0.5)".) 

(ai, 1) A (a 2 , 1) ==> (b 1 , 0) A (63, 0) and the factor of rule is 0.5. 

(This means that if "headache" and "nasal obstruction" , then nasitis(0.5)".) 

6 Algorithms 

Algorithms 6.1. Let (/a, 9b, U) be a soft decision information system. Denote 
pr(fA,9B, U) = {Hj : 1 < j < h}. The algorithm on its parameter reduction is 
shown as follows: 

Input: The soft decision information system (fA,gB,U). 
Output: The soft decision information systems (/^ ,9b,U) after B -reduction, 
the importance of every parameter in Hj and decision rules. 

Step 1. Calculate fA-parameter reductions and obtain the soft decision in- 
formation systems (fci,9B,U); 

Step 2. Calculate B-reductions and obtain the soft decision information sys- 
tems {fHj,9B, U); 

Step 3. Calculate the importance of every parameter in Hj. 

Step 4. Output the soft decision information systems (fH 3 9b, U) after B- 
reduction, the importance of every parameter in Hj and decision rules. 

Example 6.2. In Example 1^.10, we have 

In Step 1. We can calculate four fA-parameter reductions: C\, C2, C3 and 
Ci, where C\ = {a 2 ,a 3 ,a 4 }, C 2 = {» 2 ,a 4 ,a 6 }, C 3 = {ai, a 3 ,a 4 } and C 4 = 
{ai,a 2 ,a 4 } respectively. 

And obtain soft decision information systems {fd,9B,U)(i = 1,2,3,4). 

In Step 2. We can calculate three B-reductions: Hi, H 2 and H 3 . Where 
Hi = {a 2 ,a3,a 4 }, H2 = {0,2,0,6} and H3 = {ai,a 4 } respectively. 

And soft decision information systems (fH ± ,9b,U), {fH 2 ,9B, U) and (fH 3 ,9b,U). 

In Step 3. For Hi, we have 

o- Hl B{a 2 ) = 7 Hl (B) -7 ffl _ {a2} (B) = | - i = |. 
o- HlB {a 3 ) - l Hl {B) - j Hl -{a 3 }{B) = I - § = |- 

0- Hl B{a 4 ) = 7 Hl ( J B)-7 Hl -{a 4 }(S) = I — § = g- 
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So, in soft decision information system of Example for B -reduction 

Hi. a 2 ( medium empowerment of sales personnel) is the most important pa- 
rameter, a 3 (low empowerment of sales personnel) is in the second place and 
a^(good perceived quality of merchandise)is in the third place for store profit or 
loss. 

For H 2 , we have 

0-H 2 B(a 2 ) = JH 2 (B) - 7ff 2 -{a 2 }(5) = §-§ = §• 
0-H 2 B(a e ) = 1H 2 {B) - 7H 2 _{a 6 }(5) = | ~ = g. 

So, in soft decision information system of Example J^.10, for B-reduction 
H 2 . a§(high traffic location) is the most important parameter and a 2 (medium 
empowerment of sales personnel) is in the second place for store profit or loss. 

For H3, we have 

o-HM a i) = 1hA b ) - lH 3 -{ ai }{B) = § - = |. 

O-H 3 b{0.a) = 1H 3 {B) - lH 3 -{a 4 }(B) = I - § = §• 

So, in soft decision information system of Example J^.10, for B-reduction 
H 3 . a\(high empowerment of sales personnel) is the most important parameter 
and a^(good perceived quality of merchandise) is in the second place for store 
profit or loss. 

In Step 4. We can induce decision rules by Definition 5.2 as follows 

(1) We have the following deterministic rules 

(ai, 1) A (02, 0) A (03, 0) A (a 4 , 1) A (a 5 , 0) A (a 6 , 1) A (a 7 , 0) (61, 0) A (b 2 , 0); 

(This means that if "high empowerment of sales personnel" , "good perceived 
quality of merchandise" and "high traffic location", then "store profit".) 

(ai, 0) A (02, 0) A (o 3) 1) A (a 4 , 0) A (a 6) 1) A (a 6 , 0) A (a 7 , 1) => (61, 0) A (6 2 , 1); 

^Tftzs means that if "low empowerment of sales personnel" , "average per- 
ceived quality of merchandise" and "low traffic location", then "store loss".) 

(ai, 0) A (02, 1) A (03, 0) A (a 4 , 0) A (a 5 , 1) A (a 6 , 0) A (a 7 , 1) =^> (61, 0) A (b 2 , 1); 

fT/iis means that if "medium empowerment of sales personnel", "average 
perceived quality of merchandise" and "low traffic location", then "store loss".) 

(ai, 1) A (02, 0) A (03, 0) A (a 4 , 0) A (a 5 , 1) A (a 6 , 1) A (a 7 , 0) (61, 0) A (6 2 , 1)/ 

(This means that if "high empowerment of sales personnel" , "average per- 
ceived quality of merchandise" and"high traffic location", then "store profit".) 

(2) We have the following deterministic rules 

(ai, 0) A (a 2 , 1) A (o 3 , 0) A (a 4 , 1) A (a 5 , 0) A (a 6 , 1) A (a 7 , 0) =► (6^ 0) A (6 2 , 1), 
and i/ie factor of rule is 0. 5; 
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(This means that if "medium empowerment of sales personnel", "good per- 
ceived quality of merchandise" and "high traffic location", then "stores loss(0.5)".) 

(ai, 0) A (02, 1) A (o 3 , 0) A (04, 1) A (o B , 0) A (a 6 , 1) A (a 7 , 0) (&i, 1) A (b 2 , 0), 
and i/ie factor of rule is 0. 5; 

(This means that if "medium empowerment of sales personnel", "good per- 
ceived quality of merchandise" and "high traffic location" , then "stores profit (0.5)". ) 
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Abstract: In this paper, we introduce the double sequence spaces (c(p)) 2 , ( c(p)) 2 , 
(c(p)) 2 , (oc(p)) 2 , \p) an( i ( c *(p))2 ■ The inclusion relations among these spaces are 
obtained. We also characterize the matrix classes (^2°(p),o c PB ), (l^ip), c p B ), (^2°(p) ; c P ), 
((c(p)) 2 B , c 2 B ) and ((c(p)) 2 B , c PB ) reg . Furthermore, we define the statistical core of a real- 
valued double sequence belonging to the more general class £??(p) and study the statisti- 
cal core inequalities related to this new type of statistical core by using our matrix classes 
((c(p)) PB ,c PB ) a nd((c(p)) PB ,c PB ) reg . 

Keyword: Double Sequence, Double Series, Statistical Double limit. 

1. Introduction 

The notion of convergence for double sequence was presented by Pringsheim [9]. 
Thus, by the convergence of a double sequence we mean the convergence in Pringsheim's 
sense. A double sequence x = (xjk)j° k=0 has Pringsheim limit (or double limit) L provided 
that given e > there exists JVeN such that \xjt — L\ < e whenever j, k > N. A sequence 
which is Pringsheim's sense convergent to zero is called as a null double sequence. 

A double sequence x is bounded if there exists a positive number M such that \xjk\ < 
M for all j and k, i.e., if Wx]]^ = sup \xjk\ < oo. c 2 , qc 2 and will denote the sets of all 

convergent, null and bounded double sequences, respectively. It is clear that the convergence 
of x in Pringsheim's sense does not guarantee the boundedness of x. So, bounded and 
convergent in Pringsheim's sense, bounded and null in Pringsheim's sense double sequences 
are defined by c PB = c 2 n and qc 2 b =qc 2 n respectively. 

Gokhan and Qolak defined the following sequence spaces in [2] , [3] and [4] : 

^2°(p) = { x = ( x jk) £ w 2 : sup \Xjk\ Pjk < oo > 
I 3> k J 

c 2 {p) = < x = (xjk) G w 2 : lim \xjk — L\ Pjk = for some L > 
[ j,fc->oo J 

oc^(p) = \ x= (x jk ) S w 2 : lim \x jk \ Pjk = } 

c PB ( P ) = c P (p) n e?(p) and c PB (p) = c P (p) n l?(p) , 

where p = (pjk) is a double sequence of strictly positive real numbers pjk and w 2 is the 
space of all complex double sequences. It is well known that w 2 is a linear space under 
the coordinatewise addition and scalar multiplication. The double series with real terms are 



724 

1 



GOKHAN 724-735 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.4, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



defined in the same way as single series. Given a double sequence {xj^),j,k — 1,2,..., we 
define its partial sum by the formula 

m,n 
j,k=l 

oo 

The sum of a double series Yl x jk is defined as 

j,k=i 

lim S mn . 

rra,n—> oo 

The double limit may or may not exist. If the double limit exists, we say that the double 
series converges; otherwise it diverges. 

Statistical convergence of double sequences was first introduced by Mursaleen and Edely 
[7], Tripathy [11] and Moricz [6] independently. Furthermore, Moricz [6] defined the statisti- 
cal bounded double sequence. Cakan and Altay [1] introduced statistical limit superior and 
inferior for any real double sequence and investigated statistical core for double sequences. 

Recall that a subset K of the set N x N is said to have "double natural density" 62 {K) if 

5 2 (K) = lim — \{(j, k), j < m and k < n : (j, k) € K} I , 

ra,n->oo mn 

where the vertical bars denote the cardinality of the enclosed set. Clearly we have 52{K C ) = 
62 (N x N — K ) = 1 — 82 (K) . It is obvious that all finite subsets of N x N and all subsets which 
have finite rows (or columns) have zero density. For example 

K = {(m, n) : m G N and no < n < n±, for fixed no and m} 

has zero density. 

Now, the concept of statistical convergence can be reformulated in terms of natural density 
as follows: 

A double sequence x = (xjk) is said to be statistically convergent to a number L, in 
symbol: st2 — limxjk = L, if for any given e > 0, 

^2 ({(j, k), j < m and k < n : \xjk — L\ > e}) = 0. The number L is called statistical double 
limit or statistical Pringsheim limit. 

If a double sequence x is statistically convergent to 0, then it is said to be statistically 
null. (0)2 and (o^Of will denote the sets of all statistically convergent and statistically null 
double sequences, respectively. Usual convergence ( in Pringsheim's sense) implies statistical 
convergence to the same limit; that is, C (c)f and oc^ C (oc)f . 

It is clear that the spaces (c)f and (oc)^ contain some unbounded sequences. Hence we 
introduce the following sequence spaces: 

(c)f B = (c)f n and ( c)f fl = ( c) 2 P n 



A double sequence x = (xjk) is said to be statistically bounded if there exists a constant 
K such that 62 ({(j, k), j < m and k < n : \xj^\ > K}) = 0. will denote the sets of all 
statistically bounded sequences. It is clear that C £ 2 and (c)f C 1 2 ■ 
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2. Extensions of the spaces (c)^, (c)^ 8 , { c) P , ( c)^ B and 

In this section, our goal is to extend the double sequence spaces (c)^, (c)^ B , 
( c)^, ( c)^ B and , known in the literature. 

Definition 2.1. For a given double sequence p = (pjk) of strictly positive numbers pjk, 
(c(p))2 is the set of all real double sequences x = (xjk) such that 

$2 ({(j) j < m and k < n : \xjk — L\ Pjk > e}) = 

for some L and ( c(p))^ is the set of x = (xjk) such that 

^2 ({(j) k), j < m and k < n : \xjk\ Pjk > e}) = 0. 



It is trivial that ( Q c(p))2 C (c(p))^ 3 . When all terms of the double sequence p = {pji 



>jk) 

are constant and all equal to p > 0, then we obtain the set (c)^ of statistically convergent 



double sequence and ( c)^ of the statistically null in Pringsheim's sense. Furthermore, when 



all terms of (pjk), excluding the first finite number of j and k are constant and all are equal 
to p>0, we obtain (c(p)) 2 = (c) 2 and ( c(p)) 2 = (0^)2 • 
Now, let us consider the following example: 

Example 2.1. Define x = (xjk) as 



Xjk 



(1 + jk) 1 ^", if j G [3 p , 3 p + p) and k G [3 q , 3 q + q), p,q=l, 2, 
(j^fe) 1//pjfe ) otherwise. 



It is easy to see that x G (c(p)) 2 but a; ^ ^(p) an d x & °2(p)- So we define 

(c(p)) 2 PB = (c(p)) p n £ 2 °°(p) and ( c(p))f B = ( c(p)) P n £ 2 °°(p). 

From the above definitions, it is clear that c p (p) C (c^p))^, ocf^p) C (oc(p)) P ) c PB (p) C 
(c(p))f >B and ocf B (p) C (octp))^' 6 and the inclusion relations are proper. 

Definition 2.2. For p = (pjk)j,ke^ wrtn Pjk > 0) ^2°(p) i s the set of all x = {xjk) such 
that 

£2 ({(j, j < m and k < n : \x jk \ Pjk > K}) = 

for a if > 0. 

Let pjk = const = p for all j, k G N then we get £ 2 • We have ^2°(p) C ? 2 (p) and 
from example 2.1, the inclusion relation is proper. Furthermore, one can easily prove that if 
V = (Pjk) G tf then (c(p)) P C ^°(p). 

Definition 2.3. Let p = (pjfc) with p^ > for all j,k G N. si2 — limsup |xjfe| Pjfe and 
st2 — liminf |xjfc| Pj ' fc are defined as follows: 

(i) Let K x = {M G R : <5 2 ({(j, fe) : kjfcP > M}) / 0}. Then 



sup X x , if if a; 7^ 
-00, if K x = 
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(ii) Let L x = {N G R : 5 2 ({(j, k) : \x jk \ Pjk < TV}) / 0} . Then 



st2 — liminf \xjk\ Pjk = I 



iniL x , if L x ^ 
+oo, if L x = 



It is well known that 5 2 (K) / means either 5 2 (K) > or K does not have double 
natural density. 

Example 2.2. Let the double sequence x = (xjk) be given by 

( (j + k ) 1/pjk > if j = 1,2 and A; = 1,2,..., 

Xjfc = \ 1, if j > 3 and k = 2p, p = 1,2, ... 

( 2 1 M* if j > 3 and k = 2p- 1, p= 1,2,..., 

It is easy to see that si2 — limsup \xjk\ Pjk = 2 and si2 — liminf \xjk\ Pjk = 1 since K x = 
(—oo,2] and L x = [l,+oo). 

Theorem 2.1. For a given double sequence p = (pjk) of strictly positive numbers pjk, 

(i) st2 — limsup \xjk\ Pjk = f3 if and only if for every e > 

*0 : l^r jfc > - e}) + and 5 2 ({(j, k) : > /3 + e}) = 0. 

(ii) 5^2 — liminf |:Ejfc| p ^ fc = a if and only if for every e > 

5 2 ({(j, fc) : |xj fc r j ' fc < a + e}) / and <5 2 ({(j, fc) : \x jk \ p » <a-e}) = 0. 

Proof: The proof is easily obtained from the Theorem 2.4 in [1]. 

The proof of the following proposition is the same as the proofs of the Theorem 2.5 and 
the inequality (2.2) in [1] and therefore it is left to the reader. 

Proposition 2.1. Let pjk > for every j, k G N. Then we have 

(i) st2 — liminf \xjk\ Pjk < st2 — limsup \xjk\ Pjk , 

(ii) liminf \xjk\ Pjk < st2 — liminf \xjk\ Pjk 
(hi) st2 — limsup \xjk\ Pjk < limsup \xjk\ Pjk ■ 

Definition 2.4. For p = (pjk)j,keN with Pjk > 0, (c*(p))^ is the set of all real double 
sequences x = (xjk) such that 

<5 2 ({(j, k), j <m and k < n : \\x jk \ Pjk - L\ > e}) = 

for some L. It is trivial that (c*(p))f C i^ip) but i^ip) does not include (c*(p))^ from 
example 2.1. 



Example 2.3. We define a double sequence x = (xjk) as follows 

Xjk = 



-p^ , if j and k are squares 
L + otherwise, 
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where L > 1 is a fixed real number. 

Now, let pjk = 2 + ^^l^i) for j, k G N. It is easy to see that (pjk) is bounded. We 
assert that st2 — lim \xjk — L| Pjfe exists but st2 — lim \xjk\ Pjk does not exist. In fact, we have 

2+[(-i)ijfc/(,-+i)(fc+i)] 



l 

i+fc 



and 



\Pjk _ 



(jfc/0'+l)(fc+l)) 
Vfc J ' 

fiyz- (jfc/(j+i)(fc+i)) 



c^_)2+((-iyjfe/o+i)(fe+i)) 

(£+1)2+ 

(L+ 1)2- (jfc/0+i)(fe+i)) 5 



if j and fc are squares 

if j and are non squares 
and j is even 

if j and are non squares 
and j is odd. 

if j and are squares 
if j and k are non squares 

and j is even 
if j and k are non squares 
and j is odd. 



Hence we have st2 — lim \xjk — L\ Pjk = 0. But st2 — lim does not exist since it has 

two disjoint subsequences of positive double density that converge (Pringsheim's sense) to L 3 
and L. Thus st2~ limsup \xjk\ Pjk = L 3 and st2~ liminf \xjk\ P]k = L, therefore st2~ lim \xjk\ Pjk 
does not exist. 

As an immediate consequence of exercise, we may say that the existence of st2~ lim \xjk — L\ Pjk 
does not imply the existence of st2 — lim \xjk\ Pjk , in general. However, even if these limits 
exist, they may not be equal, in general. For example, let K C N x N with 82 {K) = and 
Pjk = 2 + for all j, k S N. Let us define the sequence (xjk) as follows: 



(-1) 



j+k 



if j, k e K 



where L 7^ 1 is a fixed real number. Notice that (Pjk) is a convergent and bounded double 
sequence. It is easy to see that st2 — lim\xjk — L\ P]k = and st2 — lim \xjk\ Pjk = L 2 , i.e. 
L / L 2 for L + 1. 

Lemma 2.1. Let p = (pjfe) £ of. Then the statistical limit st2 — lima p ^ fc exists for any 
real number a > 0. 

Proof: The proof is trivial. Therefore we omit it. 

Theorem 2.2. Let p = (p jk ) £ c% B . Then (c(p))f C (c*(p))f . 

Proof: Let x £ (c(p))f and M = max(l, supp^fe). Then there exists anlGR and a > 
such that 

S 2 ({{j, k), j < m and fc < n : |x ife - i| Pjfe > e}) = (1) 
and there exists an a > by Lemma 2.1 such that 

h ({(j, k), j < m and k < n : |Lp /M - a 1 ^ > e}) = 0. 

5 
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By the inequality ||x ifc | Pjfc/M - \L\ Pjk/M < \x jk - L\ Pjk/M ,we can say that 

$2 ({(j,k), j < m and k < n : \\x jk \ p > k/M - |Lp /M | > e}) 
< S 2 ({(j, k), j < m and k < n : \x jk - L\ p > k/M > e}) . 

Using this inequality and (1), we obtain that 

62 [{(j,k), j < m and k < n : \\x jk \ p ^ k/M - \L\ p > k/M \ > e}) = 0. 

Now, from (2), we have 



(2) 



62 k), j < m and k < n 



., \Pjk/M 



a 



l/M 



< 62 ({(J,fc), j < m and k < n : \\x jk \ p ^ k/M - |Lp /M | > |}) 

+ ^2 {{(j,k), j < m and < n : ||LpW M - a 1/M \ > |}) 
= 0. 

Hence x G (c*(p))^. 

3. Some matrix transformations 

Let X and Y be two double sequence spaces. By (X, Y), we denote the class of all four- 
dimensional matrices A = (a^, n ) such that Ax = (A mn (x)) £ Y whenever x = (xj k ) G X, 

00 

where A mn (x) is the A— transform of x given by A mn (x) = ^ c ^k x iki ( m > n = L 2, ...). If a 

./■'•• 1 

four-dimensional matrix A maps every bounded convergent double sequence into a convergent 
sequence with the same limit, then the transformation is said to be regular. The class of 
regular matrix transformations from X into Y is denoted by (X, Y) reg . 

Robison [10] characterized some four-dimensional matrix transformations between the 
double sequence , cf and cf 5 and presented the necessary and sufficient conditions of 
regularity for double sequences. In [5] Gokhan, Colak and Mursaleen extended the conditions 
of Robison to the class of regular matrix transformations between the double sequence spaces 
c 2 B (p) an d cf s and characterized the matrix class ( c% B {p), c PB ). 

In this section, we characterized the matrix classes (^2°(p),o c PB ), (^2°(p)> C 2 B ) 

Theorem 3.1. Let p = (pj k ) be any sequence of strictly positive real numbers. Then 
A € (if(p),o c PB ) if and only if 



(i) lim Y2 

m > n -*°°j,k=l 
00 

(ii) sup J2 

m,n>l j,k=l 



mn 
a jk 



l jk 



B i/ Pjk = f or some b > 1, 

B i/ Pjk = c for some c >0. 
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Proof: If we take qjk = 1 for all j, k G N in Theorem 2.5 [5], then we can easily obtain 
the conditions (i) and (ii). 

The matrix class ((fjC^) was characterized by Robison in Theorem XII in [10]. 
The conditions of this matrix class may be restated as follows: 



Theorem 3.2. A G (£%>, c PB ) if and only if 
(i) lim a"l n = ajk for fixed j and k, 



(ii) lim V aT' 



l jk 



o, 



(iii) sup Yj 

m,n>l j,k=l 



C < oo for some C > 0. 



Proof: The proof is easy. Therefore we omit it. 

Example 3.1: Let us define the matrix A = (a^f 8 ) as alj^ = ( mn +^ 2 i+ k ■ 
(£f,c PB ) since 

W ^ MP* = 2^ for fiXf3d J and k ' 



Then A G 



(ii) lim Y 

oo 

(iii) sup Y 

m,n>i j,fc=i 



TOW _ 1 

(mn+l)2J+ fc 2J+ fe 



m,n->oo jk=1 



(mn+ 1)23 + k 



Theorem 3.3. Let > for every j, k. Then A G (^f (p), c^- 6 ) if and only if 
(i) lim a"l n = for fixed j and k, 

m,n-*oo ■> 



(ii) lim Y 

oo 

(iii) sup Y 

m,n>l j,k=l 



•mil n 

l jk a jk 



B i/ Pjk = o for some b>1, 



a jk 



B i/p jk = c < cx) for every B > 1. 



Proof: (<*=) Let x G ^(p). Then there is a real number B > 1 such that > 

max(l, sup \xjk\ Pjk )- Using conditions (i) and (iii), we have 

j,k>l 



E\ajkX jk \ < Y] lim 
J J £ — ' m..n — >i 



j,k=l 



j,k=l 



iTk n \ \x jk \ < sup Wk\ Bl/m < 

m,n>l jk=1 



i.c Y UjkXjk converges. From (ii) and (iii), we obtain that lim Y a1 jk x jk = Y a jk%jk 
j,k=i m > n ^°°j,k=i j,k=i 

and |A mn (x)| < C < oo for all m, n; i.e Ax G c PB . 

(^)LetAe(£?(p),c PB ). 



(i) Since = (e^ n ), where 



1, if j = m and k = n 
0, if j m and A; / n ' 
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ejk belongs to if{p), then the necessity of (i) holds. 

(ii) Assume that condition (ii) is not satisfied. By Theorem 3.2, we have (a^ l B 1 / p 3 k ) ^ 

(VfjCr? 3 ) for some integer B > 1 and so there exists an x G if with sup \xjk\ = 1 such 

j,k>i 

oo 

that ( E af^xjkB 1 ^) $ c% B . Hence, although z = {B l / p ^x jk ) G £f(p), the sequence 
j,k=i 

(A mn (z)) c PB and this contradicts the fact that A G {p) i C 2 B ) • 

(hi) Because of c PB (p) C £f(p), we have A G (c PB (p), c PB ). Thus, the condition (hi) is 
satisfied from Theorem 2.1 (vi) in [5]. 

Example 3.2. Let pjt > for every j, k G N and = (1 + ^) 2j+k ^i/ Pjk ; where -B > 1 

is any real number. Then, ^4 G (^(p),^ 3 ) since 
(i) lim aT = — for fixed j and fc, 



oo oo 

(ii) Urn E «,T - a j* Bl ' Pjk = lim £ = 0, 



m,n— >oo 



i,fc=l 
oo 



m,ra>l j,fc=l 



oo 



(hi) sup E ^ 1/Pjfc = sup (1 + ^) E ^ = 2. 



m,n>l j,fe=l 



Notice that if we consider the condition (hi) as follows: 

oo 

" E a 7fc n B l l p ' k converges for every B > 1 and for each m and n", 
j,k=i 

then we obtain that A G (^2°(p)> cf)- 



Theorem 3.4. Let < pjfc < suppjfc = H < oo and M = max(l,iJ). Then A G 

((c(p))r>cf B )ifandonlyif 

(i) A€(cf B (p),cP), 

(ii) lim E U"T - a.fc -B 1 ^ = for some B > 1 and for every if C N x N with 

m ' n ^°° (j,k)eK 3 
5 2 {K) = 0. 

Proof: (=►) Let A G ((c(p))f B , c^ B ). 

(i) Because of c PB (p) C (c^))!" 5 , we have j4 G {c pb (p), c pb ). 

(ii) Let a; = (xjfe) G if{p)- Now, we define the sequence z = (zjfc) via a sequence x as 
follows: 

z , = f Zjfc, if (j, k) £ K 
3 [ 0, otherwise. 

It is easy to see that st 2 — ]im\zjk — 0\ Pjk = and z G ifip), i-e. z G (c(p))f' B . Hence, 



Az G cf 5 . Now, define the matrix B = (b 1 ^ 1 ) by 



jk \ 0, otherwise 

for all m, n G N. Then, we obtain that Bx = E a Tk x jk is in the class 

(^2°(p); c^ 5 )- Therefore, the condition (ii) follows Theorem 3.3. 
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{<=) Let x G (c(p))f B . Define K = {(j, k) G N x N : \x jk - L\ p * > e}, so that 6 2 (K) = 
and \xjk — L\ Pjk < e whenever (j, k) £ K. This yields \xjk — L\ < e 1 /?]* < e x l M for every e < 
1 and for (j, k) ^ K. Furthermore, we obtain a real number B = [R}/ M + max(l, > 1 

such that \xjk — L\ < B l / p i k for all j,k G N, where |xjfc| P:,fe < R for all j, k G N, since 
x G ^2°(p). From condition Theorem 2.1 (ii) in [5], we may write 

oo 
j,k=l 

where lim r mn = 0. Whence 

m,n— > oo 



^ a^ n x jfc - aL - ^ a ife (x jfe - L) 
j,k=l j,k=l 



- E \ a Tk n ~ a i fc l \ x i k ~ L \ + l Lr ™« 
i,fc=i 

^ E \af k n -ajk\\x jk - L\ 

(j,k)eK 

+ E |«X - a ifc | \x jk -L\ + \Lr„ 

(j,k)<£K 

(j,k)eK 

+ e l/M 2C . + £ | L | 



for every e > 1. 

Since (52 (if) = and e is arbitrary, property (ii) implies that lim y4 mn (x) = aL + 



m,n— *oo 



o,jk(xjk — L). Furthermore, it is easy to see that |A m „(x)| < C < oo for all m,n G N. 

i,fc=i 

Thus, we obtain that Ax G c PB . 



Theorem 3.5. Let < pjt < swppjk = H < oo and M = max(l,iT). Then A G 



PB p PB\ 
2 i L 2 Jreg 



if and only if 



^Ae(c PB ( P ),c PB ) reg , 



0. 



(ii) lim £ 



BVPi* = for some -B > 1 and for every KcHxN with ^(if) = 



[!]• 



Proof: Using Theorem 3.1, the proof is easily obtained from the proof of Lemma 3.3. in 



4. An Application: Generalized Statistical Core 



The concept of Pringsheim's core or P — core(x) of a real bounded double sequence 
x = (xjk) was given by Patterson [8] as the closed interval [liminf Xjk, lim sup Xjk]- In [5] 
Gokhan,Cfolak and Mursallen generalized the Pringsheim's core for x G ^{p) (or briefly 
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st2 — core(x)) and established core inequalities by using the matrix classes (c PB (p), c PB ) and 
(c PB (p),c PB ) reg . We shall prove a similar result for x G ?2°(p). 

Definition 4.1. For any real double sequence x G i^ip), the statistical core of x is the 
closed interval [si2 — liminf |xjfc| Pjfe , st2 — fimsup |xjfc| Pj '*]- We shall denote the statistical 
core of x G £ 2 (p) by st2 — core{x}. Ii x ^ i 2 (p), st2 — core{x} is defined by either 
(— oo,st2 — limsup |xjfc| Pjfe ], [st2 — liminf \xjk\ Pjk , +oo) or (— oo,+oo). 

Lemma 4.1. Let (pjk) be a double sequence of strictly positive real number such that 
< inf pjk = h < sup pjk = H < oo and A = (a^. n ) be a four dimensional matrix. If A 
satisfies the conditions 
(i)Ae((c( P )) PB ,c PB 



(ii) lim 

m ' n -^°°j,k=l 



i 2 )reg> 

oo 

ran 



a jk 



1 



then for every x G ^2°(p), we nave 



limsupy4 mn (x) < max 



{st2 — limsup {xjkf^) 1 ^ , 
(st2 — limsup \xjk\ Pjh ) l ^ H 



(3) 



Proof: Assume that (i) and (ii) hold. Let x G ^O 9 )- Then, we may say that f3(x) = 
st2 — limsup \xjk\ Pjk is finite and Ax is a bounded sequence. For a given e > 0, let K = 
{(j,k) G N x N : |xjfc| Pjfc > /3(x) + Then we have S 2 (K) = and also it is clear that 
\xjk\ Pjk < (3{x) +£, if (j, A;) ^ -fT. Furthermore, since x G ^(p), there is a real number 5 > 1 
such that |xjfe| P:,fe < B for all j, G N. It is well known that for any real number, we write 

z + = max{z, 0} and z" = max{ — z, 0}, 

whence 

z + + z~ = \z\ and z + — z~ = z. 
For two fixed points K, L > 1, we obtain the following 

oo 

y ai jT x jk 

j,k=l 

K,L oo L K oo oo oo 

= X/ a Tk x i k + y y af jk x ik + y y a^r^ + E E 

j,fe=l i=^+l *:=! J=l A:=L+1 i=^"+l fc=L+l 

-ft",!/ oo L K oo 

= E a Tk x 3 k + y y af jk x 3k + y y a Tk nx 3k 

j,k=l j=K+l k=l j=l k=L+l 

oo oo oo oo 

+ E E KT) + ^- E E ( a 7k)~ x 3k 

j=K+l k=L+l j=K+l k=L+l 
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K,L oo L K oo 

< B i / h Y J \ a T\+ E J2\ a T\ Bl/Pjk + E E \ a 7k\ BllP3k 

j,k=l j=K+l k=l j=l k=L+l 



oo oo 



oo oo 



+ E E E E KT) + ^ 



j=K+l k=L+l 
{j,k)$K 



j=K+l k=L+l 
(j,k)£K 



oo oo 



+ B i/h £ £ (\afk n \-af k n ) 

j=K+l k=L+l 
K,L oo L K oo 

<s 1/fc Z>™l + E EhTl^ + E E \ a T 

j,k=l j=K+l k=l j=l k=L+l 



oo oo 



+ max 



(P(x)+s) 1 / h ,(P(x) + s) 1 / H ] Y, E \ a Tk 



j=K+l k=L+l 



oo oo 



oo oo 



+ E E Wk\ Bl,Pik + Bl,h E EdsTl-^")- 

j=A"+l fc=L+l 



j'=i<r+l k=L+l 

(j,k)eK 



Taking the limit superior as m,n — ► oo and using (i) and (ii), we have 
limsup Ann(z) < max Up(x) + e) 1/h , (f3(x) + e) 1,H . 
This implies (3) since e is arbitrary. 

Lemma 4.2. Let (pjk) be a convergent double sequence of strictly positive real number 
such that 1 < inf pj^ = h < suppjk = H < oo and A = (a^™) be a four dimensional matrix. 

3>k>l j,k>l 

If x = (xjk) G if{p) and 



limsup^4 mn (x) < st2 — limsup \ xjkf ik 



(4) 



then 

(i) Ae((c(p))P,^ B ), 

OO I 

(ii) limsup £ a™ n < 1. 

m,n-»oo j,fc=l 1 

Proof: Suppose that ^4 satisfies (4) and x 6 ^fO 9 )- Then from Proposition 2.1 (iii), we 
have 

st2 — limsup \xjk\ Pjk < limsup • 



734 

11 



GOKHAN 724-735 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.4, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



oo 

Also Ax e since sup \ a Tk n B 1 / p i k < oo for every B > 1. By (4), we have 



m,n j,k=l 



st2 — liminf \xjk\ Pjk < liminf A mn (x) 

< limsup ^4 mn (x) < st2 — limsup \xjk\ Pjk ■ (5) 

Since x is arbitrary and (c(p))2 B C ^2°(p), we can consider any x G (c(p))^ 8 . Then from 
Theorem 2.2, 



st2 — liminf \xjk\ Pjk = st2 — limsup \xjk\ Pjk = st2 — lim \xjk 



Pjk 



exists. So (5) implies that lim^4 mn (x) = st2 — lim \xjk\ Pjk , i.e. A G (( c (p))2 > ' B > C 2 B )- Since 
st2~ limsup \xjk\ Pjk < limsup |xjfe| Pjfe , (4) implies that limsup A mn (x) < limsup |xjfc| Pjfc , and 

oo 

Theorem 3.1 in [5] yields limsup a1 fk — 1- 

m,n-+oo j,fc=l 
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Abstract 

Here we establish a fractional Polya type integral inequality with the 
help of generalised right and left fractional derivatives. The amazing fact 
here is that we do not need any boundary conditions as the classical Polya 
integral inequality requires. 
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1 Introduction 

We mention the following famous Polya's integral inequality, see [7], [8, p, 62], 
[9] and [10, p. 83]. 

Theorem 1 Let f (x) be differentiable and not identically a constant on [a, b] 
with f (a) — f (b) = 0. Then the exists at least one point £ <G [a, b] such that 

1/(01 >7T ± T2 ffWdx. (1) 
(b - a) J a 

In [11], Feng Qi presents the following very interesting Polya type integral 
inequality (2), which generalizes (1). 

Theorem 2 Let f (x) be differentiable and not identically constant on [a, b] with 
f (a) — f (b) — and M — sup \f (x)\. Then 

xG [a, b] 

/ f(x)dx 

J a 

where in (2) is the best constant. 

1 



(2) 
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In this short note we present a fractional Polya type integral inequality, 
similar to (2), without the boundary conditions / (a) = / (b) = 0. 

For the last we need the following fractional calculus background. 

Let a > 0, m = [a] , = a - m, < /3 < 1, / e C ([a, &]), [a, b] c R, 
x € [a, b]. The gamma function T is given by T (a) = J Q e^ t t a ^ 1 dt. We define 
the left Riemann-Liouville integral 

(J a a + f) (x) = £ (a - if" 1 / (t) dt, (3) 

a < s < fc. We define the subspace C£ + ([a.b]) of C m ([a, &]): 

(MD - {/ e C™ ([a, 6]) : JfV™) e C 1 ([a, 6])} . (4) 

For / e C" + ([a, 6]), we define the left generalized a- fractional derivative of 
/ over [a, b] as 

D a a+ f:= U a V m) )\ ( 5 ) 



see [1], p. 24. Canavati first in [3] introduced the above over [0, 1]. 
Notice that D% + f e C ([a, b]) . 

We need the following left fractional Taylor's formula, see [1], pp. 8-10, and 
in [3] the same over [0, 1] that appeared first. 

Theorem 3 Let / € C% + ([a, b}). 
(i) If a> 1, then 

i \2 / \m— 1 

/(*) = /» + /' (a) (x-a) + J" (a) + ... + f^) (a) (6) 

l — f (x- t)*- 1 (U° + /) (t) dfc, oii x e [a, 6] . 



T( 

(m,) J/0 < a < 1, we Zia-ye 



/ (a) = jf (x - t)*- 1 (D<* a+ f) (t) dt, all x e [a, 6] . 



(7) 



We will use (7). 
Notice that 



f (* - i)"" 1 (D a a+ f) (t) dt = f (D« + f) (t) d 

J a J a 



(x-tr 



= (D« + .f) (U where ^ e [a, z] , (8) 

by first integral mean value theorem. Hence, when < a < 1, we get 

f(x) = (D- + f)(Up^ ) , all a: € [a, 6] . (9) 



737 



ANASTASSIOU 736-742 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 17, NO.4, 2014, COPYRIGHT 2014 EUDOXUS PRESS, LLC 



Furthermore we need: 

Let again a > 0, m = [a], (3 = a — m, f € C ([a, b]), call the right Ricmann- 
Liouville fractional integral operator by 

(Jb-f) (x) := ^ j" (t xf- 1 f (t) dt, (10) 
x e [a, b], see also [2], [4], [5], [6], [12]. Define the subspace of functions 

C£_ ([a, 6]) := {/ G C m ([a,b]) : J^/^ € C 1 ([a,b])} . (11) 
Define the right generalized a-fractional derivative of / over [a, b] as 

D?_f = {-l) m ~ 1 (j£ f, f lm) )', (12) 

see [2]. We set D%_f = f. Notice that D%_f e C* ([a, 6]) . 

From [2], we need the following right Taylor fractional formula. 

Theorem 4 Let f e C£_ ([a, b]), a > 0, m := [a]. Then 
(i) If a> 1, we get 



/(^E^^^ + tW-/)^)' allxe[a,b}- (13) 



k=0 

(ii) If < a < 1, we get 



f (x) = J?_D%_f (x) = f ±-^j\ t - xf- 1 (£>£_/) (t) a// x e [a, 6] . 

(14) 



We will use (14). 
Notice that 



(t-xr- L (Du)(t)dt= / (Du)(t)d 



{t-xf 



a 



= (£>?-/) fas) whCrC ^ G ^ & ] ' (I 5 ) 

by first integral mean value theorem. Hence, when < a < 1, we obtain 

f(x) = (DU) ^ r(a + l) ' alla;e M- (I 6 ) 
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2 Main Result 



We present the following fractional Polya type integral inequality without any 
boundary conditions. 

Theorem 5 Let < a < I, f G C([a,b\). Assume / e C« + {[a, ^]) and 
feC?_([*¥,b]). Set 



M(/)= m a X {||D a VL ;[a ,^ ] ,||^-/|| 00 , [ ^, 6] }. 



Then 



(b-a) 



a+l 



Jj( X ) dx <J a \f( X )\ dx <M { f)^- +2)2o 
Inequality (18) is sharp, namely it is attained by 

fW -((-«) a . *e[«>^n 0<a 

U[x) -\(b-x) a , xe[f,i] /' U<a 



< l. 



Clearly here non zero constant functions f are excluded. 
Proof. By (9) we get 

1/ (*)i < ||£a+/IL [a ,^] r(a + iy for any x e 

By (16) we derive 

|/(x)|<||^/|L ^, 6] ^^, for any xe 



a + b 



Hence we get 



f\f{x)\dx= f 2 \f(x)\dx + f \f{x)\dx 



(by (20), (21)) 



< 



T(a + 1) 



(17) 
(18) 

(19) 



(20) 



(21) 



ll^a+ZL,^,^] /b-a\ a+1 H £) *-^lloo > [s^,6] fb-a\ 
(r (a + l)) (a + l) \^r) + (r (a + l)) (a + l) ) 



(22) 



a+l 



(||^VL >[a ,^] + \\ D U\L, { ^, b] ) 



¥M) (b-a 



T(a + 2) 



a+l 



(23) 
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So we have proved that 



f a \f{x)\dx < max{||^ + /|| o0i[a m , \\DU\L, mb] } r {a + 2)^ (24) 



proving (18). 
Notice that 



a + b 



= /* 



a + b 



b- , 



so that /* e C ([a, b]) . 

Here m = 0. We see that 



(■?-V-a) Q ) W = (^„(--a) a ) (or) 



r(i 



i)* 1 -")- 1 (i - a) 



(by [13], p. 256) 



1 T{l-a)T{a + l) 
r(l-a) f(2) 



Hence 



Therefore 



(a; - a) = T (a + 1) , for all x G 



(a; — a) = r (a + 1) (a; — a) . 

a + 6" 



|D« + ( : r-ar|| o0i[a ^ ] =r(a + l). 



Furthermore we have 



{Jll a (b - •)") (x) = r{1 1 _ a) J" (t xY a (b t) a dt = 



r(l-a) 



(& - i)^ 1 )" 1 (t - a;) 



( 1 -^- 1 dt = 



(by [13], p. 256) 



1 r(a + l)T(l-a) 
r(l-a) f(2) 



(6-a:) =T (a + !)(&- s). 



Therefore 



(6 - x) a = T {a + 1) , for all x € 



a + b 



■b 



(25) 
(26) 



(27) 
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and 

||I>?- (& -*) a L,[^,6]= r (« + !)• 
Consequently we find that 

M(/*) = I> + 1). 
Applying /* into (18) we obtain: 



R.H.S.(18) for /* = T(a + 1) 
while we get the same result from 

L.H.S. (18) for /, = 



(b a) 



a+l 



(b-a 



a+l 



T(a + 2)2 a (a + l)2 c 



/* (x) dx 



(x — a) a dx + 



(b-a) 



a+l 



^ h ~ x) dx = («+!)* 



proving sharpness of (18). 
We make 



(28) 
(29) 

(30) 



(31) 



Remark 6 When a > 1, thus m = [a] > 1, and by assuming that (a) = 
/« (b) =0, fc = 0,l,...,m-l, we can prove the same statements as in Theorem 
5. If we set there a = 1 we derive exactly Theorem 2. So we generalize Theorem 
2. Again here /( m ) cannot be a constant different than zero, equivalently, f 
cannot be a non-trivial polynomial of degree m. 
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Abstract 

Let A (p, n) denote the class of normalized analytic functions f(z) in the open unit disc f(z) = z p + 

oo 

a kZ k ,p, n € N := {1, 2, 3, . . .} . We consider in this paper multiplier transformations, namely I P (m, A, l)f(z) : = 

k—p+n 

z " + T,T= P+n [ P+H p k +i P)+l ] m a k zk where m G N o, No = N U {0}, A G R, A > 0, I > 0. By making use of the 
multiplier transformations, a new subclass of p-valent functions in the open unit disc is introduced. The 
new subclass is denoted by BI p (m, n, /U, a, A, I). Parallel results, for some related classes including the class 
of starlike and convex functions respectively, are also obtained. 

Keywords: Analytic function, p— valent starlike function, p— valent convex function, multiplier transfor- 
mations. 

2000 Mathematical Subject Classification: 30C45 

1 Introduction and definitions 

oo 

Let A (p, n) denote the class of functions of the form f(z) = z p + Yl a k zk , p,n6N:= {1,2,3,.. .}, which 

k—p+n 

are analytic in the open unit disc U = {z : \z\ < 1} . In particular we set A (p, 1) := A p and A (1, 1) := A = A\. 
Let H(U) the space of holomorphic functions in U, n £ N.Let S denote the subclass of functions that are 
univalent in U. 

By S* (p, a) we denote a subclass of A (p, n) consisting of p— valently starlike univalent functions of order 
a in U, < a < p which satisfies Re ( ) > a > z £ U. Further, a function / belonging to S is said to 

be p— valently convex of order a in U, if and only if Re { Z ft^) + -0 - > a ' z ^ U, for some a, (0 < a < p) . 
We denote by )C n (p, a) the class of functions in S which are p— valently convex of order a in U and denote by 
1Z(p, a) the class of functions in A (p, n) which satisfy Re f'(z) > a, z € U. 

It is well known that /C„(p, a) C 5* (p, a) C S. 

If / and g are analytic functions in U, we say that / is subordinate to g, written / -< g, if there is a function 
w analytic in U, with w(0) = 0, \w(z)\ < 1, for all z £ U such that f(z) = g{w{z)) for all z £ U. If g is 
univalent, then / -< g if and only if /(0) = g(0) and f(U) C g{U). 

Definition 1.1 [5] let / e >l(p, n). For A G R, A > 0, I > 0, m e N , N = N U {0} we define the multiplier 
transformations I p (m, A, /) on A(p, n) by the following infinite series 

oo 

(1.1) I p (m,X,l)f(z):=zP+ 

k—p-\-n 



p + X(k-p)+l 
p + l 



a k z 
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It follows from (1.1) that 

I p (0,X,l)f(z) = f(z) 

(p + l)I p (2, A, l)f(z) = [p(l - A) + l]I p (l, A, l)f(z) + Xz(I p (l, A, l)f(z))' 

I p {mi, A, l)(I p (m 2 , A, l)f(z)) = I p {m 2 , A, l)(I p (mi,X, l)f(z)). 

For p = 1, Z = 0, A > 0, the operator D™ := /i(m, A, 0) was introduced and studied by Al-Oboudi [2] which 
reduces to the Salagean differential operator [8] for A = 1. The operator JJ™ := Ji(m, 1, Z) was studied recently 
by Cho and Srivastava [4] and Cho and Kim [5]. The operator I m := Ii(m, 1,1) was studied by Uralegaddi 
and Somanatha [10], the operator D 6 X := 7i(<S, A, 0), 6 £ R , 6 > was introduced by Acu and Owa [1] and the 
operator I p (m, Z) := I p (m, 1, Z) was investigated recently by Kumar, Taneja and Ravichandran [9]. 



P +\(k- P )+i 
p+i 



z k . 



If / eA(p,n) thenwehave/ p (m,A,Z)/(*) = (/*<*,,)(*), where ^(z) = z"+££lp+r, 
To prove our main theorem we shall need the following lemma. 

Lemma 1.2 [7] Let u be analytic in U with u(0) = 1 and suppose that 

/ zit'(z) \ 3a - 1 

Re 1 + >- , zeU. 

\ u(z) J 2a 

Then Reu(z) > a for z € U and 1/2 < a < 1. 

2 Main results 

Definition 2.1 W^e say that a function f € *4(p, n) is in the class BT p (m,n, fi,a, X,l), n, m £ N, /i > 0, a G 
[0,p) tf 



(2.1) 



J p (ro+1, A, *)/(*) 



zp \I p (m,X,l)f(z) 



P 



< p - a, z e U. 



Remark 2.2 The family BT p (m, n, /i, a, A, I) is a new comprehensive class of analytic functions which includes 
various new subclasses of analytic univalent functions as well as some very well-known ones. For example, 
ETi(0, 1, 1, a, 1, 0)=Sf (1, a) , BTi(l, 1, 1, a, 1, 0)=/Ci (1, a) and RTi(0, 1, 0, a, 1, 0)=TZ (1, a). Another interest- 
ing subclass is the special case £>li(0, 1, 2, a, 1, Z)=£> (a) which has been introduced by Frasin and Darus [1] and 
also the class BT\{Q, 1, pt, a, 1, 0) = B(/i, a) which has been introduced by Frasin and Jahangiri [2]. 

In this note we provide a sufficient condition for functions to be in the class BI p (m, n, /i, a, A, I). Conse- 
quently, as a special case, we show that convex functions of order 1/2 are also members of the above defined 
family. 

Theorem 2.3 For the function f e A (p, n) , n, m e N, (i > 0, 1/2 < a < 1 if 



p + U p (m + 2,X,l)f(z) ^(p + l)I p (m+l,XJ)f(z) - 1) (p + I) + \ 

X I p (m+l,X,l)f(z) X I p (m,X,l)f(z) X 1 ' 

where [3 = 3 °~* , then / £ BT p (m, n, ^, a, A, I). 

J p (m xi)f(z) ) ' then * s ana lytic in U with u(0) = 1. A 

simple differentiation yields 

zm'(z) = p + / I p {m + 2, A, Z)/(z) fi(p + l) I p (m + 1, A, l)f(z) (p — 1) (p + /) 
1 ' j A J p (m+l,A,0/(«) A I p (m,X,l)f(z) X 



2 
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Using (2.2) we get Re (l + > Thus, from Lemma 1.2 we deduce that 

J l p (m+l,X,l)f(z) ( 
\ zv {l p (m,X,l)f(z) 

Therefore, / G Bl p {m, n, fi, a, X, I), by Definition 2.1. ■ 

As a consequence of the above theorem we have the following interesting corollaries. 

Corollary 2.4 If f e .4(1,1) and Re { 2zf ^$+f f Q z) - z -f$] > -§, z E U, then f € BTi(l, 1, 1, ±, 1, 0) or 
Re 1 1 + | > 5 , z e U. That is, f is convex of order \ . 

Corollary 2.5 If f e .4(1,1) artd Re { 2zf f "$+*f,Q!; z) } > z £ ?7, tten / € BXi(l, 1, 0, ±, 1, 0), ttai is 
Re{/'(z)+z/"(z)} > ±, zG £/. 

Corollary 2.6 /// e .4(1, 1) and Re |l + ^j^} > |, z € U, then Ref'(z) > \, z e U. In another words, if 
the function f is convex of order \ then f £ BXi(0, 1, 0, \, 1, 0) = 1Z (l, ^) . 

Corollary 2.7 If f £ A (1, 1) and Re | £ j^y - £ 1 } > ~f , ^ e C/, t/ien / e BT X (0,1,1, |, 1,0). In anot/ier 
words / is starlike of order | . 



> a. 
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Abstract 

In the present paper we establish several strong differential superordinations regarding the extended 
multiplier transformation I (m, A, I) : A* n( -f A* n( , I (m, A, I) / (z, () = z+£~ n+1 ( 1+A »- 1 )+' ) "* o,- (C) z\ 

zeU,(eU, and A* nC = {/ G H(U x U), f(z, <) = z + a n+1 (() z n+1 + ..., z G U, C G U} is the class of 
normalized analytic functions. 

Keywords: strong differential superordination, convex function, best subordinant, extended differential 
operator. 
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1 Introduction 

Denote by U the unit disc of the complex plane [/ = {z G C : \z\ < 1}, U = {z G C : \z\ < 1} the closed 
unit disc of the complex plane and H(U x U) the class of analytic functions in U x U. 

Let A* nQ = {/ G H(UxU), f{z,Q = z + a n+1 (() z n+1 + . . . , z e U, ( eU}, where a fe (C) are holomorphic 
functions in U for k > 2, and H* [a, n, (} = {/ e H(UxU), f(z,C) = a+a n (()z n + a n+1 (C)z n+1 + ... 1 zeU, 
C € £/}, for a G C, n G N, (£) are holomorphic functions in U for A; > n. 

Denote by JT„ C = {f eH(U xU) : Re z f { [ z '^ + 1 > 0} the class of convex function iaUxU. 

As a dual notion of strong differential subordination G.I. Oros has introduced and developed the notion 
of strong differential superordinations in [3] . 

Definition 1.1 [3] Let f(z,C), H (z,£) analytic in U x U. The function f(z,£) is said to be strongly su- 
perordinate to H (z, () if there exists a function w analytic in U, with w (0) =0 and \w (z)\ < 1, such that 
H (z, () = f (w (z) , C) , for all ( G U. In such a case we write H (z, () -<-< / (z,() , z € U, Q G U. 

Remark 1.1 [3] (i) Since f (z,Q) is analytic in U x U, for all £ G U, and univalent in U, for all Q G U, 
Definition 1.1 is equivalent to H (0, C) = / (0, C) > f or a ^ C € U, and H (U x TT) C / (U x U) . 

(ii) If H(z,() = H (z) and f(z,() = f (z) , the strong superordination becomes the usual notion of 
superordination. 

Definition 1.2 We denote by Q* the set of functions that are analytic and infective on U x U\E(f,(), 
where E (/, () = {?/€ dU : lim/ (z, C) = oo}, and are such that f z (y, C) ^ for y G dU x U\E (/, C). The 

subclass of Q* for which f (0, Q) — a is denoted by Q* (a). 

We have need the following lemmas to study the strong differential superordinations. 

Lemma 1.1 Let h{z,Q) be a convex function with h(0, £) = a and let 7 G C* be a complex number with 
Re 7 > 0. Ifp G H*[a, n, C]nQ*, p(z, () + ^zp' z (z, £) is univalent inUxU and h(z,() -<-< () + ^zp' z (z, (), 

z eU, C e IT, i/jen g(z, () -<-< p(z, C), « e 17, C G t 7 , ™^ere o(z, C) = fn ^ (*, ^ " zeU,C,eTJ. 

nz n u 

T/ie function q is convex and is the best subordinant. 
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Lemma 1.2 Let g(z, £) be a convex function in U x U and let h(z,() = q( z ,C) + -zq' z (z,(), z G U, ( G 
U, where Re 7 > 0. // p G H* [a,n, £] n Q*, p(z,C) + - z P' z { z iQ * s univalent in U x U and q(z,() + 
±zq' z {z, C) ■« p(z, C) + i«pi (z, C) , « € CT, C e 17, toen g(z, C) -<-< C). z e 17, C e 77, u>/iere g(z, C) = 
~~t Jn ^ (*) C) t™~ 1 dt, z G Z7, ( G Z7. The function q is the best subordinant. 

nz n 

We extend the differential operators studied in [1] to the new class of analytic functions A* l( * introduced 
in [4]. 

Definition 1.3 [2] For n G N. m G N U {0}, A, I > 0, / G A* n(! f(z, () = z + E^L„+i a i (0 z ° , the operator 

1 (m, A, I) f (z, C) is defined by the following infinite series 

I (m, A, /) f(zX) = z + E°°=n+i ( 1+A fc 1)+ ' ) m a ^ (0 ^ ^ £/, C e 77. 

Remark 1.2 /£/ It follows from the above definition that 

(I + 1) I (m + f , A, J) /(z, C) = [/ + 1 - A] I (m, A, /(z, C) + Az (/ (m, A, I) f(z, Q)' x , zeU,(eU. 

2 Main results 

Theorem 2.1 Let ft, (z, £) be a convex function in U x U with h(0, £) = 1. Lei m,n G N, A, Z > 0, 
f(z,() G ^; c , F(z,C) = 7 c (/)(z,C) = Jo t c f (t,()dt, z e U, ( e U, Rec> -2, and suppose that 
{I (m, A, Z) / (z, C))l is univalent in U x 77, (7 (m, A, Z) F (z, C))' 2 G W* [1, n, C] n Q* and 

h (z, C) « (7 (m, A, I) f (z, 0)1 , z G Z7, £ G 77, (2.1) 

i/ien 

g(z,C) ^ (7(m,A,Z)F(z,C))' z , z G Z7, C e 77, 
w/iere q(z, () = c t+ 2 J Q Z Zi(i, Qt^~~ 1 dt. The function q is convex and it is the best subordinant. 

nz n 

Proof. We have z c+1 F(z,() = (c + 2) J* t c f (t,() dt and differentiating it, with respect to z, we ob- 
tain (c + 1) F (z, C) + (z, C) = (c + 2) / (z, C) and (c + 1) I (m, A, Z) F (z, C) + * (7 (m, A, Z) F (z, C))' z = 
(c + 2)I(m,\,l)f(z,(),zeU,(£U. 

Differentiating the last relation with respect to z we have 

(/ (m, A, Z) F (z, C))l + (7 (m, A, Z) F (z, C))" a = (7 (m, A, Z) / (z, C))' z , z G £/, C G 77. (2.2) 

Using (2.2), the strong differential superordination (2.1) becomes 

h (z, C) ^ (7 (m, A, Z) F (z, C))' 2 + (7 (m, A, Z) F (z, C))" a ■ (2.3) 

Denote 

p (z, C) = (7 (ro, A, F (z, 0)1 , zeU, (eU. (2.4) 
Replacing (2.4) in (2.3) we obtain h(z,() ~<-< p{ z ,Q + ~^p2 z P z ( Z X)> z <= U, ( G Z7. Using Lemma 1.1 for 
7 = c + 2, we have q(z,() -<-< p (z, () , z G Z7, C G 77, i.e. q(z,() -<-< (7 (m, A, I) F (z, C))' z , z G U, ( G 77, 
where q(z,£) = ^ h{t,£)t'^r- 1 dt. The function a is convex and it is the best subordinant. ■ 

nz n 

Corollary 2.2 Let h (z, C) = ^ ± rfi^ , w/iere /3 G [0, 1). Lei m, n G N, A, Z > 0, / (z, C) G A* n( , F (z, C) = 
I c (/) (z, () = j0± J z i c / (£, dt, z <E U, ( <E U, Rec > —2, and suppose that (I (m, A, Z) / (z, C)) 2 «s univalent 
inUxU, {I (m, A, Z) F (z, C))l G 7i* [1, n, C] n Q* and 

h (z, C) (7 (m, A, Z) / (z, C))' z , z & U, £ G 77, (2.5) 

£aen 

<7(z,CH^ (7(m,A,Z)F(z,C)); ; z G [/, ( G 77, 
w/iere q is gwen 6y g(z, C) = 2/3 — £ + ( c+2 )( 1 c +'j i ^ M) J o z * " - dt, z e U, ( e U. The function q is convex and 

nz ri 

it is the best subordinant. 
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Proof. Following the same steps as in the proof of Theorem 2.1 and considering p{z,C) = (7 ( m , A, I) F (z, ()) z , 
the strong differential superordination (2.5) becomes h(z, () = 1+ ^~^ z ~<~< p (z, () + -^zp'z (z, C) , z G U, 
C G U. By using Lemma 1.1 for 7 = c + 2, we have q(z, () -<-< p(z, (), i.e. q(z, () = c t+ 2 ^(*' ()t S ^~ 1 dt = 

112 n 

Jo ii^t 3 * 5 - 1 * = 2/? - C + (c+2)(1 ^ 2/3) £ « (I (m, A, F (z, C ))' z , z € 77, C € 77. 

nz n nz n 

The function q is convex and it is the best subordinant. ■ 

Theorem 2.3 Let q (z, C) be a convex function inUxU and let h (z, () = q (z, C,) + -^p2.zq' z (z, C) , where z G U, 
C G U, Rec > -2. Let to, n G N, A, I > 0, / (z, () G A* n( , F (z, C) =_h (/) (z, C) = / * * c / (*> dt, z G [/, 
( E U, and suppose that (L (to, A, Z) / (z, ())' z is univalent in U x U, (L (to, A, I) F (z, ())' z G H* [1, n, £] H Q* 
and 

Zz (z, C) ■« (I (m, A, / (z, 0)1 , zeu,ceu, (2.6) 

ZAen 

g (z,C)^^(/(m,A,/)F(z,C)); ; zeU, (eU, 

where q(z, () = c t+ 2 /J* Zi(i, ()t £ ^~~ 1 dt. The function q is the best subordinant. 

nz n 

Proof. Following the same steps as in the proof ofTheorem2.1 and considering p (z, () = (I (to, A, I) F (z, Q) z , 
z G Z7, C G £/, the strong differential superordination (2.6) becomes h(z,() = l(z,Q + ~^2 z l'z ( Z X) 
p (z, () + -A^zp' z (z, C), z G t/, C G Z7. Using Lemma 1.2 for 7 = c + 2, we have g (z, £) -<-< p (z, £) , z G U, 
C G 17, i.e. g(z,C) (I{m,\,l)F(z,())' z , z G 77, ( G 77, where q(z,() = Jo K^Qt^^dt. The 

nz n 

function q is the best subordinant. ■ 

Theorem 2.4 Lei Zi (z, £) be a convex function, Zi(0, £) = 1. Let ra,n £ N, A,I > 0, f(z,() G -4*^ and 
suppose ZZiaZ (I (to, A, Z) /(z, ())' z is univalent and J ( m A0/(*,C) G Ti* [1, ra, C] H Q* . // 

Zi(z, C) « (I (m, A, Z) /(z, C))' z , z G (7, C G 77, (2.7) 

ZZien 

g (z,C)^ JKA ' 0/(z>O , ^77, C g77, 

z 

w/iere g(z, C) = — ^ f. z Zi(t, ()ti~ 1 dt. The function q is convex and it is the best subordinant. 

nz n 

Proof. Consider p(z, C) = J(m ' A f /(z ' C) = z+E -^"+ 1 ( 1+A h-" >+ ' rMC)^' = x + ^ (() gn + ^ (f) + 
z G f7, C G f7. We deduce that p G W*[l,n,C]- 
Let I (to, A, Z) /(z, () = zp(z, C), z G [/, C G CZ". Differentiating with respect to z we obtain (J (to, A, Z) /(z, £)) z = 
p(z, C) + zp' z {z, C), zG U, CGZ7. _ 

Then (2.7) becomes h{z,C t ) ~<~< p(z,() + zp' z (z,(), z G U, C G Z7. By using Lemma 1.1 for 7=1, 
we have q{z,Q « p(z,(), z e U, ( E U, i.e. q(z,Q ^ J(m ' A f /(z ' C) , z G U, C G 77, where q(z,() = 
Jo" HtX^-^dt. The function is convex and it is the best subordinant. ■ 



Corollary 2.5 Let h(z,() = 1+( ' 2 ^ z ^' )z be a convex function in U x U, where < (3 < 1. Let to, n G N 



A, Z > 0, / (z, C) G .4; c anrf swppose that (L (m, A, Z) f(z, ())' z is univalent and J(m ' A f /(z ' C) G H* [1, n, C] n Q* . 



7/ 

Zi(z, C) < (L (to, A, Z) /(z, C))' 2 , z G J7, C e U, (2.8) 

ZZien 

^ ^ 7(m,A,Z)/(z,C) ^ 
9(^,0 -<-< 7 z G (7, C G (7, 

z 

where q is given by q(z, C) = 2(3 - £ + i+C^M f* t -^ r dt, z e U. The function q is convex and it is the best 
subordinant. 
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Proof. Following the same steps as in the proof of Theorem 2.4 and considering p(z, () = Iil!hh>Miz£i. ; 
the strong differential superordination (2.8) becomes h(z, £) = ^^^^^ -<-< p(z,() + zp' z (z,Q, z £ U, 
C £ U. By using Lemma f.l for 7 = 1, we have q(z,() -<-< i.e. q(z, = -^x Jo M*> C)*" -1 ^* = 

J-* i+(2/3-C)^ -i rff = 2/3 - C + ^J-di ^ J(m ' A f (z ' C) , * £ (7, C £ F. The function g is 

convex and it is the best subordinant. ■ 

Theorem 2.6 Let q (z, () be convex inUxU and let h be defined by h (z, () = q (z, ()+zq' z (z, £) . Ifm, n £ N, 
A, I > 0, / (z, C) £ A* n( , suppose that (7 (m, A, I) f(z, ())' z is univalent and ^"A.O/^.O £ H* [1, n, (] H Q* and 
satisfies the strong differential superordination 

h(z, C) = q (z, C) + zq' z (z, « (I (ro, A, I) f(z, ())' z , z e U, ( eU, (2.9) 

then 

q(z,C) ^ 7(m ' A -' )/( ^ ) , zeu,(eu, 

z 

where q(z, = j Q z h(t, ()ti~ 1 dt. The function q is the best subordinant. 

nz n 

Proof. Following the same steps as in the proof of Theorem 2.4 and considering p(z, = li™hhJMii£l ; 
the strong differential superordination (2.9) becomes q(z, + zq' z (z, -<-< p(z, + zp' z (2, , z £ U, £ £ U. 
Using Lemma 1.2 for 7 = 1, we have q(z, -<-< p(z, 0, z £ [/, C £ i- e - ?(-£, C) = —^r Jo C)tn~ 1 dt -<-< 

nz n 

i(m,\,i)f(zx) ^ ^ e [/, C £ C^, and g is the best subordinant. ■ 

Theorem 2.7 7e£ h(z,() be a convex function, /i(0, = L 7et m,n £ N, A, ^ > 0, f(z,Q £ and 
mppo«e iforf ( ^^ifffr )! zs univalent and ^A^^cf £ [l,n,C] n<9*. 7/ 

i/ien 

J(m + l,A,/)/(z,Q r _ „ _ ^ 

3V,0 -<-< —77 — ww 7 — 77—' zeu,<^eu, 
I(m,X,l)f(z,Q 

where q(z, = -^j- J" z 0i« _1 di. The function q is convex and it is the best subordinant. 

nz n 

Proof. Consider C) = V(m,A,0/(», = z+ £^(l±4^ raj ( C)zJ ■ We have ** ^ = 

(I(m+l,X,l)f(z,C)Y z , n . „ nd wp nhtaiT1 „f, rt + Z .r,'f Z n- ( zI(m+l,\,l)f(zX) Y 

I(m,\,l)f(z,C) P\ z ^> I(m,X,l)f(z,C) a e 0Dtam P l Z ' U + z Pz ( z i C.J - ^ j( m ,A,0/(z,O J z ' 

Relation (2.10) becomes h(z,() ~<-< p{ z ,C) + C) ? z £ ^ C £ U. By using Lemma 1.1 for 7 = 1, 

we have g(z, p(«,C), « £ ^ C £ CT, i.e. q(z,() ^ 'KigS)' . « e ^ C € IT, where q(z,C) = 
Jq h(t,£)t' : ~ 1 dt. The function q is convex and it is the best subordinant. ■ 

nz n 

Corollary 2.8 Let h(z,() = 1+( ^ C)z be a convex function inU xU, where < (3 < 1. 7e£ A, ^ > 0, m, n £ 
N, f(z,0 £ ^ a«d «uppo«e that ( ZI ^Xm(ixf )' z 18 unwalent and 'n^imffi e [l,n,C]nQ*. // 

M^C)^(^^#^)', ,£^C£^, (2.11) 
V I{m,\,l)f(z,() ) z 

then 

I(m,X,l)f(z,Q 

where q is given by q(z, C) = 2/? - C + 1+C 1 2/3 /* 7^^, zeU,C,eU. The function q is convex and it is the 



nz n 

best subordinant. 
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Proof. Following the same steps as in the proof of Theorem 2.7 and considering p(z, () — J A^/fi cf ^ ' 
the strong differential superordination (2.11) becomes h(z,() = 1+< "i+^ Z p( z X) + z p' z { z iOi z £ U, 
( € U. By using Lemma 1.1 for 7 = 1, we have q(z, () -<-< p(z, (), i.e., o(z, () = f* h(t, C)i" _1 = 

nz ri 

±r lo 1 - ± %^t-~ 1 dt = 2/3 - C + ^ /„• ^ ^a^gf , * € U, C € CT. The function q is 

convex and it is the best subordinant. ■ 

Theorem 2.9 Let q (z, () be a convex function and h be defined by h (z, () = q (z, () + zq' z (z, () . Let X,l >0, 
to, n e N, / (z, C) € A* nQ and suppose that ( ^l^^f^f ) ' univalent and ^gMg^) g ft* [1, „, f] n 
Q*. If 

Hz, = q C) + ^ - ( ^a 1 ;^ ) ' : *zu,ceu, (2.12) 

t/ien 

I(m,X,l)f(z,Q 

where q(z, () = jn h(t, £)ti~ 1 dt. The function q is the best subordinant. 

nz n 

Proof. Following the same steps as in the proof of Theorem 2.7 and considering p(z, () = J a o/fi cf^ ' 
the strong differential superordination (2.12) becomes h(z,() = l{z,C) + zq' z (z,() ~< p( z X) + zp' z (z,(), 
z € U, C € U. By using Lemma 1.2 for 7 = 1, we have q(z, £) -<-< p(z, £), z £ U, ( £ U, i.e. q(z, C) = 
-<-< J j"m,A^)/fi,cf " ' z C •= ^"i an d 9 is the best subordinant. ■ 

Theorem 2.10 Lei h(z,() be a convex function in U x U with h(0,() = 1 one! let A, Z > 0, m, n £ N, 
/ (z, C) e A* n( , l -^I (to + 1, A, / (z, C) + (2 - ^) J (to, A, / C) *s «Mfa! and [J (to, A, /(z, ()]' z e 

n* [i,«,c]ng*. // 

h(z,()^ l ^I(m + l,\J)f(z,()+(2- l -^jI(m,\,l)f(z,(), z e U, ( &U, (2.13) 
holds, then 

q(z, C) ^ [I (to, A, J) f(z, 0]' z , Z€U, (eU, 
where q(z, £) = —^r Jq h(t, Qti^ 1 . The function q is convex and it is the best subordinant. 

nz n 

Proof. Let 

p(z,0 = (I (m,X,l) f(z,())' z = 1+ E ( 1 + X( fry +l ) m j^(0^- 1 = l+Pn(0 zn +Pn + l(0z n+1 + .... 

j=n+l V ' + 1 / 

(2.14) 

We obtain p(z,()+z- p' z (z, = 1 (m, A, I) / (z, C) + z(I (to, A, / (z, ())' z = I (to, A, / (z, () + 
(z+i)/( m +i,A,o/( z ,C)-a+i-A)/ (m ,A,OJ(*,C) = l±i/ ( m + i, A , i) f ( Zj C ) + ( 2 - i±l) / ( m , Ai /) / ( Z; C ) . 

Using (2.14), the strong differential superordination (2.13) becomes h(z,() ~<-< p( z ,C) + z Pz( z X)- By 
using Lemma 1.1 for 7 = 1, we have q(z,() ~<~< p(z,(), z € U, ( G U, i.e. q{z,C) -« (I (m, X,l) f(z,()) z j 
z € ?7, C e 17, where g(z, C) = ^ C)*" _1 - The function q is convex and it is the best subordinant. ■ 



nz n 



Corollary 2.11 Let h{z,C) = 1+ ^ z ^ z be a convex function in U x U, where < (3 < 1. Let A, Z > 0, 
to, n € N, / (z, £) G A n Q, suppose that ^-7 (to + 1, A, I) f (z, Q) + (2 — I (to, A, I) f (z, () is univalent in 
U xU and [I (to, A, I) f{z, Q)]' z e W* [1, n, C] HQ* . // 

/ 1 (z,c)^^^/(to + i,a,/)/(z,c)+('2-^Vk a '0/(^C), zgU, (eu, (2.15) 



A 
then 

q (z, C) (I (to, A, /(z, 0)1 , z e C/, C e U, 



where q is given by q(z, C) = 2(3 - C + 1+c l^ /* ^(S, zeU,(GU. The function q is convex and it is the 

nzru u + 

feest subordinant. 
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Proof. Following the same steps as in the proof of Theorem 2.10 and consideringp(z, () = (7 (m,A,Z) / {z,C)) z , 
the strong differential superordination (2.15) becomes h(z,() = ""^ P( z > + ,2 Pz(' z iC)> z £ U, 

( £ [/. By using Lemma 1.1 for 7 = 1, we have q(z,Q ~<~< p(z, C)i i- e -j q( z X) = Jo M*> 0*" 1 = 

112 n 

Jo" = 2 /3 - C + Jo" TFT* ^ ( J ( m < A ' C))' z , z e Z7, C € F. The function r? 

712 ft 71,2 n 

is convex and it is the best subordinant. ■ 

Theorem 2.12 Let q (z, () be a convex function in U x U and h (z, () = q (z, () + zq' z (z, (). Let A, I > 0, 
m, n E N, / (z, C) € A* n( -, suppose that (m + 1, A, Z) / (z, C) + (2 - ^) 7 (m, A, Z) / (z, C) «s univalent in 
U xU and [I (m, A, Z) /(z, C)K e [1, n, C] n Q* . If 

h(z,() = q(z,0 + zq z (z,()^ (2.16) 
l ±±I(m+l,\,l)f(zX)+ (2- l -±pjI(m,\,l)f(z,0, z € J7, C e t7, 

tZien 

C) ^ (J (m, A, Z) /(z, C))' z , z e Z7, ( G 
where q(z, £) = — ^ f„ 2 /i(£, £)i TTie function q is the best subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.10 and considering p(z, £) = (I (m,A,Z) / {z,C))' z , 
the strong differential superordination (2.16) becomes h(z,() = q( z ,0 + z q'z ( Z X) P( z ,() + z p' z { z iC)i 
z e U, C € Z7. By using Lemma 1.2 for 7 = 1, we have q(z, () -<-< p(z, (), i.e. q(z, () = — ^ Jjf h(t, ()t~~ x -<-< 

_ nzn 

(7 (m, A, Z) /(z, C)) 2 , z £ U, ( £ U. The function g is the best subordinant. ■ 
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ON THE FUZZY STABILITY PROBLEMS OF GENERALIZED 

QUINTIC MAPPINGS 

HEEJEONG KOH AND DONGSEUNG KANG* 



Abstract. We introduce a quasi fuzzy (/3, p)-norm and generalized quintic 
mapping and then investigate the Hycrs-Ulam-Rassias stability in quasi Ba- 
nach space and the fuzzy stability by using a fixed point in quasi fuzzy Banach 
space for the generalized quintic function. 

1. Introduction 

The concept of stability problem of a functional equation was first posed by 
Ulam [34] concerning the stability of group homomorphisms. In the next year, 
Hyers [15] gave a partial answer to the question of Ulam. Hyers' theorem was 
generalized in various directions. The very first author who generalized Hyers' 
theorem to the case of unbounded control functions was Aoki [1]. Rassias [30] 
succeeded in extending the result of Hyers' theorem by weakening the condition for 
the Cauchy difference. Rassias' paper [30] has provided a lot of influence in the 
development of Hyers-Ulam stability or Hyers-Ulam-Rassias stability of functional 
equations. In 1996, Isac and Rassias [17] were first to provide applications of 
new fixed point theorems for the proof of stability theory of functional equations. 
By using fixed point methods the stability problems of several functional equations 
have been extensively investigated by a number of authors; see [5], [6], [26] and [28]. 
Recently, the stability problem of functional equations was investigated by using 
shadowing properties; see [20] and [33]. 

During the last three decades, several stability problems of a large variety of 
functional equations have been extensively studied and generalized by a number of 
authors [10], [13], [16], [30], and [2]. In particular, Cho and et al. [8] introduced the 
quintic functional equation 

(1.1) 2f(2x+y)+2f(2x-y)+f(x+2y)+f(x-2y) = 20[f(x+y)+f(x-y)]+90f(x). 

It is easy to see that f{x) = x 5 is a solution of (1.1) by virtue of the identity 

2(2x + yf + 2(2x - yf + {x + 2yf + (x - 2yf = 20[(x + yf + (x - yf] + 90x 5 . 

For this reason, (1.1) is called a quintic functional equation. Also Xu and et 
al. [37], Gordji and et al. [14] and Park [27] introduced a quintic mapping and 
sextic mapping. 
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H. KOH AND D. KANG 

Definition 1.1. Let X and Y be real linear spaces. A mapping f : X — >• V is called 
generalized quintic if the quintic functional equation 

(1.2) af(ax + y) + af(ax - y) + f(x + ay) + f(x - ay) 

= a 2 (a 2 + l)[f(x + y) + f(x - y)] + 2(a 2 - l)(a 4 - l)f(x) 

holds for all x, y G X and all a G Z (a 7^ 0, ±1) . 

Note that the mapping / is called generalized quintic because the following al- 
gebraic identity 

a(ax + yf + a(ax - y) 5 + (x + ay) 5 + (x - ay) 5 

= a 2 (a 2 + l)[(a: + y) 5 + (x - y) 5 ] + 2(a 2 - l)(a 4 - l)x 5 

holds for all x, y G X . 

We will use the following definition to prove Hyers-Ulam-Rassias stability for the 
generalized quintic functional equation in the quasi /3-normed space. Let f3 be a 
real number with < f3 < 1 and K be either K or C . 

Definition 1.2. Let X be a linear space over a field K. A quasi (i-norra || • || is a 
real-valued function on X satisfying the following statements: 

(1) I Ml > for all x e X and \ \x\ \ =0 if and only if x = . 

(2) \ \\x\ \ = -\\x\\ for all A e K and all x e X . 

(3) There is a constant K > 1 such that \\x+y\\ < i^(||x|| + ||y||) for allx, y G X . 

The pair (X, || • ||) is called a quasi fi-normed space if || • || is a quasi /3-norm 
on X . The smallest possible K is called the modulus of concavity of 1 1 • 1 1 . A quasi 
(3-Banach space is a complete quasi-/3-normed space. 

A quasi /3-norm || • || is called a p)-norm (0 < p < 1) if (3) takes the form 
\\ x + y\\ p < IMI P + f° r au x i V <= A . In this case, a quasi /3-Banach space is 

called a (/3,p)-Banach space; see [4], [31] and [29]. 

In 1984, Katsaras [18] and Wu and Fang [35] independently introduced a notion 
of a fuzzy norm. Since then some mathematicians have defined fuzzy metrics and 
norms on a linear space from various points of view; see [3], [12], [19], [36] and [24]. 
In 2003, Bag and Samanta [3] modified the definition of Cheng and Mordcson [7]. 
Bag and Samanta [3] introduced the following definition of fuzzy normed spaces. 
The notion of fuzzy stability of functional equations was given in the paper [25]. 

We will use the definition of fuzzy normed spaces to investigate a fuzzy version 
of Hyers-Ulam-Rassias stability in the fuzzy normed algebra setting. 

Definition 1.3. Let X be a real vector space. A function JV:Ixl-> [0, 1] is 
called a fuzzy norm on X if for all x, y G A and all s, t G M. , 
(Nx) N(x, t) = for t < ; 

(N 2 ) x = if and only if N(x, t) = 1 for allt>0; 

(N 3 ) N(cx, t) = N(x, fa)ifc?0; 

(N 4 ) N(x + y, s + t)> mm {N(x, s), N(y, t)} ; 

(N 5 ) N(x, •) is a non-decreasing function ofR and lim^oo N(x, t) — 1 ; 

(Nq) for x ^ , N(x, ■) is continuous on M . 

The pair (X, N) is called a fuzzy normed vector space. 

Mirmostaface [23] introduced a notion for a quasi fuzzy p-normed space as fol- 
lows: 
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Definition 1.4. By a quasi fuzzy norm, we mean a real vector space X , with a 
fuzzy subset N of X x R and some K > 1 such that all axioms of fuzzy normed 
space in Definition 1.3 except (N4) and 

(N'J N(x + y, K(s + t)) > mm {N(x, s), N(y, *)} (x, y e X , s, t > 0) . 

hold. 

A quasi fuzzy normed space (X, N) which satisfies 

(N'l) N(x + y, tfsTt) > mm {N(x, tfs), N{y, <ft)} {x, y e X , s, t > 0) , 
for some < p < 1 is called a quasi fuzzy p-norm. 

Definition 1.5. Let X be a real vector space. A quasi fuzzy p-norm iV:XxR^ 
[0, 1] is called a quasi fuzzy (f3, p)-norm on X if (N 3 ) in Definition 1.3 takes the 
form 

(N' 3 ) N(cx,t) = N(x, ^) (c^0, 0</3<l). 



c 



Example 1.6. Let (X, || • ||) be a real normed space. Define 

{ ttt, n when t>0,teR 
N(x, t) = { t+ H a; ll 

[0 whent<0, 

where x e X . Then (X, N) is a quasi fuzzy ((3 , p) -normed space. 

Note that when p = 1 , we call the quasi fuzzy (/3 ,p)-norm a quasi fuzzy /3-norm. 

Definition 1.7. Let (X, N) be a quasi fuzzy (3 -normed vector space. A sequence 
{x n } in X is said to be convergent or converge if there exists an x £ X such that 
linin^oo N(x n — x, t) = 1 for all t > . In this case, x is called the limit of the 
sequence {x n } and we denote it by N-lim n _ ) . O0 x n = x . 

Definition 1.8. Let (X, N ) be a quasi fuzzy [3-normed vector space. A sequence 
{x n } in X is called Cauchy if for each e > and each t > there exists an n e N 
such that for all n> n and all integer d > , we have N(x n+d — x n , t) > 1 — e . 

It is well-known that every convergent sequence in a quasi fuzzy /3-normed vector 
space is Cauchy. If each Cauchy sequaence is convergent, then the quasi fuzzy (3- 
normed space is said to be quasi fuzzy complete and the quasi fuzzy /3-normed vector 
space is called a quasi fuzzy Banach space. 

Now, we will state the theorem, the alternative of fixed point in a generalized 
metric space. 

Definition 1.9. Let X be a set. A function d : X x X — > [0, 00] is called a 
generalized metric on X if d satisfies 

(1) d{x, y) = if and only if x = y ; 

(2) d(x, y) = d(y, x) for all x, y E X ; 

(3) d(x, z) < d(x, y) + d(y, z) for all x, y, z e X . 

Theorem 1.10 ( The alternative of fixed point [21], [32] ). Suppose that we are 
given a complete generalized metric space (X, d) and a strictly contractive mapping 
J : X — > X with Lipschitz constant < L < 1 . Then for each given x e X , either 

d{J n x, J n+1 x) =00 for all n > , 

or there exists a natural number n such that 
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(1) d(J n x, J n+1 x) < oo for all n > n ; 

(2) The sequence {J n x} is convergent to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set 

Y = {yEX\d(J n °x,y)<^}; 

(4) d(y, y*) < d(y, Jy) for ally£Y. 

In this paper, we investigate the Hyers-Ulam-Rassias stability in quasi /3-normed 
space and then the fuzzy stability by using a fixed point in fuzzy Banach space for 
the generalized quintic function / : X — > Y satisfying the equation (1.2). Let us fix 
some notations which will be used throughout this paper. Let aeZ(s^0, ±1) . 

Before we proceed with stability problems, we will study the generalized quintic 
function. 

Lemma 1.11. Let X and Y be real linear spaces. Suppose f : X — > Y is a 
generalized quintic mapping satisfying (1.2). Then 

(1) f(a n x) = a 5n f(x) , for all x £ X and n £ N . 

(2) f(0) = 0. 

(3) f is an odd mapping. 

Proof. (1) Letting y = in the equation (1.2), we have 2a 6 f(x) — 2af(ax) = 0, 
that is, /(ax) = a 5 f(x) , for all x £ X . Now inductively replacing x by ax , we have 
the desired result. (2) Putting x = y = in the equation (1.2), (o 5 — l)/(0) = 0. 
Hence /(0) =0. (3) Letting x = in the equation (1.2), we get (a 4 — a 3 — a + 

1) (f(v) + f(-vj) = , for all y e X . Hence we have f(y) = -f(-y) for all y e X . 
Thus it is an odd mapping. □ 

Note that f(x) = -^f(a n x) , for all x £ X and n £ N . 

2. Hyers-Ulam-Rassias stability over a quasi ^-Banach space 

Throughout this section, let A" be a real linear space and let Y be a quasi (3- 
Banach space with a quasi /3-norm || • ||y . Let K be the modulus of concavity 
of || • \\y ■ We will investigate the Hyers-Ulam-Rassias stability for the functional 
equation (1.2); see also the paper [11]. 

For a given mapping / : X — > Y and all fixed integer a ( a ^ 0, ±1) , let 

(2.1) D a f(x, y) := af(ax + y) + af(ax - y) + f(x + ay) + f(x - ay) 

-a 2 (a 2 + 1) (/(.x + y) + f(x y)) 2(a 2 - l)(a 4 - l)f(x) 

for all x, y £ X . 

Theorem 2.1. Suppose that there exists a mapping </> : X 2 — > [0, oo) for which a 
mapping f : X — > Y satisfies /(0) = , 

(2.2) \\D a f(x,y)\\ Y <<P(x,y) 

and the series (ja^?) ( t ) i. a ^ x i ^u) converges for all x, y £ X . Then there 

exists a unique generalized quintic mapping Q : X — >• Y satisfying the equation 

(1.2) and the inequality 

(2.3) \\f{x) - Q(x)\\ Y < ^ ± (^) Vx,0) , 
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for all x G X . 

Proof. By letting y = in inequality (2.2), since /(0) = we have 
||D o /(a;,0)||y = \\2af(ax) + 2f(x) - 2a 2 (a 2 + l)f(x) - 2(a 2 - l)(a 4 - l)f(x)\\ Y 
= 2^a\^\\f(x)-^f(ax)\\ Y <if>(x,0), 

that is, 

(2-4) || /(x )_^ /(aa; )|| y <_l_ 0(^,0), 

for all x e X . 

We note that putting x — ax and multiplying j^g- in the inequality (2.4), we 
get 

(2.5) j^\\f(ax)-^f(a 2 x)\\ Y < J^^x, 0) , 

for all x € X . 

Combining two inequalities (2.4) and (2.5), we have 

(2-6) \\f(x)-[^) 2 f(a 2 x)\\ Y < 2/^j6/j(0(*,O) + -^<t>(ax,0)) , 
for all x € X . 

Since if > 1 , inductively using the previous note we have the following inequal- 
ities 

k— 1 

( 2 - 7 ) H/(*)-G0 /(°*»)ll^^raE(OT)W*.o), 

1 1 3 =0 1 1 

for all x e X , fc e N and also 

(2.8) \\Qf) k ftfx) - f{a*x)\\ Y < * £( * )V*,0), 

for all x e X and fe , f e N (fc < t) . 

Since the right-hand side of the previous inequality (2.8) tends to as t — > oo , 

hence {(^?) /( a ™ x )} is a Cauchy sequence in the quasi /?-Banach space Y . Thus 
we may define 

Q(x) = lim (^)"/(a"x), 

n—>oo \a° / 

for all x e X . Since if > 1 , replacing x and y by a" a; and a n y respectively and 
dividing by |a| 5/3 ™ in the inequality (2.2) , we have 

(j^) n \\D a f(a n x,a n y)\\ Y 

= [j^) n \\af(a n (ax + y)) + af(a n (ax - y)) + f(a n (x + ay)) + f(a n (x - ay)) 
-a 2 (a 2 + l)(f(a n (x + y)) + f(a n (x - y))) - 2(a 2 - l)(a 4 - l)/(a"a;)||y 
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for all x, y £ X . 

By taking n — > oo , the definition of Q implies that Q satisfies (1.2) for all 
x, y e X , that is, Q is the generalized quintic mapping. Also, the inequality (2.7) 
implies the inequality (2.3). 

Now, it remains to show the uniqueness. Assume that there exists T : X — > Y 
satisfying (1.2) and (2.3). Then 

\\T(x)-Q(x)\\ Y = (J^y\\T(a n x)-Q(a n x)\\ Y 

( * ) V(||T(a"aO - f(a n x)\\ Y + \\f(a n x) Q(a n x)\\ Y 
2K 2 °° / K \i 



< 



< 



for all x € X . By letting n — > oo , we immediately have the uniqueness of Q . □ 

Theorem 2.2. Suppose that there exists a mapping <j> : X 2 — > [0, oo) for which a 
mapping f : X — > Y satisfies /(0) = , 

(2.9) \\D a f(x,y)\\ Y <cj>(x,y) 

and the series YlJLi (j a | 5/3 ^) 4>{a~ix, a~iy) converges for all x, y G X . Then 
there exists a unique generalized quintic mapping Q : X — > Y which satisfies the 
equation (1.2) and the inequality 

oo 

(2.10) \\f(x)-Q(x)\\ Y < £(| a | 5 ^) 0(a-^,O), 
/or a/Z x € X . 

Proof. If X is replaced by \x in the inequality (2.4), then the proof follows from 
the proof of Theorem 2.1. □ 

3. Fuzzy fixed point stability over a Fuzzy Banach space 

Let us fix some notations which will be used throughout this section. We assume 
A is a vector space and (Y, N) is a fuzzy Banach space. Using fixed point method, 
we will prove the Hyers-Ulam stability of the functional equation satisfying equation 
(1.2) in fuzzy Banach space. 

Theorem 3.1. Let <f> : X 2 — > [0, oo) be a function such that there exists an < 
L < 1 with 

(3-1) <t>{x, y) < |^rg <t>(ax, ay) 

for all x, y £ X . Let f : X — > Y be a mapping satisfying /(0) = and 

(3-2) N(D a f(x,y),t)> \ 

t + (p(x,y) 

for all x, y € A and all t > . Then Q(x) := A-lim 7 n. (x) a 5 "/^^r^ exists for each 
x G X and defines a generalized quintic mapping Q : X — > F suc/i t/iai 

2' 3 |a| 6 ' 3 (l-L)t 



(3.3) A(/(x) - Q(x), t) > 



2f j \a\W(l- L)t + Lcj)(x,0) 
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for all x £ X and all t > . 

Proof. By letting y = in the inequality (3.2), we have 
(3.4) ^/(o,).^), *)>__!__ 

for all x £ X and all t > . 

We note that by letting x = - in the inequality (3.4) we have 

The inequality (3.1) implies that 



By putting t = t , we have 



2^1^ ^ " ^t+^^O)' 
that is, 

<3 - 5 > »(/(«)—'/(=). s^sr*) > 

for all x £ X and all t > . 
We consider the set 

S 1 := {g : X -> X} 
and the mapping d defined on 5 x 5 by 

d(g, h) = inf{^ <= M+ | N(g(x) - /i(z), /zi) > f + ^ ^ ,Vj: e 1 and t > 0} 

where inf = +oo , as usual. Then (S, d) is a complete generalized metric space; 
see [22, Lemma 2.1]. Now let's consider the linear mapping J : S — > 5 such that 



J 5 (x) := a 5 5(^) 



for all x e X . Let g ,h £ S be given such that ,h) = e . Then 

f 



iV(«Ka;) - Ma;), et) 



+ 0(x, 0) 
for all x £ X and alH > . 

N(jg(x) - Jh(x), Let) = iv(a 5 5 (-) - a 5 fr(-), Let) 



> 



M 5 



|^t+^0(x, 0) 4 + 0(1,0) 

for all x £ X and alH > . d(g, h) = e implies that d(Jg, Jh) < Le . Hence we get 

d(Jg, Jh) < Ld{g, h) 
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for all g, h G S . The inequality (3.5) implies that d(f, J f) < 2 v\a\ 6 P ■ ^ v Theo- 
rem 1.10, there exists a mapping Q : X — > Y such that 
(1) Q is a fixed point of J , that is, 

(3.6) <) = ^(*) 

for all a; G X . The mapping Q is a unique fixed point of J in the set 
M — {g G 5 | d(/, g) < oo} . This means that Q is a unique mapping 
satisfying the equation (3.6) such that there exists a /i G (0, oo) satisfying 

N(f(x)-Q(x), fit) - 



> 



t + #c, 0) 

for all a; G X and all t > ; 
(2) d(J n f, Q) — > as n — > oo . This implies the following equality 



N- lim a 5 ".f (4) - Q(x) 



for all a; G X ; 

(3) d(f, Q) < jzrz ^(/' Jf) > wn i cn implies the inequality 
d(f, Q) < ■ = 2P\a\W(l-L) ' 

It implies that 



t > 



\a\W(l-L) J ~ t + <i>{x, 0) 
for all x G X and alH > . By replacing t by 2 l a l L ^~ L ^ t , we have 

2^H 6 ^(1-L)t 



N(m-Q( X ),t)>—^i; 



»|a|«0(l- L)t + L<P{x, 0) 

for all x G X and alH > . That is, the inequality (3.3) holds. By letting x 
and y = ^ in the inequality (3.2), we have 

for all a;, y € X , all t > and all n G N . Replacing t by 



t 



> 



i 



-&) " t + L«0(x, j/) 



for all x, y G X , all t > and all n G N . Since limbec f+L „^ a , ^ = 1 for all 
x, y G X and alH > , we may conclude that 



N[D a Q{x, y), i) = 



1 



for all x, y G X and all t > . Thus the mapping Q : X — > y is the generalized 
quintic mapping. □ 

Corollary 3.2. Lef 6*>0,p>5 6e a reaZ number and X be a normed linear space 
with norm || • || . Suppose f : X — > y is a mapping satisfying /(0) = and 

(3.7) N(D a f(x,y),t)> 



t + 9(\\x\\P + \\y\\P) 
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for all x, y £ X and all t > . Then Q(x) := ./V- limbec a 5n f exists for each 
x £ X and defines a generalized quintic mapping Q : X — > Y such that 

N(f(x) - Q(x) t) > 2^(|a|^-H 5 ^ 
for all x £ X and allt>0. 

Proof. The proof follows from Theorem 3.1 by taking (j>(x, y) — 9(\\x\\ p + ||y|| p ) for 
all x,y £ X and L = \a\<- 5 -P^ . □ 

Theorem 3.3. Let <f> : X 2 — > [0, oo) be a function such that there exists an < 
L < 1 with 

<t>{x,y)< \a\^L^{ X - V -) 
for all x, y £ X . Let f : X — > Y be a mapping satisfying /(0) =0 and 

(3.8) N(D a f(x,y),t)> 



t + <f>(x,y) 

for all x, y £ X and all t > 0. Then Q(x) := AT- lim^oo a~ 5n f(a n x) exists for 
each x £ X and defines a generalized quintic mapping Q : X — > Y such that 

(3.9, W(/W _o (l) , t) > 5? _^W=^_ 
/or all x £ X and all t > . 

Proof. Let (S 1 , c?) be the generalized metric space defined in the proof of Theo- 
rem 3.1. Consider the linear mapping J : S — > 5 such that 

for all x e X . Let g ,h £ S be given such that ,h) = e. Then 

£ 



iv(<7(a;)-/i(x), et) 



> 



t + ^(a;, 0) 
for all x £ X and all £ > . 



> 



N^Jg(x) — Jh(x), Let^j = N^-^g(ax) \rh(ax), Letj 

iv(p M -M»x)>|«x £t )> |a|5g l^ 0) 

|a| 5 ^L£ £ 



(al 5 / 3 ^ + |o|WL0(a:, 0) t + <f>(x, 0) 
for all x G X and all £ > . h) = e implies that o!( Jg, Jh) < Le . Hence we get 

d(Jg, Jh) < Ld{g, h) 

for all g, h £ S . Similar to the note in proof of Theorem 3.1, we have 

£ 

| 6 ^V - £ + <^(x, 0) 

for all x £ X and all £ > . Hence we have d(f, J /) < 2 p\a\ep ■ ^ v Theorem 1.10, 



all £ > . Hence we have 
there exists a mapping Q : X — > Y such that 
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(1) Q is a fixed point of J , that is, 

(3.10) Q{ax) = a 5 Q(x) 

for all a; G X . The mapping Q is a unique fixed point of J in the set 
M = {g G S | d(f, g) < oo} . This means that Q is a unique mapping 
satisfying the equation (3.10) such that there exists a /i G (0, oo) satisfying 

*(/(.)-«(*),*) >^^^ 

for all x G X ; 

(2) d(J n f, Q) — > as n — > oo . This implies the following equality 



N- lim ^/K*) - 



n-s-oo a 5n ' 



for all x G X and all t > ; 
(3) d(f, Q) < ' wn i cn implies the inequality 

d(f,Q)< ' 



l-L 2?\a\W 2t } \a\W{l-L) ' 

This implies the inequality (3.9) holds. The remains of the proof is similar to the 
proof of Theorem 3.1. □ 

Corollary 3.4. Let #>0,0<p<5 be a real number and X be a normed linear 
space with norm || • || . Suppose f : X — > Y is a mapping satisfying /(0) = and 
the inequality (3.7) . Then Q(x) := N-lim n ^ 00 a^ 5n f(a n x) exists for each x G X 
and defines a generalized quintic mapping Q : X — >• Y such that 

N(f(x) - Q(x) t) > ^H^H^-H^)* 

[J[ ' VlI),tJ£ 2/ 3 |a|/ 3 (|a|^-|aK)t + 0||x||f 
/or all x £ X and all t > . 

Proof. The proof follows from Theorem 3.3 by taking ^>(a;, y) = #(||;r|| p + \ \y\\ p ) for 
allx^G X and L= |a|<P- 5 )' 9 . □ 
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